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PREFACE. 


THE object of this book 1s to provide an easy introduction to 
the Calculus for those students who have to use it in their 
practical work, to make them familiar with its ideas and 
methods within a limited range. 

А good working knowledge of elementary Algebra and 
Trigonometry 1s assumed, and in the latter part of the book it 
is supposed that the student will have acquired some know- 
ledge of the methods of coordinate geometry. 

Stress 18 laid at the outset on the graphic representation of 
functions, as by this means a vividness and reality 1s given to 
the processes of the Caleulus which is not easily obtained 
without such ocular assistance. Іп this way the theory of 
maxima and minima becomes very simple and convincing. 

It 1s hoped that the chapter on the graphic solution of 
equations will be found helpful and interesting. 

The idea of integration (as the reverse of differentiation) 1s 
introduced into the chapter on successive differentiation. 

Partial fractions have been treated somewhat fully, as the 
author feels that the acquirement of facility in the various 
methods of obtaining such fractions 18 of great educational 
value, besides being highly interesting. 

The chapter on curvature is short, but will, it 18 believed, 
be found sufficient for ordinary practical purposes. 

Indeterminate forms have been treated more fully than 
usual, and have been made to lead up to what appears to be 
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the most powerful method of finding asymptotes to plane 
curves. In the chapter on tracing curves given by cartesian 
equations this method has been used for finding both linear and 
curvilinear asymptotes. Polar coordinates are dealt with in 
the last chapter, but some acquaintance with them 1s assumed 
in the latter part of the chapter on partial differentiation. 

I have adopted the method of differentials at the commence- 
ment, and made it the basis of the whole work, having found 
that this method 1s most useful and helpful to the student of 
Physics and Mechanics. 

It 1s hoped that matters of primary importance in a first 
book on the Calculus have been sufficiently dealt with, but it 
has been difficult in some cases to decide what ought or ought 
not to be omitted. 

Numerous illustrative examples will be found throughout 
the book, some of which are of intrinsic importance, while 
some are intended to prepare the student for further develop- 
ments. 

I have derived much help from Professor Perry's Calculus 
for Engineers, particularly in dealing with exponential functions. 
I desire to express my thanks to my brother, Sir Oliver Lodge, 
for his valuable introduction, which indicates the great range 
of subjects that are open to the student who has a fair working 
acquaintance with the Calculus. І cannot express too strongly 
my deep obligations to Mr. P. J. Heawood, Lecturer in 
Mathematics in the University of Durham, who has kindly 
revised all the proof sheets with scrupulous care, and has 
given many valuable criticisms and suggestions. ` 


CoorEns HILL, June, 1902. 
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PREFACE TO THE SECOND EDITION. 


I have to acknowledge with thanks the receipt of several 
valuable suggestions and corrections, most of which are 
Ancorporated in the present edition. 


CHARTERHOUSE, April, 1905. 


PREFACE TO THE THIRD EDITION. 


In this Edition, a set of Miscellaneous Examples have been 
added, for many of which I am greatly indebted to the 
Rev. J. F. Twisden, Mr. C. 5. Jackson, and other kind 
friends. Some of the examples, marked [C.s.C.|] have been 
taken from papers set by the Civil Service Commissioners, 
aud are reprinted by permission of the Controller of H.M. 
Stationery Office. It is hoped that these examples will be 
useful for purposes of revision, both for army candidates, 
and for scholarship students. 


CHARTERHOUSE, June, 1908. 
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INTRODUCTION 


BY SIR OLIVER LODGE, F.R.S. 


THE branch of Mathematies called the Differential Calculus 
was originally invented by Sir Isaac Newton, and later 
independently by Leibnitz, for the purpose of dealing with 
variable quantities ; that 1s to say, with any quantity which 
does not remain constant, of which kind of quantity the 
whole of Physics and Engineering and daily Ше is full. 
For in so far as things remain constant they are stagnant; 
every kind of activity involves variable quantities, and 
therefore to every kind of activity the differential calculus 
is applicable. It is called the differential calculus because it 
attends not so much to the quantities themselves as to their 
variations, their increases or differentials: it is the calculus 
which deals with differentials, especially with the ratio of two 
differentials to each other. For by a differential 1s understood 
an infinitesimal difference or increase or increment (or, for 
the matter of that, decrease or decrement), and whenever one 
quantity changes there is always some other quantity which 
changes too, the two quantities being called connected 
variables ; or either of them is called a function of the other. 
Although it is customary to attend to very minute increments, 
and to consider each differential as infinitesimal, yet the ratio 
of two such microscopic differentials will in general be finite, 
and may be large. Thus, if a thing advances тіс part of an 
inch in the millionth part of a second, it is then going at the 
rate of 10,000 inches per second, much faster than an express 
train, and nearly as fast as a bullet. Or if a slope descends the 
thousandth of a millimetre for each hundredth of a millimetre 
09 XIX 
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along, it has a gradient of 1 in 10, and is too steep for a 
railway without cogs. 

Or, if a rod expands the millionth part of its length for 
one-tenth of a degree rise in temperature, it has about the 
expansibility of iron. In this last example the two connected 
variables are the temperature and the length of the rod. 

It may be asked, why deal with infinitesimal quantities at 
all? Why not attend to appreciable changes of magnitude 
and take their ratio? If we could depend on quantities 
varying uniformly, or if they always bore to one another the 
relation of simple proportion, this would be the natural and 
sufficient thing to do. But in practice it is only a few quanti- 
ties which are thus simply connected, and if we were con- 
strained to attend always to finite differences their ratio would 
in general give us a mere average result, not an actual result 
at any instant. 

То know that а bullet has travelled a mile in ten seconds 
does not tell us with what speed it left the muzzle; and 
instruments adapted to ascertain this or any other actual 
velocity must be chronographie instruments able to record 
extremely small increments of time and the corresponding 
moderately small distance travelled. 

In the laboratory it 15 to be observed that we are bound to 
deal with finite changes, and thus are limited to а kind of 
average result: we may make the observed intervals small, 
but we cannot make them infinitesimal. But in theory we are 
not so limited, and the theoretical treatment of infinitesimal 
changes 1s decidedly simpler and easier than the treatment 
of finite changes; except when the observed quantities are 
varying at a steady or а proportional rate. Іп that case the 
finite difference becomes as easy to deal with as the ditferential. 

It will be observed that these differentials or infinitesimal 
differences, though simple іп theory to deal with, and though 
they are the quantities primarily considered in the calculus, | 
are not individually important except indeed in connection 
with approximate calculations. It is the ratio of one differen- 
tial to another that 1s for many purposes the important thing: 
the ratio of the distance travelled to the time taken, or the 
ratio of ascent to horizontal distance as we climb a hill, or 
the ratio of the expansion of a body to the rise of temperature 
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which causes or accompanies that expansion; in such cases 
it 1s the comparison or relation between the changes of 
the connected variables, to which attention 1s directed, rather 
than the changes themselves; and in the limit when the 
changes are infinitesimal or evanescent, the above ratios 
denote, respectively, the speed of travel at a given instant, the 
slope or gradient of the hill at a given point, and the expan- 
sibility of the body at a given temperature. 

Newton called the rate of variation of a flowing or variable 
quantity its “fluxion ”; now-a-days it is commonly called its 
“differential coefficient,” which is a long and inconvenient 
term, but is intended to be and to sound more general and 
inclusive than any of its special cases, such as * speed," or 
“slope,” or *expansibility": differential coefficient is in fact 
the most general version of these terms, and is denoted by 


some such symbol as Z or z where dy, dz, and dt denote 
infinitely small changes of any connected variables y and z, or 
y and 1, 

One of the objects of the present book 1s to explain the 
methods by which the ratio between the differentials of con- 
nected variables can be obtained, whatever may be the mathe- 
matical equation by which they are connected with each other, 
and to give some illustrations of the use of such ratio when 
obtained. 


Integral Calculus. 


Often it 1s not the rate of change of a quantity that has to 
be attended to, but the change itself; not an infinitely small 
change, but а change of some magnitude. Such finite change 
is built up of a succession of differential changes. Although 
each differential 1s infinitesimal; the sum of a sufficient number 
of them will become finite. 

Thus the total expansion of a body for the rise of а good 
many degrees may be obviously an important quantity ; the 
total height of а hill may be considerable ; and so also may 
the actual distance travelled іп а finite time. The connection 
between these quantities and the rates at which they grow 1s 
an important thing to investigate. These whole quantities 
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are called integrals, and the mode of obtaining them from the 
given slope or expansibility or speed, by adding the differen- 
tials from moment to moment, or from degree to degree, or 
from step to step, 1s called integration ; and the investigation 
of the methods by which integration 1s performed in various 
cases 1s the subject of the Integral Calculus. 

Integration 18 therefore а kind of addition, and the idea of 
it 1s even simpler than the idea of the ratio involved in slopes 
or expansibilities or speeds. 

But the actual process of integration 1s not found 1n practice 
to be so simple. It is much easier to differentiate than it 1s 
to integrate, Just as 1t 1s rather easier to multiply than to 
divide, or to raise to a power than to extract a root. The 
work of integration 1s not done by actual addition, but by a 
kind of backward process, which here can be best explained 
by an example. 

Thus: If we are given an expression for the height of a 
faling body at any instant, we should be able, by means 
of the differential calculus, to calculate an expression for its 
speed at any instant. In fact, the expression for the speed is 
the differential coefficient of the expression for the height. 

If, on the other hand, we are given the expression for the 
speed, we should be able, by means of the integral calculus, to 
obtain the expression for the height at any time. We should, 
in fact, have to find or recognize the expression whose 
differential coefficient 1s given. It is, therefore, a backward 
process. Some methods of performing this process will be 
given in this book, but for more general methods the student 
must wait till he can read a book on the integral calculus. 

Another way of finding an expression for the finite increase 
of a variable function, dependent also on the expression for an 
infinitesimal increase, will be given in this book in the chapter 
on Taylor's and Maclaurin’s series. This method 1s strictly a 
method belonging to the differential calculus, though it has 
interesting applications in connection with approximate 1n- 
tegration. 

Other matters connected with the differential calculus are 
those connected with the plotting of curves, finding of tangents, 
normals, asymptotes, curvature, and such like; an important 
subject, as 16 18 very necessary to be able to plot a curve, and 
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to realize its properties, when its equation is given: more 
particularly since the relations between any two connected 
variables can be very conveniently depicted by means of 
a curve drawn so that the coordinates of any point on the 
curve represent a pair of values of the variables. Many 
examples will be found in the following chapters. This graphic 
method of representing functions 1s largely used by Physicists 
and Engineers. 


Differential Equations. 


To illustrate further the advantage of being able to treat 
subjects familiarly by the differential calculus, and to employ 
operations which are compactly symbolized by its notation, 
we may proceed to problems involving a little more know- 
ledge of mechanics. 

Taking the symbol v to represent velocity, it 1s manifest 
that i ) must be acceleration, and ma will therefore be force. 
The force involved in falling stones and such like 1s constant, 
viz. their weight. The simplest examples of variable forces 
are afforded by plucked wires or struck bells or slightly 
deflected pendulums. In each of these cases there is a restoring 
force depending on the displacement, and if the displacement is 


called x, the velocity (v) will be = and the force will be m^, 
or, as 1t may also be written. 


da 
Kir) dex 
Tt Or Mma ИЙ: 


In the simplest, and all ordinary cases, this force is pro- 
portional to the displacement, a law observed in elastic bodies 
by Hooke. 

We cannot say that the force 1s equal to the displacement : 
that would manifestly be absurd, because they are not quanti- ` 
ties of the same kind ; but if the displacement 18 multiplied 
by an appropriate factor, not а mere numerical factor, but a 
factor which involves in the elastic case the material and 
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dimensions of the spring, or in the stretched string case 
its length and tension, or in the pendulum case the intensity 
of gravity and the length of the pendulum; and if this 
appropriate factor be called k, then it will be legitimate 
to say that the restoring force is equal to С times the 
displacement, that is to say, F=kx; or rather, in order 
to express the fact that it 1s а restoring force urging the 
body back to its original position, and not a sort of repulsive 
force driving it further and further away, we shall write 
F= – Ех, The force, in fact, always acts in a direction 
opposite to the displacement, and hence must be given the 
negative sign. 

So the facts of the case are expressed by the equation 


тат 
dE — kr, or, to avoid the apparent introduction of three 


variables, of which v is only an intermediate and manifestly 


connected one (v- 57). the equation 1s usually written 
dex 
т qiz + (^ni € (1) 


Now this 18 called a differential equation, and, in fact, а 
differential equation of the second order, because of the double 
differentiation involved in acceleration. But, nevertheless, it 1s 
a very simple equation : it 1s the equation of simple Harmonic 
Motion, the motion of any simply vibrating or sounding body. 

One of the things we have to learn 15 how to pass from a 
differential equation to its integrated form, the form which 
deals explicitly with the quantities themselves, not with their 
" changes. 

This we do by the process of integration, not always by 
straightforward integration but generally by other operations 
based on the processes of the differential calculus; and the 
result 1n the above example 1s 


ника ан oeconomia tr era (2) 


where p=,/(k/m). This is the integral equation between 
t and ¢ corresponding to the above given differential 
equation. 
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lo the mathematician each of these two equations implies 
the other: they differ only in form; they express precisely 
the same facts; either may be deduced from the other, one 
such deduction being made by the process of differentiation, 
the other or inverse deduction being made by the process of 
Integration. 

In order further to call attention to the importance and 
interest of the problems which сап thus be treated, I will 
mention two more examples. 

The above simple harmonic motion, which might be plotted 
as а sinuous line with amplitude a, 1s of the kind known as 
perpetual. There is no friction or other term to dissipate 
energy. If such a term be introduced into the differential 
equation, say a frictional force proportional to the speed, then 
the amplitude becomes a function of the time, for instance 
0677 and this would represent a damped vibration, and be 
plotted as a sinuous curve gradually dying out with logarith- 
mically decaying amplitude, 764. dying out as a decreasing 
geometrical progression. Such oscillations occur in electricity, 
as well as in tuning-forks, and their importance has been 
emphasized by the discoveries of Hertz. 

Another illustration of differential equations may be given 
here in order to emphasize its importance, viz. the case 
when there are two independent variables, and when you 
are studying fluctuations of a third variable dependent on 
these two. 

For instance, when we are discussing the height of an object 
above some fixed level: it may vary from place to place, as 
the ground does in undulating country, or it may vary from 
time to time like the height of a balloon or cloud, or like 
the height of the ground if it were subject to earthquake 
disturbances. And these two modes of variation, viz. time 
and horizontal ine respectively, are quite disconnected 
and independent. But if we look at the surface of the sea we 
shall observe the effect of the two in combination. Imagine 
the liquid frozen at any instant and you could travel about 
it as on undulating country. Shut your eyes and let your 
boat rest on the surface and you are conscious merely of an 
oscillation up and down. The rate at which you oscillate up 
and down depends on circumstances beyond your control ; the 
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rate at which you row is an independent circumstance which 
you can determine for yourself. If you attend to the motion 
of the water itself, it appears to travel horizontally, though in 
reality each particle merely swings up and down or round 
and round a vertical circle. But the waveJorms do travel 
horizontally, and their rate of travel is somehow connected 
with the rate of swing of the particles up and down. То 
find out the whole of the circumstances of this complex or 
wave motion we must analyze its causes and write down а 
corresponding differential equation and then integrate 1t. 

lhe necessary differential equation 1s one which expresses 
the fact that the force urging the water to move may be 
regarded from two points of view—the active or elastic or 
gravitational restoring-force mode, which regards the force as 


2 
proportional to the curvature of the surface, say к=з (for 


small waves), and the passive or inertia mode of regarding the 
| d?a | 
reaction to that force, as mass-acceleration, m where y 18 
the height of the element of water surface under consideration. 
Writing these two expressions as action and reaction equal 
to one another, we have 
ағу а?у 


kT == rr 


where on the left hand side y 1s regarded as changing only 
with the variable z, as if the surface were frozen, or rather 
as 1f an instantaneous photograph were taken of it; and where 
on the right-hand side we attend only to those changes of y 
which are due to efflux of time alone, all horizontal motion 
being ignored, and the particles which come into vertical line 
from instant to instant alone being contemplated. 

Such equations, where two causes of variation of a single 
quantity y are independently considered, are called partial 
differential equations, and their treatment 1s exceedingly im- 
portant though rather difficult. The result of integration in 
this case 1s to give the solution in the form у= f (x t Vt), where 
V is the velocity of propagation of the waves, and is equal to 
the square root of the ratio of k to m. 
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It 18 not to be supposed that these examples will be followed 
by any one new to the subject ; and, moreover, they contain 
mechanical difficulties as well as difficulties of calculus notation 
and methods; but they are taken as typical examples to 
illustrate the kind of power which will be conferred upon the 
student by acquaintance with the differential or infinitesimal 
calculus, and to indicate to the student of elementary physics 
some of the important varieties of physical problems which 
can by its means be readily and familiarly dealt with. 


CHAPTER 1. 


FIRST PRINCIPLES—GRAPHIC REPRESENTATION OF 
FUNCTIONS. 


THE differential calculus treats primarily of the relative 
increments of mutually related quantities when such incre- 
ments are infinitely small. Thus, if a square sheet of metal 
or à circular metallic plate is shghtly expanded by heat, the 
question as to the mathematical relation between the increase 
of area and the increase of the side of the square or of the 
radius of the circle is a question belonging to the differential 
calculus. 

These small increments are called ‘differentials? The differ- 
ential of any quantity x 1s written for brevity d(z) or dz, the 
letter 4 being an abbreviation of the expression differential of, 
which means infinitely small increment of. 

Example. Let x be the length of the side of a square, whose 
area will therefore be equal to 2?, and let the increase of area be 
required when the side receives an infinitely small increment. 

If we do not use the notation of the calculus, we should 
say, let the increased length of side be 2, then the increased 
area 15 22; ., the increase of area is 22-227, and the increase 
of side 15 2 — g. Also, since z^ – 22 = (x +) (2 – 2), and since, 
when 2 and ғ differ by an infinitely small amount, x' +2 
differs infinitely little from 2z, we see that the increment of 
area is ultimately equal to 22 (x — 2). 

If we do use the notation of the calculus, we should denote 


the increased length of side by x+dz, ang therefore the 
L.D.C, A C 
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increased area would be (2 + 021)? which is a?-F2z.dz + (dz)? ; 
'. the increase of area 15 2z.dz + (dx)*. If we now bring in the 
condition that dz is to be infinitely small, we see that (dx)? is 
infinitely smaller than 22.02, since it 15 the product of two 
infinitely small factors. Therefore, finally, we have the in- 
crease of area = 2x.dz, which is the same as 2x(x' — x) obtained 
previously. 

The essential difference between the two methods 1s that in 
the first method we give a name (x) to the increased length of 
side, whereas in the calculus method we give a name (dz) to 
the increase in the length. This apparently trivial matter is 
of fundamental importance. 


2. Meaning of the sign of equality. Two quantities are 
equal if their ratio 1s unity, and their difference 18 zero. Іп 
the case of finite quantities, if one condition is satisfied, the 
other 1s also. In the case of infinitely small quantities their 
difference 1s ultimately zero, but they are not to be considered 
equal unless their ratio 1s unity. Thus when we say that 
2042 + (х)? is ultimately equal to 2042 we mean that their 
ratio is ultimately = 1, which is «е the case, since the 
(аш)? 
2a da’ 9x 

The rule (based on the above method of comparison) which 
will guide us 1n neglecting relatively small quantities 1s very 
simple, and is as follows: To obtain the ultimate value of an 
expression containing finite and infinitely small quantities, 
first perform all subtractions that may be possible, and then, 
1f an infinitely small quantity 1s added to a finite one, the 
small quantity 1з relatively unimportant, and 1s to be omitted. 
Thus, in the above example, in reducing the increase of area, 
viz. (z--dx) – 22, to its simplest form, the quantity 2? is 
cancelled by subtraction, leaving the expression 2z.dz-(dx)* 
which is equal to (2x + dz) dz, and this in the limit reduces to 
22.12, since 2x + dz is ultimately equal to 2z. 

Another way of considering the question is to remember 
that although dz 1s to be infinitely small, it is yet considered 
of sufficient importance to be taken into account, as obviously 
it is the supposed increase of side on which the whole problem 
depends, and therefore 2242, which 18 а finite multiple of dz, 


surplus fraction which 1s equal to — Z ultimately vanishes. 
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is also important; but the square of dz, being a product of 
two infinitely small factors, is unimportant. Іп fact, 2242 and 
dæ are of the same order of smallness, since their ratio is finite, 
but (dx)* and 2x.dz are not of the same order of smallness, 
since the ratio of the first to the second is ultimately zero. 
All these small quantities are included in the general name 
‘infinitesimals,’ dz and 2xdz being called infinitesimals of the 
Ist order, and (dx)? being called an infinitesimal of the 2nd 
order. 


9. Orders of infinitesimals. Тһе numerical magnitudes of 
small quantities can be compared only by means of their 
ratios. If their ratio 1s finite, they are said to be infinitesimals 
of the same order, otherwise they are infinitesimals of different 
orders. 

Thus, if dz 1s an infinitesimal of the 156 order, 


(dx)? " е 2nd 
(dx? 2) )2 ord 22 


and so on; and in any equation, if infinitesimals of different 
orders are added together, those which are of high order are 
unimportant compared with those of lower order ; and, lastly, 
infinitesimals of any order, when added to finite quantities, 
are unimportant. When, therefore, unimportant terms are 
cut out, all the terms of an equation will be finite, or all the 
terms will be infinitesimals of the Ist order, or all will be of 
the 2nd order, and so on. We shall have no equations in 
which different orders will be mixed. 

Thus in the equation area —2?, the terms are finite. In the 
equation d(area) = 2zdz, both terms are infinitesimals of the 
Ist order. 


4, We may show in a figure the retained, and the omitted, 
parts of the increment of the area of the square. 

Thus, let OABC be the original square whose side OA = 2. 

And let ОАВС be the increased square (the increment 
being infinitely magnified in the figure to enable it to be seen). 

Then АА = dz, 

and the areas of the rectangles BA’ and СВ are each = a.dz, 
so that their sum = 2202. 
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Lastly, the small square BB is =(dz)?, and is ultimately 
infinitely smaller than either rectangle, since 1t will require 
an infinite number of such small squares to make up one of 
the rectangles. 


Of course, the student must exercise his imagination, and 
think of AA as infinitely small, so that the rectangles BA' 
and CB are infinitely thin, thinner than the finest ink line 
that could be drawn, while the square ВВ 1s not only infinitely 
thin, but also infinitely short. 


©. The calculus would record the above result briefly as 
follows : 

It ана 

dy = 2212, 
or, more briefly still, 
d (22) = 22.2. 

This result has wider application than merely to the area 
of a square. It is true, whatever ж may be, that the differ- 
ential of its square = 22 times the differential of 2 itself. 

lhus, find the differential of the area of a circle whose 
radius, 7, receives an infinitely small increment, dr. 

The increase of area is evidently z(r- dr)? — mr’, 


46. т((т +07) – т }, | 
and the quantity in the brackets { } 1s d(r?) which = 2r.dr 
just as d(x) = 22.12; 
'. the increase of area = 2rr dr. 
The steps of the work may be stated as follows: 


d (712) = vd (т?) = w2rdr = 2rrdr. 
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If we look at the same problem geometrically we shall see 
the reasonableness of this result, for 2r is the circumference 
of the circle, and dr the width of the added strip, therefore 
the area of the added strip = 2zr.dr, if we remember that dr 


УА 


is infinitely small. ОҒ course for any finite increase in r 
there would be а small error in this result, but the error 1s ап 
infinitesimal of the second order, and is therefore of less and 
less relative importance the smaller we take dr. 


Example. Find the difference between 77? and т(> + dr when r=4 
inches and (1) dr—:1l inch; (2) dr = 01 inch; (3) dr—:001 inch. Com- 
pare the result in each case with the corresponding value of 2rrdr. 


Ans. The ratios of the actual increments to those given by 2mrdr in 
the several cases are 


(1) 1%; (2) 1900; (9) 150. 


6. Graphic mode of representing the variations of two 
mutually connected variables. 
« If two variables are connected, as, for example, the side and 
the area of а square, their comparative numerical values can 
be represented artificially by means of a curve, in the follow- 
ing way. Let х and y be the two variables, each measured in 
terms of convenient units, e.g. in the case of the square, we 
should have y = 2°, when y 1s measured, say, in square inches, 
and x in inches. Then if we measure off along a horizontal 
line, from some fixed point O, lengths representing the different 
values of z, and erect perpendiculars to this line, whose 
lengths shall represent the different values of y, we can draw 
a curve connecting the ends of these perpendiculars. ‘This 
curve 18 called the graphic representation (or shortly, the 
graph) of y considered as a function of x. We will illustrate 
by the above example, y= 22, 
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The following table gives a series of corresponding values of 
х and y, and these are plotted in the adjoining diagram. Тһе 
height of the curve at intermediate points gives values of y 
corresponding to intermediate values of z. 
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з 4. 9 
Scale of x. 


Тһеге 1s no need to take the same scales for т and for y; 
each should be taken on a scale which is most convenient, 
having regard to the numerical range of the quantity requiring 
to be shown. The curve representing the function 18 а 
parabola. 


T. Gradient of the curve у = 22. 

The student should notice that the steepness of the curve 
y=% increases as the numbers get larger. This is due to the 
fact that, when x 15 large, a given increase in 2 causes a larger 
proportional increase in its square. Thus, if x increases from 
2 to 3, the square increases from 4 to 9, which 1s an increment 
of 5, whereas if x increases from 8 to 9, the increment of its 
square = 81 — 64 = 17, which is much greater, and if x changes 
from 20 to 21, the increase of the square 1s much greater still. 
For any two values of 2 the average rate of change of 2°, com- 
pared with the change of x, is obtained by dividing the change 
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in 22 by the change in z, and will be shown in the diagram by 
the tangent of the angle of slope of the chord joining the two 
points. Тһе tangent * of this angle is called the ‘gradient ' 
of the chord, a convenient term introduced to avoid the long 
equivalent phrase, *the tangent of the angle which the chord 
makes with the z-axis. Similarly the gradient of the curve 
itself at any point 1s defined as the tangent of the angle which 
the tangent to the curve at that point makes with the z-axis. 
It is the limiting case of the gradient of а chord joining two 
points P and Q when Q moves close up to P. 

In the above example, if z changes from 6 to 7, the gradient 
of the chord 1s 13 vertical units divided by 1 horizontal unit, 
since 72—6?— 13, and / -6—1. We shall call this a gradient 
of 13, though the tan of the angle depicted in the diagram 
will not be actually 13 unless the horizontal and vertical scales 
are the same. All we have to remember is that in any fraction 
giving the gradient, the numerator is measured in vertical 
units, and the denominator in horizontal units. Thus a 
gradient of 13, £e. 13+1 is, as already stated, 13 vertical 
units to 1 horizontal unit. 1f this 1s borne in mind, the 
difference іп the two scales will present no difficulty. The 
gradient 13 is represented by the ratio QR: PR in the figure. 

То find the gradient of the curve at any point P, we must 
find the gradient of the chord PQ when Q 1s infinitely close 
to P. Now, we have proved that when z receives an infinitely 
small increment ат, the change in z? 15 22.02, therefore the 
required gradient 15 22.02 + х= 25+ 1. For example, when 
x=6, the gradient of the curve is 12, and when == 7, the 
gradient is 14. Hence, in this case, while the gradient of the 
chord joining the two points in the figure is 13, the gradient 
of the curve itself gradually changes from 12 to 14. 


8. It will be well to see what is the physical meaning of the 
gradient of the curve at any point. The equation у= 2? may 
be looked upon as a merely numerical relation between a 


“The numerical value of the tangent of the angle is to be taken as it 
would be if the vertical and horizontal units of scale were the same 
length. This numerical value is always meant when the gradient is 
spoken of. The distorted angle due to unequal scales is а mere accident 
of the diagram, and is unimportant. 
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number 2 and its square. This 15 how we have just been 
considering it. But we may also take it as the relation 
between the side and the area of a square plate. Іп that case 
y 15 SO many square inches and z is so many inches. Тһе 
gradient of the curve 1s given by the equation : 


dy 2x 

dz 1” 

and, if we imagine the area of the square growing by a gradual 
increase in the length of its variable side z, the value of the 
gradient for each value of x represents the rate of growth of 
the area per unit increase in the side, 1.6. 50 many square 
inches of area per inch growth of side. 

For example, when %--6 inches, the gradient 1s 12 square 
inches per inch, and when x=7 inches, the gradient is 14 
square inches per inch. These are the actual rates at which 
the square 1s growing at the two instants when its dimensions 
are those which correspond to each end of the chord PQ in the 
figure, and the average rate of growth between these two points 
is the gradient of the chord, which is 13 square inches 
per inch. 

[ Hence, the gradient of the curve represents the rate ot 
growth of y compared with that of 2, and is described as so 
(many vertical units per horizontal unit. 

We have arrived at this notion of a gradient by considering 
the special curve у = 2, but the reasoning 1s perfectly general, 
and we will therefore state 1% again below in connection with 
any two related variables, 2 and y. But first we will introduce 
a term of much use іп abbreviating the statement that there 
18 а relation between the variables. 


gradient = 


9. Function. Explicit and implicit functions. If two 
variables x and y are so related that a change іп one of them 
necessitates a change in the other, they are said to be Junctions 
of each other. Thus the area of a square and the length of its 
side are functions of each other, and so are the volume of a 
sphere and its radius. If one of the two variables is directly 
expressed in terms of the other, it 1s usual to say that the 
one variable 1s a function, or an explicit function, of the other: 
e.g. if y —2? we say that y 1s an explicit function of =. . We 
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may of course express 7 as an explicit function of y, viz. 
х = Jy. | 

"i у 18 expressed as a function of z, y is called the sub- 
ordinate, or the dependent, variable, and œ 18 called the 
principal, or the independent, variable. Тһе latter term 18 
not a happy one, as of course it is not independent of y, 
but so long as the student realizes this, the term does very 
well as an antithesis to the term ‘dependent.’ 

If the variables occur mixed together in an equation, as for 
example іп any of the following cases, 


224+ 30 = 6, 
q^ + у? = 4, 
ry = С°, 


each 1s said to be ап «mplicit function of the other. Ме may 
express either of them as an explicit function of the other if 
we desire it. Іп some cases, however, such transformation 
of the equation may be very difficult, and may also be 
undesirable. 


EXAMPLES. 
1. If y? - 2ay + 23? —0, make y an explicit function of x. 
Ans. y-acA/(a?- x?). 
2. If 1+log,y=2log,(x+a), make y an explicit function of a. 
Ans. y=(x+a} +a. 


9. Given tan-!x+tan-ly=q, make y an explicit function of x. 


pe _ tana – 2 
^ УЛТ {апа 
| Әу-1 - 
4. Given y— ттер make x an explicit function of y. 
9y —] 
_20 
Ans. x= 3y 22" 


10. If we wish to denote that y is some function of 2, 
without specifying what function, it is usual to make use of 
the first letter of the word function, and to write y=f(x). Or 
we may use other similar letters, and write F(x), or ф(х), to 
denote functions of 2. It is merely a convenient notation, 
with which the student will soon become familiar. Тһе value 
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of the function f(x) for particular values of x, such as 1, 2, 3, 
etc., will be denoted by f(1), f(2), f(3), ete. 


Thus if f(x) = 2? 
we shall have f(1)21 
f(2) =4 
f(3)-9 

and so on. 


The student should work the following examples, so as to 
become familiar with the notation. 


EXAMPLES. 


1. If f(x) =x? - 3x +2, find /(1), /(3), (0), and Ха). 
Ans. 0,29,2,a?—3a 4-2. 


2. If f(@)=cos 4, write down the values ӘЛЕ) 2) Ат). 
Ans. 1, $, 0, - 1. 
9. If F(x)=2%, find F(2), F(3), F(0), and Ғ(Ғ(9)). 
` Ans. 4, 8, 1, 16. 
4, In the first example write down f(z), f( Vx), f(x + À). 
Ans. х*-– 32 +9, х-3./с-29, (xt+h)?-3(x+h)+4+2. 
9. In the same example, show that h is a factor of f(x -- A) – f(x), and 


Show to what the other factor approximates when Л is very small. 
Ans. 9-3. 


6. If $(x)=a*, prove that {¢ (x) }2= 9 (2x). 
T. If F(x)—log x, show that (ab) = F(a) + F(b). 


11. The graph of а function. In any case when y is a 
function of 2, say y = / (x), the relation between z and y can 
be represented рісбопаПу (as stated in Art. 6) by cutting off 
lengths along a straight line from a given point on 1% to 
represent the values of z, and erecting perpendiculars to 
represent the corresponding values of y. If the ends of these 
perpendiculars are joined by a curve, the curve is described 
as the curve y=f(x) and is said to be the ‘graph’ of the 
function. The values of x cut off on the given line are called 
abscissae (meaning cut-off) the point from which they are 
measured is called the origin, and the perpendicular lengths 
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are called ordinates. The line along which the values of z 
are measured is called the axis of x, and the line perpendicular 
to it drawn through the origin 1s called the axis of y. 


12. Gradient. Differential coefficient. If y=f(x), ve. if y 
is a function of z, the ratio of the differential of y to the 


differential of z, or is called the differential coefficient of y 


dy 
dx’ 
with respect to x. If the curve y=f(z) is drawn, the values of 
Е аб the various points are the values of the tangent of the 
angle which the tangent to the curve makes with the axis 
of 2, 1.6. are the values of the ‘gradient’ of the curve at the 
various points. This 1s obvious from a figure, for if P, Q are 
two adjacent points on the curve, PQ 1s ultimately the 
tangent at P, and QR + PR is the gradient of the curve. Апа, 
if OM=2, MN is dz; ..PR-dz, and if PM=y, QN -PM 


Is dy, ie. QR=dy; .. ОБ 07 in the limit when both QR 


and PR are infinitely small. 


O | MN 
It has been suggested, in consequence of this meaning of Е 
dy . 
dz might 
always be called the gradient of y with respect to 2, or, more 
briefly still, the z-gradient of y, instead of using the long 
expression, ‘the differential coefficient of y with respect to 2. 


in connection with the graph of the function, that 


13. If y is expressed as f(x), its differential coefficient is 
often expressed as f'(x), 4.6. 2 is denoted by f'(x). When this 


notation is adopted, f'(x) is often called the first derived 
function of f(z). 
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It will often be convenient to draw a graph of f'(x) as well 
as a graph of f(x). Тһе two curves have a great many 
interesting relations as we shall see later on. Тһе graph of 
f (x) is often called the first derived curve. 

dy 


tm is Dy. It is 


an incomplete notation, but has the advantage of brevity. 


Another notation sometimes used instead of => 


M -F(z + da) - Ха) 
Or df(z) = f (x + dz) — f(a). 


This is the differential of y, 4.6. its infinitely small increment 
when z receives an infinitely small increment dz. 

The differential coefficient, or gradient, of y 1s the ratio of dy 
to dx in the limit when both are diminished to zero. It 18 


equal to the limiting value of 


f(x @®) - f(x) 
da: 


or, as 1t 1s often put, of qu i 


when À (1.е. dx) =0. ЕА 
. It 1s expressed in the various notations T f(x) Dy, and 


sometimes even y, or y. We may also rite, if we please, 


df (x) 
d 


The differential relation may be written df(x) = f'(z)dx, and 
this explains the reason why / (ж) is called the differential 
coefficient, since it 18 the coefficient of the differential of xz in 


the value of d/(z). 


15. Classes of functions. 
Functions of any variable x are divided into two great classes, 


algebraic and transcendental. Such functions as 2° – Зх + 2, 


„/(а? — 2°), E XLI are called algebraie, the term being 


, or Df(x), but these expressions are cumbrous. 
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used for all functions expressed in powers of z either whole or 
fractional, and powers and roots of such expressions. АП 
other functions, such as sino, tang, а” logz, sin !z, are 
called transcendental. Many of them can be expressed in 

owers of 2, 7.6. algebraically, but only by means of an infinite 
serles of such powers. 

We may also divide functions into single-valued functions, 
and many-valued functions. For example, 2? – 3x+2 1s a 
single-valued function of x, since there 15 only one value of the 
function for each value of т; but J/(a^—2?) is a two-valued 
function since every number has two square roots. So also 
sing 1s а single-valued function, but sin !z is many-valued, 
there being an infinite number of angles having a given sine. 

There is also another important method of grouping func- 
tions, namely, into continuous and discontinuous functions. For 
example, the sum of the first 2 whole numbers is a discon- 
tinuous function, since it has no meaning when z 1s a fraction. 
Curiously enough, however, the algebraic expression which 
gives the sum of the first x numbers, namely iz(z-l), is a 
continuous function of z. So that here we have a case where 
the graph of the algebraic expression representing the function 
is continuous, though only isolated points on it have reference 
to the actual function under consideration, viz. the sum of the 
first z integers. The student should draw this graph by taking 
different values of x, and plotting. He should make a tabular 
list of values, as shown, and then plot on a convenient scale. 

The graph is shown in the adjoining figure. 


x 
1 
2 
Ü 
4 

о “ТНТ ЛТ НЕ 
б 
{ 
‚б 
9 
10 
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The easiest way 15 to use squared paper, which can be 
obtained at a cheap rate from Messrs. Partridge & Cooper, 
Fleet Street, London, E.C., or other wholesale stationers. 


Another example of a discontinuous function is the product 
of the first z numbers, known as /actoríal x, and denoted by |2 


ог z!, whose fundamental properties are |z —ziz — 1, and | 1 = 1. 


Неге we сап draw ordinates for each whole value of z, and 
we can draw a fair curve through the ends of those ordinates, 
but we cannot thereby interpret the meaning of the inter- 
mediate ordinates of this curve. 


It is possible, however, to find an expression for factorial c 
which will be continuous, 76. will have a value for all inter- 
mediate values of z, and which will satisfy the above funda- 
mental laws. The curve, drawn as above, will be the graph 
of this continuous function, and the isolated points on it 
corresponding to the integer values of z will represent the 
product of the first z numbers. This continuous function 1s of 
great importance 1n some kinds of theoretical work. 

Hence these two examples of apparently discontinuous 
functions turn out to be, in reality, examples of continuous 
functions, to isolated values of which we, as a rule, pay 
exclusive attention. There are many such functions, e.g. 
the number of spherical shot which can be piled into a 
pyramid with a square base 1s such a function. 


16. In general, the functions with which we deal will be 
continuous functions, except for occasional isolated points 
of discontinuity such as when the function becomes infinite 


of which 
l-g 


the student might usefully draw the graph. He will find 
the ordinate 1s positive when 2 1s less than 1, becoming 
infinitely great when x= 1; then it suddenly becomes negative, 
and, as x increases, y diminishes in numerical value till finally 
it becomes zero when z 18 infinitely great. There 1s therefore 
a point of discontinuity when 2--1, but elsewhere the curve 
18 continuous. 

But points of discontinuity in an otherwise continuous 
function are an entirely different thing from the discontinuity 


for some finite value of x, as in the case of y= 
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of a discontinuous function; the graph of a continuous function 
15 а continuous curve, and its points of discontinuity аге 
merely interruptions to the continuity of the graph, whereas 
the graph of a truly discontinuous function would consist of 
isolated points. Such would have been the graph of factorial 
x if the continuous function whose graph passes through the 
special points corresponding to the integer values of x had not 
been discovered. 


]. The sum of two numbers being 5 the change in their product, 
as one of them increases from 0. graph. 


9. Trace the changes in value of the sum formed by adding together 
a number and its reciprocal. 


4. Represent in а diagram the values of 2" for different values of m. 


9. Draw the curve y=sinz from 0 to 2r. [Take horizontal distances 
representing the values of x, and erect ordinates proportional to the 
Sines of these angles. | 


6. Draw the curve у —cosx from 0 to 27, and show that it is the 


| 5 
same as the curve у —sin x from 2 to >" 


7. Draw the curves у = tan x, and y=sec т, from 0 to 2r. 
8. Draw the curve y —log,x. 


9. Represent in а diagram the connection between the Fahrenheit 
and centigrade scales of temperature. 


10. Represent by ordinates the values of the coefficients of the 
different powers of x in the expansion of (1 +). 


11. Represent in а diagram the work done by a constant force of 
10 lbs. weight, as its point of application moves through varying 
distances in the direction of the force. 


12. Represent іп а diagram the force required to stretch an elastic 
cord whose unstretched length is 6 feet, being given that the force 
increases uniformly in proportion to the stretch, and that а 10 lb. 
weight would double the length of the cord. 


13. Show that the area between the graph of the last function and 
the axis of x and the final ordinate represents the work done іп 
stretching the cord. Also draw a graph of the work done. 


14. The strength of а beam is proportional to its breadth and the 
square of its depth. Show the changes in the strength of a rectangular 
beam of given area of cross-section, as its breadth changes. , 
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15. Trace the changes in strength of the beam with change of breadth, 
if the perimeter of the cross-section is constant, and equal to 20 inches. 


16. A rectangular beam is cut from a cylindrical log of wood 1 foot 
in diameter. ‘Trace the change іп its strength according to its width. 
[Taking the breadth (b) and the depth (а) in inches, we have 5?-- 0° = 144, 
and the strength is proportional to bd?; .. the strength is proportional 
to b(144 — b^). We have therefore to draw the curve y=2(144 - 22) 
from x-—0 to x—12.] 


l7. Find the dimensions of the above beam when the strength is a 
maximum. [We have to find for what value of x the ordinate of the 
above curve is the greatest. This will be the required breadth; and 
the depth can be obtained from the equation b?+ d?— 144.] 


18. Find the dimensions of the beam of Example 15 when the strength 
is а maximum. 


17. The last two problems are of a kind whose solution 1s 
most readily effected by the methods of the differential 
calculus, for evidently the maximum values required will be 
the ordinates of the respective graphs at points where the 
gradient of the graph is zero. Тһе points can be approxi- 
mately discovered by careful drawing of the graph, but they 
could be more rapidly found if we knew how to find an 
expression for the gradient at cach point, and then solved 
the equation obtained by putting the gradient=0. There 
are many problems requiring а knowledge of the gradient of 
a function, or, as it 15 generally called, the differential co- 
efficient of the function. Тһе first thing, therefore, to do 
is to establish methods by which we can with the minimum 
of trouble find the differential coefficient of any function. 

To do this we shall first find the differential coefficients 
or gradients of various simple functions, and then show how 
to find the gradients of more complicated expressions, which 
will always be found to be mere combinations of the simpler 
forms. The process of finding the gradient 1s called differen- 
tiating the function, a loose expression which 1s only justified 
by its comparative brevity. We have already discovered 
that, if y —z*, T. 2r, and have seen that we can write the 
result in the form dy=2zdz, or d(2?)- 2rdz; i.e. the differ- 
ential of x? is 2247, and its differential coefficient, or gradient, 
is 22, 
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Our next work will be to find the gradient in the case of 
any power of z, and after that, to establish general formulae 
by which the differentiation of more complicated functions of 
2 15 very much simplified. 


18. Differentiation from first principles. We may, however, 
find the gradient at any point of either of the above curves 
without making use of any of the formulae which will be 
established in the next chapter, and so, by finding when the 
gradient 1s zero, solve the problems in the above examples 
17 and 18. Indeed, we may in this way, find independently 
the differential coefficient of any function we please. The 
method is instructive, though much more cumbrous than the 
systematic methods of the calculus, to be subsequently ex- 
plained, by which the differential coefficients of more or less 
complicated functions are deduced from those of a few simple 
functions, independently obtained once for all. 

Let (x, y) be the coordinates of any point P on the graph 
of question No. 16, so that у= 1442 – 28. Also let (т, y) 
be the coordinates of an adjacent point Q on the curve, so 
that у = 1442 —z*. Now evidently the gradient of PQ 1s 
y —7 
7-2 
brought close up to P will be the gradient of the curve at P. 
Now, by subtraction, 


y —9y—144(z — x) – (2° – 23) 
025144 - (72--22--22), 
2-2 | 


, and the limiting value of this gradient when Q is 


which in the limit (when 2 =z) becomes equal to 144 — 322, 
which 1s therefore the value of the gradient at the point P, 
whose abscissa 18 2. 

If, now, we find for what value of z this gradient is zero 
we shall have solved the problem in Question No. 17. The 
value 15 x=,/48 or nearly 7. Hence the strongest rectangular 
beam which can be cut from the given log is one whose 
breadth is ,/48 inches. Тһе corresponding depth is ,/96 
inches, so that it 1s approximately 7 inches broad by 10 
inches deep. | 

L.D.C. B 
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Similarly, in the case of the curve y 2 z(10 — zy*, т.е. 
y = 100z — 202? + 23 


which is the curve of Question No. 15, we find the gradient 
= 100 – 407 + 327 = (10 -2)(10 —3z), so that the gradient is 
zero when т equals either 10 or 34- Тһе value of the function 
may be either a maximum or a minimum when its gradient 1s 
zero: on consulting the diagram, 1t becomes evident that the 
maximum strength is obtained when the breadth 1s 3$ inches. 
The depth is then 62 inches, 2.6. is twice the breadth. This 
18 the answer to Question No. 18. 


EXAMPLES. 


Find, from first principles, the gradient at any point of each ot the 
following curves: 


1. x^-y*-—c«*. 
д. 22-у2--Ал-Ву-С-0. 9. y^—4ax. 
gw ША 


б. у —2?, drawing the curve between x= +2. 
7. y2=23, drawing the curve between x=0 and 2-2. 


CHAPTER 1. 


DIFFERENTIATION OF ALGEBRAIC FUNCTIONS, AND 
GENERAL METHODS OF DIFFERENTIATING. 


19. To find the differential of x”. 
Let у= x" , 


then у +dy = (x + ах)" 


Expanding (x + dz)" by the binomial theorem,* the first term 
wil be 2" which will cancel the term – z", and the second 
term will be n.z*.dz which is an infinitesimal of the first 
order, while the other terms will contain higher powers of dz, 
and will therefore be infinitesimals of higher orders than the 
first, and therefore negligible. Hence, keeping only the in- 
finitesimal of the first order, 


dy = na? da, 
i.e. A(x") = nx"®-1dx, 


and the gradient, or differential coefficient, 1s "27 
lhis:1s true, whatever 15 the value of n, so long as it is 
a constant. 


Thus d(x*) = 3z?dx, d(a9) = 10z%dz, 
d (Jr) =d (a?) = 1a tde = 77 
d (x, x£) = d(x?) = за dx = 3/2. dx, 


——Ó—————————— 


* The Expansion is (x + dx)” = x^ + nada 4 – 1) 


n -2 2 
012 * (dac)^ 4- .... 
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dax 

-] _ E P шы uos 

(=) = d(r|)--1.z?dz-— "i 
1 - Әділ 
2((а)-жба )= — 0, 40 = gi! 


and so on. 


EXAMPLES. 


l. Find the differential coefficients of the above functions from first 
principles (see Art. 18). In the case of ~x, having obtained 


у-у м NI VE: 


EE RENI 


2- X-X 


we have to divide numerator and denominator by Jz'-/z, and then 
simplify by putting 27-2 in the result. — in the case of xa. 


2. Find the differential coefficient of 22 from first principles. 


с Тһе fraction to be simplified may be written in the form 
a -5 , where z= х5, Then it is obvious that 2'—2 is the factor to be 
cancelled. | 


p 

9. Find the differential coefficient of x? from first principles, where 
p and 4 are positive integers ; and deduce the differential coefficient of 
z^", where n is any positive rational fraction. 


20. Before going on to other functions it will be useful to 
see how far-reaching the use of this formula for the differential 
of z” is, and how many difficult expressions can be differentiated 
by means of it, with the help of the following general theorems 
which are applicable to all functions. 

(1) If u is any function of 2, and а is any constant, the 
differential of au = a.du, 1.6. d (au) = adu. 


For, if у = a, 
y +dy=a(u+du); 
'. by subtraction, dy = a.du, 


1.6. d(au) = а да. 
For example, d (71?) = 7d (1°), as we have already seen. 


Gi) If u, v, w are any functions of 2, the differential of their 
gum is equal to the sum of their separate differentials, 


7.0, d(u+v+w)=—du+dv+dw. 
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This theorem 15 self-evident, and both it and the preceding 
theorem would be equally true if the increments of the functions 
were not infinitely small. 

(ш) The differential of a constant 18-0. This also 1s 
obvious, as 16 merely expresses іп the language of the calculus 
that the quantity 25 constant. 

Thus, if а 1s а constant, 


d(a)=0. 


NOoTE.—Generally, if we use letters to denote constants, and 
also letters to denote variables, we shall use the early letters 
of the alphabet, such as а, 0, c, or 1, m, n to denote constants, 
and the later letters such as 2, y, z or u, v, w to denote variables. 
This is merely for convenience, in order not to have to state 
always which quantities are variable, and which are constant. 


Example. If y=2a?-32?+5x2—-7 
dy —9d(x?) – 8d(x*) - 5dx - 0 
by the theorems just established. 
Hence, since dx” —nx"-ldz, it follows that 
dy = 6x*dx — 6xdx--5dx 
= (62? — 6x + 5)dx ; 


— — 6° – 6x + 5. 
x 


We will now take а harder example, first premising that the 
use of z as the principal variable 1s merely а matter of con- 
venience in establishing our theorems. Any other variable 
would do equally well, eg. d(u") = nu"^?du where u may be 
any variable and may itself be a function of some principal 
variable 7. 


Example. Find the x-gradient of (322 – 2x + 5)*. 
Let y = (3x? — 2x + 5)?, 
then, treating the expression in brackets as a single quantity, we have 
dy =3 (3x? - 2x +5)? . d (3x? – 2x +5), 
on the principle that d(z*) 23z2^dz, where z=3x?-2x+5; 
and now, simplifying the last factor, we have finally 
dy =3 (3x? — 2x + 5)*(6xdx — 2а=х) 


ФУ 3(342— 2x + 5)*(6x — 2) 


and dr 
—6(3x- 1) (3х – 2x + 5)?, 
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We could have differentiated this expression by first cubing 
out, and then differentiating each term separately, but the 
process would have been intolerably long, and the form of the 
result would have been less useful than the factorized form 
obtained by the simple artifice of initially treating 82° — 22 + 5 
as a single quantity. 

Again. Find the differential coefficient of (3x? – 2x + 5). 


Let y =N (3x? — 2x + 5). 
Now | 449-46-05; 
5 dy d (32? — 2a + 5) 


~ 9 (3a? — 2a +5) 
|. (6r-2)dx 
2 (322 — Qa +5)’ 
in which 2 1s a factor which can be cancelled ; and, finally, 
| dy _ ӛл-1 
dx (38x2 - 2x +5) 


21. In the following examples we shall sometimes denote a 
function by y, and sometimes by f(x). The corresponding 
notations for the gradient of the function are, as before stated, 


7 ог Dy, and f'(z) respectively. Тһе student may in every 
х 


case use which notation he prefers, but he will probably find it 
best to work with the single letter y, and then to please himself 
as to the form іп which he states the final result. 


EXAMPLES. 


1. If y=x(10- xy, find Dy, and find for what points the gradient is 
zero. [See Examples 15, 18, p. 16.) 

2. If Дх) = 2(144 – 22), find f'(x), and find the values of x for which 
f'(x)20. [See Examples 16, 17, p. 16.] 


5. If f(x) = 34/5 – 5x x E find f' (a). 


y” ау  x”-l 


4. If y=—,, prove that ——— 
daz |%-1: 


5, If утаа ааз ; prove that 


д? 
DY =a, + Ons + у + — 
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6. Draw the curve y — x^, and also its first derived curve, between the 
limits x= +2. 
7. If 2-3, find Dy in-terms of ж. 
Draw the curve between x=0 and x=4, showing carefully the 


slope of the curve at the points corresponding to these extreme values 
of x. 


8. Draw the curve y—2?2?-32?--7: —-2 between the limits x= -2 
and x= + 3, taking the vertical scale = т; of the horizontal scale. 


9. Draw the curve y=6z7-6x+7, using the same vertical and 
horizontal scales as in No. 8. 


10, If Дх) 2 (z? -2x?, find f ж). 
Draw the graph between x= – 1 and x—3, finding its gradient at 
the points where x= - 1, 0, 1, 2, 3 respectively, i.e., find /'( – 1), / (0), 
f (1) f'(2), and f"(3. Draw also the graph of f'(x). 


11. Find Dy, when yao sates 


12. If 42?+9y?=36, find 


13, A ball is thrown up with a velocity of 50 feet per second from 
the top of a tower 100 feet high. Its height above the ground in 
t seconds is y=100+ 50¢ — 16/2, Plot the curve of displacement from 
the start to when the ground 1s reached. 


14. In the equation of last question find y which will be the 


velocity at each instant, and find at what time the velocity is zero 
(when the ball will be at its highest point) Plot the diagram of 
velocity, viz., y - taking values of ¢ as abscissae and values of y, as 
ordinates. 


15. Find ou in the following cases :— 


(1) у= (322- 5x +6)~?. 
2 2 

v) 9733 6 33.6. 

(3) y 2 (2? - 3x +2). 


І 
9 Y= zx (айу 
(5) 3y8 + 52$ — 15. 


16. Show that the graph of an equation of the first degree in x and y 
18 а Straight line. ' 
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[Take the equation Ax + By -- C0, and show that z is the same 


for every point. ] 
Draw the line 2x – 3y - 6 20, and find what its gradient is. 


17. Find the gradient of the parabola у= Az?-- Bx +С at the point 
where == р, and show that it is equal to the gradient of the chord 
Joining the points on the curve where 2-р-Е4. 


22. The only algebraic expressions which at present we 
have not learned how to differentiate systematically are 
products, such as (22? – 3)(52-– 7), and quotients, such as 
0) 2 _ 
елү We could find the differential of the former by 
multiplying out and then differentiating each term separately, 
but it would be a laborious task, and this would moreover be 
rendered more difficult if any of the factors were raised to 
fractional powers. А quotient could not without very heavy 
work be differentiated except by one or other of the methods 
now to be explained, which are therefore of great importance. 


23. Product. If u, v are two functions of a single vari- 
able 2, find the differential of wv. 


Let Y =W. 
Let z receive an infinitesimal increment dz, causing u and v 


to receive the respective increments du and dv. Then the 
increased value of the product 1s given by the equation 


у + Фу = (и + du)(v + dv) ; 
. dy — (и + du)(v + dv) — uv 
= йи + udo + du . dv 
— рйи + udv 
in the limit, since du. 49 is an infinitesimal of the second order 
being the product of two infinitely small quantities. Непсе 
d(uv)=vdu+udv. 


24, This important rule is the rule for finding the differential 
of a product. The student should observe that if v 1s a 
constant, d(uv)=vdu, which is in accordance with Rule (1) 
Art. 20, and similarly, if u is a constant, d(uv)=udv. Hence 
the complete differential of the product when u and v both 
vary 15 the sum of the partial differentials obtained on the 


ARTS. 22-25.) | DIFFERENTIAL OF PRODUCT. 25 


supposition that first one and then the other of the two factors 
18 constant. 

If we divide by dr, which we have supposed to cause the 
increments of the functions, we have the equation between 
the differential coefficients, viz.: 


d(u) аи Р dv 


de йл dx 
which may be written 
D(uv)=v ра +а ру. 


For example, let y = (22? = 3) (5x – 7)’. 
Here du —4xdz ; 
. Du-4z, | 

and dv —3(5x —7yd(5x – 7) 

—]15(5x-7ydx 

. Dv=15(5x-7)*; 

(5x — 7)?.4х + (2x? - 3).15 (5a — 7)? 
(5x – 7)%{202 — 28x + 302? — 45} 
(52 — 7) "(50x* – 28x — 45). 


, Dy= 


20. The student should carefully go through this work, 
and compare 1t with the result of multiplying out the factors 
of y and then differentiating. Not only would this latter 
method be much longer, but 1t would lose the great advantage 
of showing that (5x — 7)° 1s a factor of the result, which is 
an important fact worthy of attention. Indeed, always, if 
any factor іп the expression for y occurs raised to the т 


power, the same factor will occur also in T raised to the 


п- 1% power. (See Ex. 4, below.) 


EXAMPLES. 
Find E in the following cases : 


1. y -(x-3)$(2x -7 y. 
Ans. (x—3)y(2x – 7)182 —58). 


f, 


2. y=(Ba2 — 7x 4-2)3 (a2 — a 
Ans. }(3x? — 7x4 2)5(22 — 7)*(48x3 — 91 x2 — 106x + 147). 
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3. y —(22-2)(72 – 8)-1. 

Ans. (72° – 6x +14) (725 -3)77. 

4, y=u™v". 

Ans. | um-lyn-Ymv Пи +пи Dv). 

9. If à volume v of а gas contained in а vessel under pressure p is 
compressed or expanded without loss of heat, the law connecting v and p. 
is that p.v* 1s constant. Prove that for a slight compression or expan- 
sion the connection between the changes of volume and pressure is given 


by the equation 
kpdv + vdp —O. 


26. If y consists of more than two factors, the preceding 
method can be used by grouping the factors into two groups: 
thus 


Let Y = UVW = и. VW 
then dy = vw . du +u. атш 
= рш. du + u(wdv+vdw) 
=vwdu + шоа? + илаш, 
and Dy = vw Du + uw Dv + uv Dw ; 


and similarly in the case of more than three factors. 

Of course the labour of differentiating in such a case 
is necessarily heavy, however systematically it may be done. 
Indeed in the case of simple factors, not repeated, it 1s 
probably better to multiply out first and then differentiate. 


The student might test this in the cases of (z—1)(z-2)(x-3) and 
(x —-1)(x-2)(x-3)(x-4). 


27. Quotient. If y-- 
E 
4 | urdu u 
a v--dv v 
. vdu — udv 
— v(v-- dv) 
_ оби – udv 


5—5 іп the limit. 
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42 а (3) m, = ау 
d 5) йи _ „00 
and € | dx ах 
dz vw” 
which may be written 
u\ vDu-—-u Dv 
(7) 


The student should also obtain this result by writing the 
fraction in the form wv! and differentiating by the rule 
for differentiating a product. 


22-38. 

E E 
_ dy (5x — 7).4x - (222 3).5 
“ах (52 — 7)? 
102? – 282+ 15 . 

(52-7)? ` 
_ 922 – З 
~ (5a – 7)3 


This is most conveniently differentiated as a product, writing it in 
the form 


Example. Let 


Again, let 


y = (222 -3)(5x - 7)? 
h oY 4r (5x - 7) — 15 (2a? - 3) (5x -7)-4 
| Ax (5x — 7) - 15 (222 — 3) 
i (52 —7)* 
_45 - 28x - 1027 
~ (5a —7)4 
The student should work the same example by the Quotient formula. 


He will find that a common factor, (5x – Ty, must be cancelled from 


numerator and denominator before the result is expressed in its simplest 
form. 


28. Frequently the student might find it advantageous, 
if a factor is repeated, in the case of either a product or a 
quotient, to use the easily proved formula 


D (u"w^) =u" w (mov Du + nu D). 
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This was given as an example to be proved in No. 4 of the 
last set of examples. 


29. The student ought now to be able to differentiate any 
algebraic expression whatever. He cannot yet differentiate 
transcendental expressions, though in many cases he can do 
something towards it. 


E.g. we know that (sin x)? + (cos 2)? = 1 
.. 2sinz.d (sin х) + 2 cos z.d (cos x) = 0. 


This step is obtained by treating siu and cosz as single 
quantities, like ч2--42-- 1. 

We do not yet know how to express d (sin x) and d (cos 2) in 
terms of dz. This and other formulae will be the subject of 
next chapter. Meanwhile we may show one class of problems 
which may be solved by the help of differentials. 


30. Approximations by help of differentials. 


When a variable quantity 2 receives an actual increment, 
the approximate change in any given function of z 1s given by 
the value of its differential, provided the change in z is small. 


Thus, to find (40:1)? we can use the formula (х +dx} =x? +2xdx or 
(x+h)}}=x?+2xh, which only differs from the true value by h?. 

Hence (40°1)*=1600+8=1608, approximately. The true value is 
1603-01. 

Again, the area of a triangle having two sides a, b, and included 
angle C, is іар sin C. 

If each side is increased by a short length л, the angle being unchanged, 
the increase in area is approximately 3 (adb + bda)sin C, where da and db 
are each equal to h, т.е. the increment of area=}h(a+b)sinQ, 
approximately. 

Again, evaluate 


403 400 
1725 1725' 
From the formula d Ө . vdu — иат 
0 v? 


we have, approximately, the required difference 
 .3(1725 — 400) 3975 
|  (01785y (1725) 
3975 
1725 x 1728' 


The true difference 1s 
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Again, evaluate 3x? -7x +5 when == 3:09. 


We have, approximately, f(x+dx)=/(x)+f"(x)dx 
-222-7--5--(6:- 7)dx. 


. if we take x=3, and ах = ‘02, we find (3:02) 2 11 +11 x 02-1122 
approximately. The true value is 112212. 
uch examples may be multiplied indefinitely. 
We shall use this method in Chapter VI. to approximate to the roots 
of equations. 


Notrt.—If the student prefers to restrict the use of dz to 
the case when the increment of т is infinitely small, he can 
use а single letter such as h, above, for а finite increment, or 
һе may use óz for the finite increment. 

Similarly k, or бу, may be used for a finite increment of a 
variable y, the term dy being kept for the infinitely small or 
‘vanishing increment. But in practice the distinction 1s un- 
necessary so long as the increments ёх and бу are small enough 
for their squares and higher powers to be negligible. 


31. Recapitulation. 
d(constant) = 0, 
d(au) =adu, 
d(utv+wt+..)=dut+dv+dwt..., 
d(uv) =vdu + udv, 


q” _ vdu — = 


on 
d (u^) =nu" du. 


Additional formula, sometimes useful, 


T (um) p С m7), 
when m and n are positive or negative constants. 

Note.—In any of the above, if we wish to use differentials, 
we employ the letter d; if we wish to express differential 
coefficients, we write either D, or d divided by dz, as shown 
in the last formula above. 
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EXAMPLES. 
]. Find cy in the following cases : 

х + а 
(1) y= 
(2) у= (= x a) J(z – a). 

2-ға 

eye tt 
(4) y (1 - z?)(1-r 422+ 327%). 

(1+ 22) 


(9) у= (za 
x 
(0) y— Қаз 32): 
2. If two functions of x are identical, their differential coefficients 


are also identical. The student may illustrate this by the following 
two examples : 
(1) Differentiate both sides of the identity 
(асу a? nani МЛ Јап-2д2 edm. 
Do the same also with a special value of n, say п = 4. 


(2) Prove the rule for differentiating а product by making use of 
the important identity 


uv —i(ucv)-i(u-vy, 
and assuming the rule for differentiating a square. 


д. Differentiate = 
a+x 
4. Differentiate the result of (3), and then again the new result, and 
so on four times. 


9. Evaluate (approximately) 2? — 4x? – lla + 32, when z—10:32. 


, Evaluate the same function, when х= 25. 
2 
, Differentiate у=х E 
x-a 


, Differentiate (x -3)(x-1)(2x — 7). 
, Find бу when 22у? = а?(2х? — 1%). 


о co NJ с» 


10, Find Е when у= / (2) and 2= ф(х). 
ау 
dx 


11. Find when y = (322 — 2+5) and 2=42? – 82 +7. 


‚ , dy _ 92 
12. Find >, when у= а=, 


CHAPTER III. 


DIFFERENTIATION OF THE CIRCULAR FUNCTIONS 
AND THE INVERSE CIRCULAR FUNCTIONS. 


32. Before finding the differentials and differential coefficients 
of these functions, 16 15 necessary first to establish the important, 
though simple, theorem that 

When an angle is very small, its sine and tangent are 
practically equal to each other and to the circular measure of 
the angle. Ву being equal, 18 meant that their ratio 1s 
ultimately one of equality. (See Art. 2.) 


It is easy to prove that ae = l when 0 is ultimately made 


infinitely small. 
nT = cos б, and, when 0=0, cos 0 — 1, which 
proves the proposition 

With regard to the ultimate equality of 0 with both sin 0 
and tan @, a little consideration will convince the student that 
the circular measure of a small angle @ is intermediate in 
value between sin 0 and tan Ө, and therefore when sin 0 = tan Ө, 
i.e., when sin Ө: tan0—]1 by reason of the smallness of 0, it 
follows that 0 is equal to both of them. If a student turns 
to a table of values, he will see that these three quantities are 
very nearly equal when the angle is as much as 17 or even 
more. 

The theorem just proved may be rendered clearer by a figure. 

Let POA be a small angle whose circular measure = 0. Then 
if with О as centre and radius т an arc PA is drawn, cutting 


PA 
the arms of the angle in P and A respectively, 9-7 ; and 


For, always, - 
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if PN 1s drawn perpendicular to OA to meet it in N, and AT 
is drawn perpendicular to OA to meet OP produced in ‘I, 


ТА 
sin g=——, and tan 0— PE 


. Sin 60: 0 : tan Ó-PN : arc PA : TA. 


„= | 


Now make 0 infinitely small, which, for our purpose, is 
best done by making r infinitely great, while T remains fixed. 
We see that PN, the arc PA, and TA ultimately coincide, so 
that they are ultimately equal. ‘Therefore sin 0, 0, and tan 6, 
which are proportional to them, also become ultimately equal, 
which again establishes the required proposition. 


Cor. This shows that, to the first order of small quantities, 
the lines PN, TA, and the chord PA, and the arc PA may all 
be treated as equal to each other, when the angle 1s small. 
lhis will be а great help in the geometrical treatment of 
problems dealing with small angles. We also see that ulti- 
mately the chord PA 1s perpendicular to both the radii OP 
and OA, being indistinguishable from the arc PA. 


33. To find the differential of sing; i.e., tf the angle x receives 
a small increment, dx, find what is the corresponding increment in 
the sine of the angle. 


Let Y = 810 2, 
then y + у = sin (2 + ағ), 
'. ау = sin (x + dx) — sin 2, 
= 2 cos (x + 24) sin (1dz), 
from the formula 


A+B А – В 
sin A — sin B = 9 cos 2 sin Я 


ы, 


But sin 102 is ultimately equal to 242, by the above theorem. 
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if the angle is in circular measure. Also cos (g+ ida) is ulti- 
mately equal to cos; 


'. finally dy = 2 cos x.4dx = cos 2.42, 
4.60 d sin x = Cos x.dx 
and dama = COS X. 


34. To find the differential of cos =. 


We will establish this in several ways, each of which is 
instructive. 


(1) Let у = COS 2, 
then dy = cos (x + dz) — cos 2, 
= — 2sin (2 + 4dz).sin 442, 
= — Sin z 47, 


е. d COS X = —sin x dx. 


This first method is differentiation from first principles. 
The other two methods are based on previous theorems. 


(2) Let у = COS 2, 


é 4 


^. dy = сов (5-а) (5 - j by the formula 


of last article, 


А 7 
— gin 2465 — ) 
= — gin 2.02. 
(3) cos? gz = 1 — siu?z, 
, 9ceoszd cos c — - Әвіп z.d sin 2, 


= — 2 біп z.cos 2.02, by last article, 
^. d cosz-— —sinz dz, as before. 
Expressing this in the form of a differential coefficient, we have 
d cosx — , 
dx ~ 


Sim X. 
L.D.C. C 
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30. The formulae for the differentials of the sine and cosine 
are so important that we will also prove them geometrically. 
The student should draw his own figure and carefully go 
through every part of the work, as it 16 important that he 
should be able to deal geometrically with infinitely small quan- 
tities. Іп the figure the increments have to be made of a finite 
magnitude, but they must be imagined to be infinitely small. 


Let POA = 2, 
апа ООА =x + dz, 
so that QOP = dz. 
If the angles are in circular measure, dz — =. 
Now ing=—, sin(z-4- dz) =" ; 
linge EVE 
T T 
_ QR QP QR р 
“ОР” ТОР: т. 


Now = ultimately becomes=cos NQP, and this angle be- 


comes equal to the angle at О, —z; 
қ QR ultimately equals cos z, 
QP 
and, therefore, d sin g= cos z . da. 


Similarly, d cos g= m 
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Interesting examples illustrating the use of the differential 
coefficients of the sine and cosine of an angle will be found in 
the articles on uniform circular motion and simple harmonic 
motion at the end of this chapter. (Articles 57-60.) 


36. Gradients of the curves y=sinz and y=cos x. The 
gradient of the curve y=sinz 1s given by the equation 
7 = COS t. This means that the numerical value of the 
gradient = cos 7, $.6.— cosz measured in vertical units+1 on 
ана 
dz | 
on the assumption that the angles were measured 1n circular 
measure, hence 1 on the horizontal scale must mean 1 radian, 
which in degrees is 180° +7, t.e. 571 degrees, approximately. 
If therefore we turn to the graph of sin 7, we shall be able to 
construct the tangent at each point P by drawing PU hori- 
zontally to the right, of length representing 5727 on the 
horizontal scale, and erecting а perpendicular UT of length 
equal to cosz on the vertical scale (drawing UT upwards if 
cosz 1s positive, downwards if cosz is negative): PT will be 
the tangent at P. The construction 1s left to the student, who 
should verify its truth by drawing the graph of siu z (from 0 
to 7 will be sufficient) on a large scale, and actually construct- 
ing the tangent by the above method at several points of the 


graph. Ву this means he will get a geometrical feeling of the 
truth of the theorem that 


d sin x 
= COS T. 
dz 


the horizontal scale. Moreover, we only proved that 


He may also obtain à numerical illustration of the truth of 
the theorem by taking two angles A, B nearly equal, and 
forming the fraction whose numerator is sinB- sin A, and 
whose denominator 1s the circular measure of B— A. On 
dividing out, so as to express the quotient as a decimal, he 
will find it 1s equal to the cosine of some angle intermediate 
between A and B. 

Take, for example, A= 37° 20’ апа В = 37° 21’, so that the 
sin37^21 — sin 37° 20° -0002313 7950 


f lon 2-————————————— = 
dn cireular measure of 1' :0002909 
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We can obtain the quotient to only four figures correctly, 
even if we have used a seven-figure table, since the numerator 
and denominator do not contain more than four significant 
figures, but this degree of accuracy 1s enough to show that 
the quotient lies between the cosines of A and B, which are 
4951... апа °7949.... Of course, our fraction gives the 
gradient of the chord Joining the two given points, and this 
18 obviously parallel to the tangent at some point of the graph 
intermediate between these two points. We have therefore 
verified that the gradient at this intermediate point 1s numeri- 
cally equal to the cosine of an intermediate angle. 

Similarly we might verify that the gradient of the chord 
Joining two points on the cosine graph 1s numerically equal to 
the sine of an intermediate angle, but is negative (if the angles 
are acute) because the cosine gets smaller as the angle 1ncreases, 
cos В- cos A 


В-А 


and therefore the fraction 18 negative. 


of. If we combine the new formulae with the results of the 
preceding chapter, we shall be able to differentiate any function 
containing sines and cosines and algebraic expressions. 

For example, find the differential coefficient of siu2a cos z. 


Let у = 811720087; 
'. ау = cos z.d(sin*z) + sin?z.d (cos x) 
= боз 2.2 sin z d (sin x) + siu?z( — sin 2 dx) 
= 2 cos?z sin z dz — siu?z dz ; 
ау . | 
e к. = sin “(2 cos?z — siu?z ). 


Ап interesting illustration of the formulae will be furnished 
by taking an identity such as sin9z—3siuxz—-4siu?r and 
differentiating both sides. Since the two sides are identically 
equal, 16 follows that their differentials must be equal, and 
therefore also their differential coefficients must be equal, and 
the relation between them will form a new identity. Thus: 


sin 9z—-3sinz-—4siu?z; 


', cos àzd (9x) = З cos z da – 12 sin?zcosz dz ; 
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7. 3 cos 3x dz = 3 (cos ж — 4 sin?z cos x) dz ; 
.. соз Әл = cos z — 4 81025 cos 2 
= 4 cos?z — 3 cos 2. 


Examples for practice will be found at the end of this 
chapter. We will now proceed to find the differentials of the 
other circular functions and of the inverse circular functions. 


| 38. To find the differential of tan x. 


Let у —tanz; 
^. dy —tan(z + da) – {ап 2 
tan x + tan dz 


-1- ашын Mn 


_ (1 + бац“) tan dz 
| l-tauztandz ` 


Now, so far, we have made no use of the infinite smallness 
of dz. When we introduce this simplification, we may simplify 
the numerator by writing dz for tandx (Art. 32), and the 
denominator 18 ultimately equal to 1. (Art. 2.) 


. finally, dy-(1-rtau?z)dx 
= Sec?z dz ; 
е. а (tan x)=sec*x dx 


and chan = sec?x. 


Modification of the above method. 
We might proceed as follows :— 
dy = tan (x + da) — tau 2 


 sin(xz-c-dx) sinc 
= eos(z4-dx) cosz 


_ sin(z + dz)cos z — cos(x + бх) зіп 2 
7 cos(x + dx) cos x 
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Е sin dx 
_ Cos (х + da) cos x 
dx 


= ———,‚ in the limit, 
COST 


= see^z dz, as before. 


Both the above methods are based directly on first principles. 
We may also obtain the differential by a purely calculus 
method, thus, 


dtan 2 (S 3 


COS & 


cos xd sin g -sin zd eost 
COS^T 


‚ by Art. 27, 


i cos^z dz + siu^z dz 
соз: 


x 
= ——— = Seer d. 
coste 


39. To find the differential of cot x. 


The most instructive way will.be by means of the identity 


cot 2 = tan (5 = E 


^. фсобт--а бап (5- ) 


(т. T е 
= sec (5 (s z) 
which reduces to -— cosec^z dz, since ТЕ - z) = — dz. 
6. d cot x= —cosec?xdx and D cot x= — cosec?x. 
The student may also practise finding the differential by 


| | COS 2 | | 
means of the identity cotz= 2 and using the quotient 


formula. 
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40. To find d(see x). 
The easiest way is as follows :— 
d sec z -d(cos z)^1 


- (cos х)? d cos x 


72.0. dsec xzsecx tan x dx. 


41. To find d (cosec 2). 
d (cosec 2) — d sec (5 - z) 


r Т т 
-se( -а) кап (2 Е ) 15 = г), 


3.0. а соѕесх = – соѕесх cot x dx. 


42. Geometrical method of finding d tan x and d seex in terms 
of dx. 
Let POA = z, 
ООА =2 + da. 


Draw PR perpendicular to both OP and OQ (Art. 32), 
cutting OQ in К. 


R Q 
P 
Ô a A 
ҚР. M 
Then dx = ——, if dz 18 in circular measure. 


“ОР 
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a a a RP a 
ФР RP OP 
RP OP a 
= sec QPR. dz.sec z. 
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But QPR 1s ultimately equal to x, being the complement 


of OPA, since OPR 1s a right angle; 


^. d tan g= sec?z dz. 
-" QR. 
Similarly,  dsecz- “а” Since OP = OR, 


QR. RP OP 


ne i d mimo саны сіз. 


^ RP OP а 
= tan xv.dxz.sec x 


= see x tan z da. 


43. The six circular function formulae are therefore 


d sin 2 = cos z dz 

d cosz- -sin zdz, 

d tan ж = вес? dz 
dcotx= — eosec?z dz, 
d sec ж = see ж tanzda 


d cosec x= — cosec z cot z da. 


The above equations fall naturally into pairs, each of the func- 
tions slug, tanz, secx, which increase with x (in the first 
quadrant), being associated with one of the complementary 
functions соз х, cotz, созес z which decrease when 2 increases 
(in the first quadrant), and whose differentials have accord- 


ingly negative signs. 


This association in pairs will materially assist the student 


in remembering the formulae. 


In addition to this complementary pairing of equations, 
there is also a natural association between the pair of 


ARTS. 42-45. | CIRCULAR FUNCTIONS. 41 


functions which occur in the same equation; it will be 
found much better to remember d tan x as —sec^rzdz than as 


dx Шр sin zdr 
, and similarly d sec 2 = sec zg бап 207 rather than = 7 
cos*x COS^T 


since secz and tanx form a natural pair of connected 
quantities, just as siuz and cosx form a natural pair. 
similarly cosecz and cotz form a natural pair of associated 
functions. 

This natural pairing 18 well shown in the three important 
formulae : 


2 


51022; + cos*z = 1, 
зеет — tau?z = І, 
cosec*z — cot^z = 1, 
which are the three trigonometrical forms of Euc. I. 47. 
The student may, in fact, derive dseez from dtang by 
differentiating the second of these three identities, and he may 


derive d совест from d cotz by means of the third, just as we 
have already derived d cosx from d siu 2 by means of the first. 


44. Inverse circular functions. The differentials of the 
inverse functions sin !z, со8712, etc., can be readily deduced 
from those of the direct functions. For example: 


45. To find the differential of sina. 


Let Ө —sin^lz 
2. sinÓ cz 
'. cos d0 = dz 
da dz 


46807 J сау 


a 
d sin X= ES a 

The latter form, with the surd, is ambiguous.. The sign to be 
attached to the surd must be + or —, according as cos 0 18 


positive or negative. In the case of acute angles it is of 
course positive. 


2,6, 
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46. To find the differential of сов717. 
This сап be found in the same way by putting 0 = созт), 


4 -, 
sinô ,(0-а)? 
2.4. d cos- tx = – 020, 


The ambiguity in the surd must be disposed of in a similar 
way to that of the last case, only in this instance the sign to 
be attached to the surd is that of sin б, 

The following method 1s applicable in the case of angles in 
the first quadrant. The angle whose cosine is z 1s the com- 
plement of the anglé whose sine is 2, 


whence finally 40 = 


Е 


4.6. cos Iz-rFsin^lg = 


2 


L 


г. d(cos 1x) + (1-15) = 0 


1.е. the differential of cos^!z is numerically equal to that of 
sin !z, but of opposite sign. 


47. The student should draw the graph of sin^lz, 26. the 
curve y—sIn^lr, plotting the values of y in radians, 7.6. in 
circular measure. Не will see that y 1s a multi-valued function 
of z, and that for each value of x the gradients at the different 


points of the graph corresponding to the different values of y 


are alternately + and —, being numerically equal to ees 


If y, 1s the smallest positive value of y corresponding to any 
value of x, the other values of y for that abscissa are т — Yp 
Ir +Y, ӛт-7, etc., all being included in the expression 
пат + (—– 1)", where т 1s any integer, positive or negative. 
(The use of the factor ( — 1)" is a very convenient mode of 
indicating that a + sign 18 required when n 1s even, and a — sign 
when n is odd.) 

It would be instructive to also draw the graph of сов717, 
which is merely the sin^!z curve brought down through a 
т 


distance — 
an 5 


on the vertical scale; or, which comes to the same 
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thing, it 1s actually the same graph as sin^!z, but with a new 


origin and z-axis at a height = above the old one. 


48. To find the differential of tan^!r, ie. to find 40 when 
tan 0 = a. 


We have sec?0 . d0 = dx 


Е dx 
 l-4az? 


since вес20 = 1 + tan?0. 


49. To find the differential of cot. 
Proceeding exactly in the same way, we find 


d соё- 1х = et 


There 1s no ambiguity of sign in these expressions. 


90. To find the differentials of sec—1a and совес 17, 
If 0—sec^!lz, secO=2; 


da 
. 40 = sec 0 tan Ө? 
2,6, а sec-^x-— тыт) 
Similarly, 
dx 


=- Lyr — _ А 
а cosec- 1x xJ(xi-i) 


In these expressions there 1s an ambiguity of sign, the sign 
to be given to the surd being the same as that of tan 0. 


51. Recapitulation. 


d sin 0 — cos 6. dO 
d cos 0 — -sin 0 и! 

d tan 0 = sec*0 . dO 

d cot Ө = — cosec?0 . в) 
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d see Ө = sec Ө tan 0 dé 
d cosec 6= - cosec 0 cot 0 " 


d sin^!z | dx 


--dcosiz| | „/(1- 22) 
d tan^lz | Е кей 
= —dcot^iz 1--22 
d ѕес-12 | - "de 
= - 4досовес"із |. 2,/(22-1) iy) 


EXAMPLES. 


Find zi in the five following examples: 


‚ у = сов? + siu?x. 

‚ у= cos?z — sin*?z. 
3; tan 3x — cot 4x. 
| sin z—sin dz 

4 cos?x 
, у =вес x + tana. 
, Obtain another identity by differentiating both sides of the identity 
sin 2x —9 віп x cos x. 
7. Differentiate both sides of the identity 
cos 3x = 4 сов? — 3 cos x. 
8. Differentiate seeix- 4sec?r + 2 see?x. 
9, Differentiate (3 зееїх + 4 see?r + 8) tan x. 
10. Differentiate вір- 222). 
11, Differentiate x sin27+,/(1- 
12. If f(zx)-(x?--l)tan-!ixz-2z, find f'(x). 


4 2 
13. If f(x)=tan V 1-2% find f'(x) 


[NoTE. 4cos*x=3cos x+ соз 32. ] 


Oo Bm 69D 


14. If tan — (224-1) - x, find E 
15. If (1--22)c080—1 — 22, find = 


16. Draw the curve y=4x sin x, showing that it touches the 


= +42 (alternately) when x=1, 3, 5...,.and finding where and at 
пасо 10 crosses the zero line (y 20), and determining also the 
where the gradient is zero. 
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17, Draw the curve у= sin > showing that it oscillates between 
2 
the curves y= + = (which should also bé drawn). Find where and at 


what slopes it crosses the zero line, and at what points the gradient is 
Zero. 


18. Draw similarly the curves y = іх sin тх, and у= sin т. 


19. Draw the curve "к. сов 2, 
x. 2 
20, Draw the curve y=42 cos T 


52. Expansion of а function in powers of 7. 


We are now 1# a position to determine two important series 
. giving the values of sin 2 and cos z numerically in term8 of the 
circular measure of the angle 2. 

Before proceeding to these series, it may be well to illustrate 
what 1s meant by expanding a function of z in a series of 
powers of z. We know that 


(1+ 2)? = 1 + 52+ 1022 + 1022 + 524 + 25. 


Тһе nght-hand expression 15 а series consisting of positive 
integral powers of z, the first term being of zero power, and 
the last of the 5th power. This series, then, 1s said to be the 
expansion of (1--2)9 іп positive integral powers of z. 

We could have determined this series by the help of the 
calculus 1n the following way. 

Any series consisting of positive integral powers of x must 
be of the form 


ау+ аул + G2? ад +..., 
or, 1f we prefer so to write it, in the form 
s" 2 


where, in either case, Фо 4, а... are numerical coefficients. 
For the method we are now going to illustrate the second 
form of the series is usually rather more convenient. What 
we shall do is to first assume that the given function (1 + z)? 
is equal to this series. Then, since differentiating both sides 


| 2 
‚С 
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of an identity leads to another identity, we 
differentiating, obtain а second identical equation. 

the same operation as many times 

whole set of equations from which we may discover t 

of the coefficients а 41.... The whole work 1s very simple 
soon as the student has got into the spirit of it. It 1s 
follows : 


2 x3 
Let (1 +a) cav Giga + lsg +..-› — ( 
Then, differentiating, we have 

2 
5(1 +vyd(l +2) =оах+а,. dz kay de ма 
and ` d(l +2) -а?, 
. dividing by dz we have 
5(1--2)“-а, карта Ogi T 

279, 

Now differentiate both sides of this identity, and divide by 
2 
5. A(1 +a) ca + aye ag + "———Á— ( 

Repeating the operation again and again, we have 


2 
5.4. B(1 +a) = av HAE + grg + ————— ( 


50.4.3.2(1-2)-a,--a,z4- .... 
9.4.8.2.1=а„+@®+.... 
0 — a, T az .... 
Now since we are assuming that the values of the coefficie 
б 04, ... are to be such as will make all the above 
identities, it follows that the equations will hold for 
of z. Therefore, put x=0 in each of them, and we find 
from (1), by = 1, 
(2), ау=9, 
(3), ағ — 5 e 4. 
ete. ; 
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b. 0.47 5 4.328 
|2 |2 
which reduces to 1 + 5z + 1022 + 1023 + 5a* + 25. 


The student should also go through the work, assuming 
that 


'. finally, (1-2)9-1--52- +..., 


(1+2) —a,4- aix 4a +.... 


He will obtain the same result, with perhaps rather less labour, 
but the method above indicated shows the law of formation 
of the coefficients rather more clearly. Не should also 
expand (1 + 2)", using either form of series. The expansion 
found will be a terminating one (ending at z") if n 1s a positive 
integer, but for other values of т 1t wil] consist of an infinite 
series, and 1s then valid only if z lies between +1. - 


Од. Expansion of sing and cosx in powers of z. 


Now, let us apply the same method to expand sing in 
positive integral powers of z. 


Let SIN Z =A) + ad + ay + ыз + —— (1) 
Differentiate time after time às we did above, and we get 
ға Ж 
сова арса Mg T een — іден (9) 
- SIN B= Mgt Ug’ + ооу ............. trennen (3) 
— COS B= Ag GER. ............................... (4) 
he ЕСТ, M — (5) 


and so on, the left-hand side repeating itself in the same order 
as before, viz., sin x, С082, —sinz, —cosz, .... 
Now put z=0 in each of these identities, and we get 


0 =A) =A, —0,-—06-—... 
1 =q = — 6, == Us = — Un ==... 
ys 495 


*. finally, 82-24-14; a - ... al inf. 


z 
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We can expand cosx in the same way ; but as a matter of 
fact we have already obtained cos =, for it 1s given in (2), and is 


cos x= 1 – А + Е - 
94. We could have determined these series by two differ- 
entiations only. For equation (3) tells us that 


, 2° 
SIn = == Фо - бо? — M27 ecc ө 
Hence this series must be identical with the series 
a2 
оте + бус -+ ...; 


therefore, by equating coefficients, we find that 
lo = — 40, lg = - 0,, 0,7 — 42, ебе. ; 


further, by putting <=0 ın (1) and (2) we find a,=0, and 
(4-1; 
. ғот-0, а„= — 1, а, = 0, ete. 


This determines all the constants, and gives us the series for 
sin z obtained above. | 


55, These two series, viz. : 


y’ 


sinz-zz— E +—- 
Bt 
ой xt 
ata 22. 
are very important. They are easily remembered: sinz 
contains all the odd powers of x, each divided by the corre- 
sponding factorial, and affected with alternate signs; С082 
contains all the even powers (starting with zero power), each 
divided by the corresponding factorial, and affected with alter- 
nate signs. Also if the student differentiates the series for 
sin 2 he will obtain the series for созт, and if he differentiates 


the series for сов 2 he will obtain minus the series for sin z, as 
of course he should. 


cosg= | 
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cos 2 18 called an even function of 2, as its expansion contains 
only even powers of x, which is in accordance with the fact 
that cos( — 2) = + cos a. 

sin z is called an odd function of z, since all the powers of 
t are odd in its expansion. This agrees with the fact that 
sin( -x)= -sin 2, from which 16 is evident no even powers of 
2 can occur in the expansion, for even powers could not change 
sign when -2 is put for 2. 


96. We could use the above method to expand бала and 
вес z, but we should only succeed in obtaining the successive 
terms by a good deal of labour because their successive 
differential coefficients become very troublesome. We can of 
course help ourselves somewhat by noticing that tanz 1s an 
odd function of =, since tan( – 2) = — tanc; and by noticing 
that seex 18 an even function of х. We shall return to these 
expansions in а subsequent chapter. 

We could obtain a few terms of tana by dividing sin > by 
cos z, and a few terms of sec x by dividing 1 by cos v (using, of 
course, the series just found for these functions). This is 
left as an exercise for the student. 


EXAMPLES. 
1. Find 3 terms of the series for tan x by dividing 
х – ый na Бу 1- E 4 E 
sup" ЕЕ 


2 
2. Find 3 terms of the series for sec x by dividing 1 by 1 5+0 


3. Find two terms of the series for tanx by assuming it equal to 


a,x + “> ..., and differentiating three times. 


4, Expand cos2x in powers of x. [Merely substitute 2x for x in the 
series for cos 2. | 


9. Expand cos?x and sin?r in powers of x. [Make use of the facts that 
созк — sin?x = cos 2x, and сов? + sin?x = 1.] 


6. Draw the graph of x - a and compare it with the graph of sin x, 


Make a closer approximation by adding the term 5 


L.D.C. D 
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1. Draw the graph of 1- d and compare it with the graph of cos x. 
Make a closer approximation by adding the term T and then a closer 
approxiniation still by subtracting d 


97. Uniform circular motion. Опе of the simplest illustra- 
tions of the values of the differential coefficients. of sin 0 and 
cos 0 will be found in connection with the motion of a particle 
travelling with uniform velocity along the circumference of a 
circle. 

If the radius is а, and the particle P has moved in time / 
from an initial position A through an are a0, 0 being the 
circular measure of the angle subtended by the arc AP at the 

| | TP 0 
centre O of the circle, the velocity of the particle 1s 2--. 
The position of the pu can be indicated by measuring 


the base ОМ and the height MP of the right-angled triangle 
OMP. 


Denote OM by 2, and MP by y; then 
2--( сов 0, y=asin Ө. 


The component velocities of P in the 2 and y directions re- 
spectively are 


da dy 
de 299 at’ 
Since ж = а cos 0, it follows that 


dax 999. 
ағ —asin dt? 
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and since у —a sin 0, it follows that 


dy d 

— ge”. 

7р = @ соз 0 =. 
We can obtain these component velocities in another way, 
for it 18 evident from the figure that the component velocities 
of P are -vsin and +vcos@ respectively, and since v is 


constant, and equal to E 2.0. 01 = a0, we have, on differenti- 
ating, vdt = ad0, whence v= Ша 

Непсе, —vsinÓ-— -asin 24 
апа v cos Ө = a cos Є 


agreeing with the component velocities obtained by the first 
method, viz, by direct differentiation of the values of z and y. 


98. If the uniform circular motion of a particle is looked at 
edgeways from a long way off, that is to say, if it is ortho 
gonally projected on to a line in the plane of the circle, as for 
instance on to a diameter, the projected motion is a simple 
oscillation, the simplest kind of oscillation possible, the kind 
of motion possessed by a point on a musical instrument 
sounding a pure tone, as for instance a bead on a tuning fork ; 
and it is therefore called a pure or simple harmonic motion, of 
which the properties can easily be laid down by considering 
the circular motion above. 


909. Simple harmonic motion. If a particle P moves with 
uniform speed round a circle, and a point M moves along a 
diameter AA' of the circle with such variable speed that the 
line PM 1s always perpendicular to АА”, M 18 said to have a 
simple harmonie motion. The radius, OA, of the circle 1s 
called the amplitude of the simple harmonic motion. Evidently 
the motion of M 1s а to-and-fro motion between A and А, the 
velocity being zero at A and A' and a maximum at the middle 
point O, being then equal to the velocity of P. At any 
intermediate point M, such that OM = 2 = 0 соз 0, the velocity 
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of M= m -asin ria one complete oscillation being de- 


dí dt’ 
scribed while 0 changes from 0 to Әт; t.e. in the time during 
which P describes à whole revolution. This time, T, 1s called 
the period of oscillation, and 1s evidently equal to the length 
of the circular path described by P, divided by its velocity v; 
2T 
(v 


1.0, = 


60. Combinations of simple harmonic motions of equal 
periods. In the figure, when P moves uniformly round the 
circle, the points M and N move along their respective diameters 
with simple harmonic motion, the velocity of M being equal 
to the horizontal component of the velocity of P, and the 
velocity of N being equal to the vertical component of the 
velocity of P. Moreover, when М 15 at A ог А, N is at О, 
and when N is at B or B, M 1s at O, so that one 1s a quarter 
oscillation ahead of the other, while the amplitudes and 
periods of their oscillations are equal. 

This gives us the following theorem : 

Uniform motion round the circumference of a circle can be 
considered as the resultant of two simple harmonic motions 
of equal period and amplitude along two intersecting lines at 
right angles to each other, so arranged that one 1s a quarter 
oscillation ahead of the other. 

If the periods are equal, but either the amplitudes are 
unequal, or one of the points M, N 1s not a quarter oscillation 
ahead of the other, the resultant motion will be not along a 
circle but along an ellipse. А point moving in such manner 
18 said to have elliptic harmonic motion. 


EXAMPLES. 
1. Draw the curves 
(1) x=acos@, y-acos0, 
(2) x=a cos, y=acos(é+18’), 
(3) x—acos0, g-—acos(0-- 36^), 
(4) х-асов0б, у=асоѕ(0 + 54°), 
(5) хт-асов0, у= асоз(0 + 72°), 
(6) x—acos0, у-а/сов(0--907), 
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[Norr.—Take a some convenient length, say 5 inches if the paper із 
large enough (т.е. 10 inches wide at least), and calculate the values of 
х and y for values of 0 from 0° to 360° at intervals of 18°. Then draw а 
network of horizontal and vertical lines through the points corresponding 
(о the calculated values of x and y. It will be found that the same 
network serves for all the above curves. | 


2. Show that the tangent to any of the above curves at the point 
where 2--а сов 0 is parallel to the line drawn from the origin to the 
point on the same curve whose abscissa is a cos(0--90 ). Test the 
accuracy of this result by trial on the diagram. 


3. Draw the curves 
х= ә cos б, у = З cos (0 + а), 


for the following values of a, viz. 0°, 18°, 36°, 54°, 72°, 90°. 


[NoTE.—Form a similar network to that in No. 1, except that the 
distances of the horizontal lines from the origin will be 3, 3cos 18’, 
3 cos 36°, ..., while the distances of the vertical lines from the origin 
will be 5, 5cos 18°, 5cos 36 , ....] 


4. Show that each portion of the networks indicated in connection 
with the above examples is described in the same time, viz, 4517; 
where Т is the period of the complete motion. 


CHAPTER IV. 


THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS 
а“ AND log a. 


61. The function first to be considered in this chapter is a’. 
The student should draw its graph for a few simple values of а 
[see Ex. 1, p. 56]; he will then see that it crosses the axis of y 
always at the point (0, 1), but at different gradients, according 
to the value of a chosen, the slope at this point being greater 
or less than 45”, according to the value chosen for a. 

We shall now show that the gradient at any other point 1s 
intimately and simply connected with the gradient at (0, 1). 
Let tan $ be the gradient at any point (2, у) of the curve, and 
tan $, the gradient at (0, 1); we shall find that tan ф = y tan ф,. 


For, let y —a* 


then y + diy = a**** 
^. dy=at® — а = а(а* — 1) 
dy |, a*-] 
e > di a " d + 


Hence, remembering that z is бап ф, and becomes tan ¢, 


when 2 = 0, т.е. when a*=1, we have 
tan d=a* tan þa =y tan ф,, as stated above. 


Now we have seen that the value of tan $, depends on the 
value of а chosen; therefore, in the first instance, let us take 
a value of a (at present unknown) which will make tan ¢, = 1. 

Denote this value of a by the symbol e, and proceed to find 
its value. It is evidently an important number, for the 
differential of e* will be simpler than that of any other 
exponential function. 

This method of — чи variation of a* by help of its graph 
was suggested by Prof. E. J. Nansen. 


The condition that tan $,—1 when a=e, gives us the 
equations дех = ехах, and рех = ех, 
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Thus the differential coefficient of 47 15 equal-to є. The 
value ot e can be determined without much difficulty from 
this property of its differential coefficient. 

Expand e” in powers of z by putting 


€ = а. + а "TL m | (1) 
7-7 ж) 1 22 13 ..0) ее%%%.46е%ешее өө 


and differentiating both sides of the assumed identity just as 
was done in the cases of sin 2 and cos z, thus obtaining 


2 
De = a, + a4 + agg "Күл Г TERETE (2) 


But ре? = є", therefore the series (2) is identical* with thc 
series (1); 
. 41-40) la =l а, =la ete. 
By putting z —0 in (1) we find that а= е = 1, 


s a, = 1, аә-- 1, (s zz 1,...; 


'. finally : 
ек=1+х+р TL... ә 


This series is very important. It is known as the expo- 
nential series, ¢ being called the exponential function. 
If we put z— 1, in this identity, we find 


B 1 1 
e=1+l+t ss sty 53+... 


This gives the required value of e. On working it out we 
find e= 2:718281828.... 

It can be calculated to as many figures as the patience and 
accuracy of the computer permit, but the important part 
of its value, not to be ever forgotten, is 277. After that the 
next eight figures, which are 1828 repeated twice (but then 
followed by other figures), may also be easily remembered. 

With this value of e, then, we know that 


de = ех. 


* This is true only if the infinitely distant terms of the series thus 
found are infinitely small, which on investigation is seen to be the case. 
А more thorough proof of the reliability of the series for all values of x 
is given in Chap. XI. ; see Arts. 155, 156, 157. 
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Of course also, if u is any function of 2, or any variable 
whatever, 


de" = edu. 


Hence e 1s clearly an important number. We shall return 
to 1t directly, in connection with logarithms. 

We can now find out the value of tan фо in the expression 
for d(a*), у12., a*. tan dy 42. 

For a” =e, where e*=a, so that k=log,a. 


Hence . d(a*) 2 d (е) = e"d (ka), 
2.6. d (a^) = аах. 
Therefore tan $, = k = log.a, 
1.€. a% — ] = (log,a) da. 


We have proved, then, that 
d(a*)=ka*dx and D(a*)-kas*, 
where k=logea. 


It will be found that this constant Ё 1s of great importance 
in connection with the function a’. 


EXAMPLES, 


1, Draw the curves y =%, у= 3°, and y= 4". 


2, Draw the curve y—€*, calculating the values of e?, ез, ... either by 
taking e—2'7 approximately, or by help of logarithms. Similarly for 
47% 4 uua "Note that it lies between the two curves of No. 1.] 


9. Show that the tangent at any point (т, y) on the curve y=e* cuts 
the axis of x at the point (x — 1, 0), i.e. at a point situate unit distance 
to the left of the ordinate of the given point. 


4, Draw the curves y = е2: and y —ei*, and find in each case where the 
tangent at any point (2, y) on the curve cuts the axis of 2. 


5. Show that the sub-tangent of the curve y —ae** is equal to 3 what- 


ever the length а may be. [The sub-tangent 18 the part of the axis of 
х intercepted between the tangent at any point and the ordinate of that 
point. | 

6. Show that the curves y —ae**, and y=be™ are the same curve, 
with the origin so placed that in the first curve y=a@ when x=0, and, 
in the second curve, y=b when x=0. 


7. Show that the curves у= аек and y=ae-* are the same curves 
with their right and left portions interchanged. 
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8. Draw the curves y —i(e*-c-e-*) and y=4(e7—e-*). [Measure the 
required ordinates by help of the curve у ех.] 


9. Draw the curve y = 10107 , and show that it is the same as у =e% 
if k=- log 10=0°'23.... 


10, Illustrate graphically the identity e*—1-rz4 Z 


2 
ә by drawing 


the curves (1) у=1+х, 


ac? 
2) y= Ead 


х2 ғ” 
9) YEN ETT OTT ae 


between x= +6. [Each curve can be built on its predecessor by adding 
to the ordinates the extra portions due to the next term. ] 


11, Find the series for а^, expanded in powers of x, by assuming 
2 . 
OF — аах a о...) and making use of the relation D(a*) = kaž, 


where k=log,a. 
Also deduce the series from the series for €, where z=2 logea. 


12. Differentiate the series for ех, and deduce the fact that de* = e*dx. 


62. Consider again the equation 0“ – 1 = 105,0. dz, i.e., 
а — | 
ax 


proved at the end of the last article. 
It is usually written in the form, 


= log,a, 


n. 
the limiting value of — is logea, when hzc OQ. 


Аз a particular case, 


thé limiting value of 951 is 1, when h=0. 
This 1s also obvious from the series for e", viz. : 
^2 
б=1+ЁВ++—ь5+..., 
ё-1 ы h А 
h => 1.2 7” 
= 1, when 5-0. 


These two relations are very important. 
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The following examples may help the student to realize 
their truth. 

Ít may be instructive also to view them as approximate 
formulae when / 1s small but not quite zero, thus: 

The student has already learnt that е = 1, and that а = 1. 
He now learns that e*=1 +A, where h is a small quantity, so 
small that its square and higher powers are negligible; and 
that а^ = 1 + Љ 100,0 for similar small values of h, where a is 
any number whatever. 


EXAMPLES. 


a*— 1 
X 
caleulating the ordinates specially for the following 


l. As a verification of the fact that 


- 1, 


=log.a when x-—0, plot the 


10% 
curve y= 
values of x, 753» `9, 1, – `1, - 9, - 3. The curve will be found to 
cross the line x=0 (the axis of y) at the point where y —1og,10-2:3 
(approx. ). 


2. Calculate the values of 
е^ — 1 
x 


ex — | 
: for the same values of x, and draw 


, showing graphically that y=1 when x=0. 


a^ — 1 
h 


the curve y= 


9. Putting 1+2 for a in the fraction 


, and expanding (1 +x)” Бу 
the Binomial Theorem, prove that 
loge(l +x) =x – 5? +2? – .... 


[ Мот. — Тһіз identity holds only in the range of values of x contained 
between x= – 1 and х=1. This limitation of range will be discussed 


in Chapter XL] 


4. Draw the curve у =100,(1 + 2) between x= – 1 and x=2, on a жәр 
scale. (The curve does not exist for negative values of x numerically 
greater than - 1.) 


9, Draw the curves (1) у=; 
(2) yx — Ља"; 
(3) y=x -4r +42"; 
(4) y 2x - 33? c 32 - х^; 


between the limits x= +2, showing that as more terms аге taken the 
curves lie closer to the curve y=lug.(1+2) so long as x is less than 1, 
but tend to diverge from this curve beyond that limit. 
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63. To find the differential cf log. 

The increase in logz for a given increase in = depends 
among other things on the base to which the logarithms are 
taken. The most important case in theoretical work is that 
in which the base 1s e, which 1s often called the natural base 
of logarithms, as theorems relating to the calculation of 
logarithms are simpler with that base than any other. It is 
also called the Napierian base as 1%, or rather its reciprocal, 
was used originally by Baron Napier, the discoverer of 
logarithms (circa A.D. 1624). The common base, 10, was 
suggested afterwards because of its greater advantage in 
numerical work. We are, then, taking first the case of 106,2. 


Let у = log,z, 
, зей 
еу = da, 
dx dz 
"s dy = w = "x 
1.0. d(logex) = dx, 


This 1s a very important theorem, and should be remembered 
with absolute readiness. 
We may prove it another way, viz.:—by differentiating 


— b and then putting h=0 (see last Article). Thus 


h 
(7 - п +d (2* - 1) - 2^- dz, 
which becomes z^ldz when Л = 0. 
The formula is true of course for any variable whatever, 


6.4. d(log,u) = = 
where u 1s any function of 2. 


lhus, for instance, 


а (106.22) = dia == = =2d (100,2). 


b--2cx 


Also D log. (а + bx + сх“) “ағас 
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64. The above theorem 1s often useful in the form 
du-zud(logeu). 


In fact this formula gives the neatest way of arriving at the 
differential of a”. For, let u=a*, so that logw=z log,a, 
г. by the formula just written, we have 


d a” = a*d (x log.a), 
=a" log,a . dz ; 
and, in particular, the formula 
d e = edx 
comes out at once,* since z 1s itself the log of œ. 
Examples, applying the above formula : 
(1) а(х") = x"d(nlog,z) 
X 


= yr 


=n x” ldx, as proved long before. 
(2) To take a harder case : 


d (2:510 z) =x zd (sin x ор.) 


= 080 2(]00,52 d sin x + зіп xd 100,2) 


= sin «(cos 0 . log .2 + Ше da. 


65. Methods of saving labour in differentiation. In many 
cases if we wish to differentiate a function consisting of a 
number of factors, it 18 a practical help to take logarithms first 
(to base e), and then differentiate. This is called logarithmic 
differentiation. 

aN] = 2? | 
М1 +2? 
^ log y=log x +4 log (1 – x?) – 5 log(1+4+ 2x7); 


‚ dy dx: ,d(1-2a?) „а(1+х°), 
Uy xti 1-w #|+дї 


Thus, let 


* 'The student must guard against thinking that this method gives a 
proof of the formula for d(e*) It is merely interesting to see how 
neatly it comes out by this method. (See Ex. 25, p. 63.) 
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This finishes the differentiation, but, by inserting the value of y, 
some of the terms will cancel, as shown below. 


dy avi- 1-92z?- zi 
ас 1-22 — x(l-z) 


Another way of simplifying the process in this case would 
square both sides instead of taking logs. 


This would have given us 


(1 +x) 


then dividing by y, and replacing it by its value, the same result as 
re would have been obtained. 


illustrate methods of preparing a function 
Other methods in special cases may, with 
ggest themselves to the student. If no obvious 
suggests itself, the function must be carefully 
ntiated in the ordinary way, as it stands. 


"m taking logs to base e, 
Y log,a = log.z; 
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'. log,a. y=2 - 


da 
үш а” 
where k=log,a and 7 = loge. 


In particular 
da 
d (10512) өре 
where и = log e = :43429448.... 


The student should look out the common log of 2°7182818.. 
and verify to the first 6 or 7 figures that the above value of. Р 
18 correct. 


67, The quantity м is called the modulus of common 
logarithms, being the multiplier which converts napierian 
logarithms-1nto common logs, the equation being 


log, x = р 106,2. 

The proof of this may be left as an exercise to the student. | 
He might also prove the following theorem, which is the: 
fundamental theorem connected with the change of base ofi 
logarithms, viz., : 


log N 
logaN — Toga’ 


į 
where any base whatever may be used on the right-hand side, 
provided the numerator and denominator are taken to the 
same base. In words the theorem is 


The log of a number to any base=the log of the. 
number divided by the log of the base. 


EXAMPLES, 
[For Recapitulation of formulae, see Art. 16.) 


Find Өй | in the following cases. АП the logarithms аге to base e. 


1. y=logsinz. 2, y tan-lz 4 logJ(l- 23). 


ARTS. 66, 67. ] EXAMPLES. 63 


- 2 — сай 
3. y -log(x-*1)-—31. 4, y —€*. 
Б, у = х log т. 6. y —log(sec х + {ап х). 
у lrt? а 
T. У = 105 5. 8. p 
9. logy=xsinz. 10, log y= = sin х. 
11. у=хе-*. 12, у= (віп х) =, 
18, у — tan?x + log (cos?z). 14, у=х"1орх. 
15, y =log(log 2). 16, y —log(e*--e-?). 


17. From the series for ех deduce the series for e and e-** where 2 
denotes A/( — 1), ùe. = – 1. 
18. Show that the series for 4 (е + е‘) is equal to the series for cos x. 


19, Show similarly that 5; (её — е- **) zsin x. 


20, Deduce that cos + і віп z—e-", 
and that (cos x+? зіп ж)" = cos ng +t Bin ne. ` 


2l. Differentiate both sides of the identity 
100,(1 +5) = —427+423-..., 


and prove by an elementary method that the resulting equation is an 
identity, provided x lies between the limits + 1. 

1+х 
l-x 


22, Expand loge(l - x) and log, in powers of x. 


3 find а series for 108,2, 


23. By putting х = & in the series for log. + 


and evaluate it to a few places of decimals. 


24, Prove by help of Ex. 20 that loge уеп” 


the series for the left-hand side, deduce that 
x=tan x – 4 tanłx + $ tan*z - .... 


20. If y —e*, show that the equations de*—e*dz, and dy = у d(logey) 
are merely different forms of the same equation. 


—2ix and, by using 


| ‚А+ yr | ca | 
26. Differentiate , and show that the differential coefficient 


becomes equal to that of xlog,x when h=0. 


68. Compound interest property of exponential functions. 
The function а* may be described as a function which grows 
at а rate proportional to itself, (if a > 1). 
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For, if Y= (P 
NN 
d = ka” = ky, 


where the numerical value of the constant Ё 1s 
logga 
log,a (- е) 


Апа the function a~* is a function which diminishes at a rate 
proportional to itself, since, if 


y= a 
dy 
477 / 


where & has the same value as above. The connection of this 
constant with the rate of growth of а= will be considered at 
greater length in the next article. 

NOTE.—lf а is less than 1, the rate of growth of ағ is 
negative, since Ё is then negative. In fact а” is the same as 


07%, where ф is equal to –, and 1s therefore greater than 1 if a 
is less. е | 

We may therefore say that a” 15 a function which grows or 
diminishes, always at а rate proportional to itself, according 
as @ is greater or less than 1. Іп practice it is usually more 
convenient to take a greater than 1 and to make use of ағ or 
a~* according as we are dealing with an increasing or a 
decreasing function of 2. 

(It may be noted that if a series of values of а” are calculated 
for values of z forming an arithmetical progression, such as 
%= 1, 2, 3, ..., the values of а” form a geometrical progression.) 

lhere are many such quantities 1n nature. 

For example, other things being equal, the population of 
а country tends to grow at a rate proportional to itself. 

Again, a hot body cools at a rate proportional to its excess 
of temperature above that of surrounding bodies. Also a 
cistern leaks at a rate proportional to its fulness; and a 
reservoir of compressed air at a rate proportional to the excess 
of pressure inside it over the external pressure, 
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And a debt subject to compound interest grows at a rate 
proportional to itself. This is an artificial growth, by jerks 
as it were, the interest being added to the principal at finite 
intervals of time, instead of continuously as in natural growths. 
But the nature of the growth is similar in the case of all such 
quantities, whence we may call them all compound interest 
functions. 

Various problems arise in connection with such functions, 
We will illustrate some of them by examples. 


xample. А cup of tea whose temperature 5 minutes ago was 100° 
above that of surrounding objects, is now 80° above them. Find what 
its temperature will be in another half-hour, assuming it falls by the 
compound interest law. 
ow, 80° = # of 100°, so that, in 5 minutes, the temperature drops to 
4 of its original value. Similarly, i in 5 more minutes the temperature 
becomes $ of 80°, т.е. 100° x (89, and so on; hence in 35 minutes the 
temperature = 100° x (°8)’, which works out to about 21°, which is the 
required answer. 
The general equation for the excess temperature (T) in ¢ seconds from 


the time when the temperature was 100" is T— 100(-8)5, which is of the 
form 100a‘ if a? —:8, ог 100a—‘, if we write а-5-- "8, so as to have а 
greater than unity, which for some purposes 18 more convenient. 


It will be noticed that log T, which equals log 100 -- ора, 
diminishes at a uniform rate, viz. the amount log a per minute, 
since Т--100а47% and therefore log T =log 100 – оса. This 
fact 15 connected with an important property of compound 
interest functions, viz. that their percentage rate of increase or 
decrease is constant. This we know 18 the case with money 
compound interest. We will prove it generally, and also show 
how to calculate it. 


69. Constant proportional growth of exponential functions. 
Logarithmic increment or decrement. 

Let us suppose that, y=a* where a may be considered as 
known, or at any rate knowable by means of data supplied by 
experiment as in the case of the 5 minutes observation of 
the temperature of the tea 1n last exanrple. 


lhen у = a^log,a = ky, say, where k=log,a. 


dı | 2. 
Now -- ^ is the rate of increase of y per unit increase of т; 
L.D.C. E 
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1 dy xi | | E 
and x^ IS 146 rate of increase, per unit of y, per unit: 


Increase of 2, 7.6. 18 148 proportional rate of ew 
100 dy. 


ах 
it is the percentage rate of increase of y, per unit increase of 2. | 


Is 1ts percentage rate of growth ; 


lo illustrate our meaning more clearly, suppose y to be a sum of! 
money growing continuously by compound interest, and that x із so- 
many years from the commencement of the growth. 


Then P i is the actual rate of growth per annum of the whole of y, 


; Е із the rate of interest per £1 per annum, 


and = zi is the rate of interest per £100 per annum. 


[NoTE—per annum corresponds to per unit increase of x. 

These two latter quantities are constant, but the first of the three 
grows year by year as y gets larger. It is with the two constant quan- 
tities that we have to deal. 


The expression че: is the rate of increase per unit of y, 
and 100 times this 18 the rate of increase per cent. This. 
last is what we are most used to, but it is more or less. 
artificial, as why should we reckon rate per cent, rather: 
than rate per thousand, or rate per unit? It is in reality 
merely а numerical convenience, since the rate per unit is 
generally a small fraction. Of course we do reckon in all three 
ways as a matter of fact. We talk of 5 7, but the same rate | 
із often spoken of as 15. in the £, and growth of population 1s: 
generally reckoned, not per 100, but per 1000. We must: 
consider the rate per unit as the natural mode of reckoning? 
rate, and the rates per 100 or per 1000, or per any other: 
number, as merely convenient practical ways of stating the, 
result. | 

We have now to prove that when y=a’, i.e. when y 1s an} 
exponential or compound interest function, the expression! 


14 


= PA which is 165 proportional rate of increase, is constant 


This follows at once from the equation oY _ hy, which shows 


da 
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that this proportional rate 1s given by the value of the constant 
quantity k, which = log,a. 

Hence log,a=the rate per unit of y, per unit increase of 2, 
and 100 log,a is the percentage rate of increase of y. 


It 1s interesting to note that 2 oy D log. y. 

Hence k, or log,a, = Dlog,y. 

For this reason £, or log,a, 1s often called the logarithmic 
increment of a”. The percentage rate of increase 1s then 100 
times the logarithmic increment. 

If we choose to put a* in the form of e", which we may 
do, since a=e*, our equation becomes у = е“, and the log- 
arithmic increment 1s explicitly shown by this mode of writing 
the equation. 

Similarly, if y=a-*=e™, k is called the logarithmic decrement, 
and 100% is the percentage rate of diminution of y, per unit 
Increase of 7. 


Example. Determination of the logarithmic decrement in the case 
of the cup of tea. 

The equation connecting T with ¢ is T=100a~*=100e-**, where 
k=logea =the logarithmic dcerement required. 


To evaluate Ё, we have the equation a~°=°8; so that 05-19-1595, 
26. е5 — 1:95. 

Hence, taking logarithms, k—1og;,1:25 —-5u, where и=1оу,е = "4348, 
and == 23026. 


We shall find Ё to sufficient accuracy by taking = logyo1-25=0°02, and 
2-99, which makes k= "046, and 100£ — 4-6. 
Therefore the fall of temperature is 4:6 per cent. per minute. 
Тһе equation for T may be put in the form 
T= 100e - 948t, 
if it is desired to Show the value of & explicitly. 


(0. In the case of money compound interest, we must 
remember that it 1s not in practice reckoned continuously, but 
at intervals, and therefore the above theorems as to rate oi 
interest do not apply without modification. 

For example at 5 7 compound interest, reckoned annually, 
the amount in n years 1з Р(І + 45)", if P is the original sum, 
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whereas the continuous compound interest method would give 


the amount as P.e??, which would be too great. If the 
accretions of interest were made half-yearly, or quarterly, or 
at still shorter intervals, the amount would approach more 


closely to the limit Pe?" and on the contrary, if the accretions 
were made biennially or at longer intervals, the amount would 
approach more nearly to the simple interest limit, viz. : 


Р(1<; xj) 


It will always lie between those two limits. 


Tl. If k is the rate of interest per # per annum, the amount 
realized per £ in n years is (1+4)” if interest 1s reckoned 


annually, and is (1 + if interest 15 reckoned m times а 
year at equal intervals. If m is infinite this becomes e", t.e., 


the limiting value of (1 24 when m is infinite is 6%, and 


— k\* . | 
therefore the limiting value of (1 +=) 18 6; or, to put it 


more simply, (1 +5) becomes equal to e when р = о, where 


p is put for Т which becomes infinite when m does. 


This 1s sometimes taken as the definition of c. 
If we expand (1 e) by the binomial theorem, we shall 


find that when » 1s infinite, 1% gives the series already found 
for e. Thus 


( t3) 7167 B PE т m zie +. 


etek ae 


Г? 1.2.3 — t8 


which, when p= oo , becomes = 1 + 1 + 1 


] | 
.., which 
18 the series for e. l. |27 1.2.3 5” 


70 DIFFERENTIAL CALCULUS. [CHAP. IV. 


The subjoined table will facilitate the drawing in all such 
cases : 


е- 2°72 e~l = :368 
62 = 7:99 e~* 221935 
63 = 20:08 678 —:050 
et = 54°60 67% = "018 


Тһе student might draw the decreasing curve given by the 
equation А 
y = 100е 2 


| | 1 
іп the same way. ‘The successive ordinates will be each 1 of 


the preceding one, and the tangents will be pow, PN», ... 


73, If many ordinates are wanted, and particularly if the 
equation is given in the form у= 002°, it 1s probably best to 
use a table of logarithms, and to work with the equation 
O8: у = 10017, + Ах, where A=log,,a. If it 1s also desired 

kyy An any of the tangents, the value of the subtangent 


І can be readily found, being equal to -. If it is remembered 


that this 1s the reciprocal of the logarithmie increment or 
logarithmic decrement as the case may be, and that 100 times 
this increment or decrement gives the percentage rise or fall 
of y per unit increase of 2, we have the whole theory and 
practice of these functions. 


74. We will finish with another example. 

Suppose we want to build a wall or embankment with 
cross-sections so arranged that the pressure per square foot 
at any part due to the weight of the wall above that part 
shall not exceed a certain limit. The pressure cannot be 
everywhere the same, because at the top of the wall the 
pressure is nothing. ‘There must be an increasing pressure 
from the top down to some point, and then below this the 
pressure per square foot can be constant. We must therefore 
make the condition that the pressure per square foot at a 
certain point some distance below the top shall not be апу: 
where exceeded. We will suppose the wall to be vertical on 
one side and battered on the other. 
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Let the pressure at H in the figure — p tons per square foot, 
and let it be required that the pressure per square foot at any 
distance z below H shall be the same as at H. Let the 
material used weigh w tons per cubic foot. Let y feet be the 
thickness of the wall at this depth (at the point P). Then 
the weight resting on а horizontal section at P, y feet 
across x | along, will, on our supposition, be py tons. Now 
take a horizontal section 1 foot along and y+dy feet across 


1 


l 
h 


Uo 
X 


at a depth dz below P. Тһе weight resting on this will be 
greater than the weight on the P section by the weight of 
a slab y feet across, 1 foot along, and dz feet deep, t.e. con- 
taining ydz cubic feet (omitting infinitesimals of the second 
order) Тһе increase of weight is therefore wydz tons, and 
the total weight=(py+wydz) tons. But the area of the 
section 18 now y+dy sq. feet, and as the pressure per sq. foot 
is still to be=p, the weight supported must = p(y + dy) tons. 
Hence 


py t wy da = ply + dy); 
^. wydz = pdy ; 


^. the thickness y of the wall follows the compound interest 
law, since its logarithmic 1ncrement 18 constant. 
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Let ik then C hy, and y=y,¢", where yj is the 


р 
thickness at Н. 


We can put this result 1n a simpler form if we suppose the 


wall above H to be of uniform thickness. Let feet be the 
height OH of this part. Then the weight per square foot 
resting on the horizontal section at Н is evidently hw. Hence 


hw-p; 
7-7. 
If, then we take points H., H, .. below H, such that 
HH, = Н,Н, = ... =A, the thickness at these points will be ey, 


еу» ... and the tangents to the battered slope of the wall 
at these levels will pass through the points H, q, ..., and, 
similarly, the tangent at the level of H will pass through O. 


If we wish to obtain intermediate thicknesses by calculation, 
1 


the easiest plan is to calculate e^, or rather its log,,, and then 


to calculate the values of y from the equation 


1 
log oy = log;jy9-- Az, when A=log,,.¢* = =". 


Suppose, for example у, = 1, and A=10 (measured in feet), 
then Е 929 = 04343 


and log oy = "0493437. 


If this wall is 30 feet high, 27.0. extends 20 feet below Н, the 
thickness at the base will be 7:4 feet. If it extends 30 feet 
below Н, 1ів base must be 20 feet across. 


If the wall is battered on both sides, the widths at the 
various levels will be just the same as in the case considered. 
For the width depends on the superincumbent weight, and not 
on the relative amounts of batter. 

Note.—lIf the upper part OH of the wall is not of uniform 
thickness, the easiest plan will be to take as Л, not its height, 
but the height of an equivalent weight of wall that 1s of 
uniform thickness equal to the thickness at H. The equations 
will then hold without modification. 
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75, The function e^ "sin (bz + с). 

This function 1s an oscillating function with decreasing 
amplitude. It 1s connected with such problems as the extent 
of swing of a pendulum which is set swinging in a resisting 
medium and left to come gradually to rest. It 1s important 
also in connection with many electrical problems. 

The student should draw the graph of this function for 
different values of a, b and с. (See examples Nos. 9-13, p. 75). 

The function crosses the zero line (у= 0) when bz c 0, 
т, 27, .... Its graph oscillates between the curves y = 67“ and 
Ла —e~™, touching them alternately when бх +с= фт, 2m, 


di gradient = = 27| cos(ba + c) — a sin(bz + e)] 
= —/a* + b? e "gin (bz + c — а), 
0 
where tana= T 


Its gradient is therefore zero when bz -- c — a, a -- T, а + 27,... 


16. Recapitulation. 
d (€^) = dz, 
d (a^) = a*log,a dz, 


2 3 | 
where б =1+%®+ү—у+ l3 3t 
h e= l1 + 1 + — , І — +. 

whence = 7 5 + 17973 


= 2°718281828.... 
[оре = р = 0:43429448..., 


and log,10 = , = 2°30258509.... 
e 1s also the limit of (1+) when а= о, 
1 
which is the same as the limit of (1 + À)* when й = 0. 


Тһе limit of is 1, when ^ = 0; 


h 
and the limit of —— is log.a, when h=0. 


h 
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d log «= = and, of course, d log „и = = often used in the form 
du =u dlog,u, where u is any function of 2. 


dlog,z-log,e. - ; and, in particular, d 100; = d 


d ld 
П y=y at* =y et; T = + ky, and 5 Т. tk, 

1.6. y grows or diminishes at а rate proportional to itself, ?.e. 

by the law of compound interest ; and 100£ 1s the constant 

rate per cent. at which it grows or diminishes, k being called 


the logarithmic increment or decrement of the function. 


] 


] 
lhe curve has the constant subtangent -. 


k 


€) 
Corresponding to the values 2--0, 5 т, ... the values of y 
аге Yy еу, €^, ... OT Vs 29, 3, ... according to whether y is 


increasing or decreasing, and these values, with the gradients 
at the points, will often suffice for a rough drawing. 

If we require intermediate values of y, the working equation 
is log, )y = log, 5%) + Az, where А = uk = logi. 


EXAMPLES. 
1. Expand ( 1 +) by the Binomial theorem, and by putting p= oo 
p 
in the result, deduce the series for е. Show that ( l 2) has the saine 


limiting value. 
p 
2. Differentiate ( l +=) , and deduce the fact that de* = e*dzx. 


3. If the population of a county doubles itself in 100 years, find its 
rate of growth per 1000 per annum, assuming it constant. If the 
population is a million at the beginning of the century, find what it 
will be in 20, 50, and 80 years respectively from the beginning. 


4, Supposing that if a cable is coiled once round a post a pull on it 
equal to 50 lbs. weight will balance a resistance of 500 lbs. weight, find 
what resistance can be balanced by the same pull if the rope is coiled 
three times round, supposing that the rope is strong enough, and that 
the advantage of the greater number of turns increases by the compound 
interest law. 


ART. 76. | EXAMPLES. 75 


9. In the last question find the equation connecting the pull and 
resistance іп the form R=P.a®, where 0 is measured (1) in whole 
revolutions, (2) in radians, (3) in degrees. 


6, Find the ratio of R to P (1) if a half-turn is taken, (2) if only a 


quarter-turn is taken. 
7. Find the equation in the form R= Pek? when 0 is in radians. 


9. Calculate the thickness at the base of а wall 50 feet high if the 
top 20 feet have a uniform batter, the thickness of this part increasing 
from 1 foot at the top to 2 feet at the bottom, and the lower part of the 
wall being so built that the intensity of pressure at every part of it is 
the same. 


Examples of e~ sin bx: 
9, Draw the curve y —e-&*sin тх. 
10, Draw the curve y =е-% sin 27x. 


11. Draw the curve y —e- sin (та +5) 


12. Draw the curve y=e-* sin (Pome + 5). 


13. Draw the curve У-е-Евіп(- тт). 


[In the curves 9-13 find specially where the curves touch the guiding 
curves y= «4 e-*, which should be drawn first ; also where they cut the 
zero line, and at what angles; also where their gradients are zero.] 


Further conipound interest problems : 


14. A pane of glass destroys or obliterates 5 per cent. of the light 
falling upon it; how much light gets through 20 such panes one behind 
the other, assuming that they all act in the same way ? 


15. In a certain rarefied gas one per cent. of the molecules which 
start in any given direction are deflected by collision with others after 
travelling a millimetre; how many are able to travel a centimetre 
without collision ? 


16. An electric current left to die out in a certain circuit drops to 


| of its value in й of а second ; how long will it take to drop to а 


millionth of its value, assuming that it decreases at а rate proportional 
to itself ? 


17. A current left to itself in a very massive conductor diminishes 
only ten per cent. in five seconds: how soon will it become imper- 
ceptible on a galvanometer which can detect a billionth part (10-12) of 
the initial current ? 


18. A current is started in the sam nductor: find how soon it will 
rise to within one-thousandth part of its full value, assuming that it 
rises at а rate proportional to its defect from the maximum? Find the 
time-constant of this conductor, and draw the curves of rise and fall of 
the current. 


CHAPTER V. 
HYPERBOLIC FUNCTIONS. 


T1. There have come into use of late years certain functions 
of e whose properties are very similar in many respects to 
those of the circular functions. They are connected with a 
rectangular hyperbola very much in the same way as the 
circular functions are connected with the circle—hence their 
name. We shall however here simply give their definitions 
and more important properties without reference to their 
hyperbolic connection. 

The most important of these are 


(1) 4(6+е7*) which is called the hyperbolic cosine of 2, 
or briefly, cosh 2, or ch z, and 


(2) (45-67%, called the hyperbolic sine of 2, or sinh 2, 
or shz. 
Besides these there are* tanh « "—- , and its reciprocal 


coth z ; and sech z, which 1s the reciprocal of cosh z ; and lastly, 
cosech z, which 1s the reciprocal of sinh z. 


| х? q3 

48. Since f=1l+ ut aty g ate 
a 2° 5 

and, therefore, 675--1 LU 1.2 2 m 1.2.3 Paus 


* 


. * The student should draw careful graphs of sinh т, cosh x and tanh x 
in one diagram, so as to get an idea of their general aspect. Тһе shape 
of cosh x is that of a chain hanging between two supports. 
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it follows that coshz-1-4 74. 
oO OWN ола? IDES TOT 1.3.3.4 


d Бітер ИНЕ Н 
ее (77*1.2.3 1.2.3.4.5 


expansions very similar to those of cosx and sing, except 
that all the terms are positive instead of being alternately 


+ and -. 


79. The student can, from the definitions of Art. 77, very 
readily prove the following properties, and should compare 
and contrast them with the corresponding properties of the 


сігешіаг functions. 


(1) d cosh x = sinh g d. 
(2) d sinh х = cosh z dz. 
(3)  cosh?z —sinh?z- 1. 

(4)  cosh?z + sinh?z = cosh 2z. 


(б) 2sinhzcosha=sinh 2z. 


(6) d tanh z = sech?z dz. 

(1) d coth x= - cosech*?z dz. 

(8) d sech z= — sech z tanh z da. 
(9) d cosech x = — cosech z coth z da. 


(10) tanh'/z-rsech"z = 1. 
(11) coth?z — cosech?z = 1. 
And last, but by no means least, 
(12) 2 = log,(cosh ж + sinh 2). 
The 3rd and 12th formulae give rise to the inverse formulae : 


proved by putting 


p z-—sinh y, 
13) sinh“lz=log, |£ +, /(22 + ] whence 
(13) gele + (2? + 1)] андып 
" u=etc. 
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proved by putting 
= cosh 
(14) cosh"!z-log,[x + (2? — 1)] 4 whence n 
sinh u= 4/(x?- 1), 


'" u=etce. 


proved by putting 

1 +2 x —tanh и, 

1-2 and simplifying the right- 
hand side. 


(15) tanh^iz- 1 log, 


The most important of these formulae are those relating to 
cosh x and sinhz, viz. (1) to (5), and (12), together with the 
two inverse formulae (13) and (14). 

The student should draw the graphs of coshz.and sinha, 
which he can readily do by means of the little table on 
p.70. Тһе curve y=coshz is the shape of a uniform chain 
hanging between two supports, and 18 therefore of special 
interest. It 1s called the common catenary, or, briefly, the 
catenary. 


80. Formula (3), viz. cosh?z – sinh?z = 1, is of great import- 
ance in many ways. It is similar in form to the identity 


sec"0 — бап20-- 1, 


and therefore we are able to make use of a comparative table 
of secants and tangents if we wish to find sinhz when we 
know coshz, or vce versa. 

Moreover, if we equate cosh z to sec 0, and so make 


sinh z = tan 6, 
1t follows that 


tanÓ . 
tanh z= ———. — sin 0; 
sec б. 
also coth x= cosec 6, 


sech 2 = cos 0, 


апа cosech 2, = eot 0. 
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Непсе the relations are: 


cot 6 sec Ө соз 0 


созесһ 2 


бап Ө 
sinh x 


sin 0 совес Ó 


tanh 2 


coth z coshz | sechz 
which are perhaps best put in the following three groups: 


{ап Ө | 
sinh x 


cot 6 
cosech z 


gin Ө sec 0 сов Ө cosec Ө 


tanh x cosh 2 sech z coth z 


Of these the quantities in the third group are merely the 
reciprocals of those in the first, while those in the second 
group are mutually reciprocal. 


81. The function A(6). 


From formula (12) we see that if coshz=sec@, апа 
sinh ж = tan 0, the value of = itself is given by the equation 


= log,(sec 0 + tan 0). 


This is а most important function of 6. It comes into very 
many formulae in mechanics and other applications of mathe- 
matics. Іп particular the spacing of the parallels of latitude 
in Mercator’s projection is connected with this function, 
their distances from the equator being given by the equation 


у = а log,(sec 0 + tan Ө) 


for different values of the latitude 0, a being the constant 
which is used in spacing the lines of longitude from the zero 
meridian by the equation 7-аф for different values of the 
longitude %. 

The importance of this function has led certain French 
writers to give it а special name. They call it lambda (0), 
writing 1% A(0). 

We may therefore state the connection between x and Ө 
by saying that if z— A(0), then cosh z—sec0, sinh 2 = бап Ө, 
ete. 0 1s sometimes called the gudermannian of z, from 
Gudermann, who first systematically studied these functions, 
but the name 1s not very important, as we generally think of z 
as a function of 0 rather than 0 as a function of z. 
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82. Calculation of A(0). 
It is easy to prove that sec 0 + tan 0 —tan(45" + 40). 


1-4-віп0 sin 90° 4 sin 0 


TE se ee нн нн 


cos@ ^ cos 90° + cos 0 


_ 2 sin (45° + 30) cos (45° - 40) 
~~ 2 cos (45° + 40) cos (45° — 40) 


= tan (45° + 40). 
Hence A(0) = log, tan(45° + 20) 
1 


“2 log- tan(45° + 40), 


Ког sec 0 + tan 0 = 


where i 2:303585. 


[4 
Therefore, to calculate A(@), look out log,, tan(45° + 10) and 


multiply it by " which can readily be done by logarithms, or 


by help of а multiplication table provided for the purpose in 


most books of tables. [For a short table of values of A(0) 
see p. 82.) 
We have, then, to remember that 


ХӨ) = log ,(sec 0 + tan 0) 2log,tan(45" + 10). 


83. The differential of №9). 


d A(O) _ asec Ө + tan 0) _ (sec tan 0 + sec"0)d0. 
~ sec0+tan0 ^  secO+tand | 


= вес 0. dé. 


94, The curve у= A(0) will be found instructive. It has real 


and imaginary regions, being real when сов is positive and 
imaginary when cos @ 1s negative. 


1--віп Ө 


For sec 0 + tan 0 = 
cos 0 


The numerator of this is always pem ; therefore the 
fraction 18 + or — according as сов 0 1s + or —. There is 


ARTS. 52-841] HYPERBOLIC FUNCTIONS. 8] 


no real logarithm of a negative quantity ; hence A(0) 1s real 
when cos@ is positive, and only then, that is, when @ is 


between -90° and + 90° or between 7360°-— 90° and 
n360°+90°. Hence we need only draw the graph between 
0— —90° and 4-90?, as the graph for other values of 0 will 


be merely a repetition of this part. 
lo draw the graph for negative values of 0, we should 


notice that 


ХМ — 0) = – АӨ). 
For М — 0) = log,(sec 0 — tan б) 
and A(0) = log, (sec 9 + tan 0) ; 
^. A( — 0) + A(0) = log, (вес“0 — tan?0) 
=log,1=0. 


If we then first draw the graph from 0° to 90°, by help of 
the table, it is easy to draw the part from 0 to — 90^, as it 1s 


merely the former part reversed in direction. (See figure.) 
L.D.C, F 


82 


200-1 GOR Gh = 


To find u for intermediate values of 0, it will be best to look out 
log, tan (45° + 20) and multiply it by 2:302585. 


DIFFERENTIAL CALCULUS. 


u = 100, (ѕес 0 + tan 0) -log.tan(45 + 20). 


% 


0:00000 


0:01745 
0:03491 
0:05238 


0:06987 
0:08738 
0:10491 


0:12248 
0:14008 
0:15778 


0: 017543 


0:19318 
0:21099 
0:22886 


0:21681 
0:26184 
0:28295 


0:30116 
0:31946 
0:33786 


f 


0:35638 


0:37501 
0:39377 
0:41266 


0:43169 
0:45088 
0:47021 
0:48872 


0:50939 
0:52925 


0:54931 


0. 


ЕЕЕ ртт 


1:01068 
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u 


0:54931 


0:56956 
0:59003 
0:61073 


0:63166 - 


0:65284 
0:67428 


0:69599 
071699 
0:74099 


0:76291 


0778586 
0:80917 
0:83284 


0:85690 
0:88137 
0:90628 


0:93163 
0:95747 
0:98581 


1:03812 
1:06616 
1:09483 


1:12118 
1:15423 
1:18505 


121667 
1:24916 
1:28257 


1:31696 


1:35240 
1:38899 
1°42679 


1°46591 
1:50685 
1:54855 


1:59232 
1:63794 


1:68557 


1773542 


1778771 
1°84273 
1:90079 


1:96226 
2:02759 
2:09732 
2:17212 
220280 
2'34040 


243625 


2.54209 
2:66031 
2:79422 


2:04870 
3°13130 
8:85467 
9:64253 
4:04813 
4774135 


infinite 
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EXAMPLES. 


Differentiate the followin g functions: 
l. cosh x cos x+ sinh x sin x. 2. cosh х віп 2 + sinh x cos x. 
3. log cosh x. 4, sin-!(tanh x) + tan- !(sinh 2). 


9. If ф is the gradient angle at any point of the curve y=cosh x, 
show that y=sec¢ and x-2A(4). 


6. Prove that 2 cosh*x=cosh 2x + 1 
and 2 sinh*x— cosh 2x - І. 


7. Prove that 4 cosh?x = cosh 3x +3 cosh x. 
8. Prove that 4sinh?x—sinh 3x – 3 sinh x. 


J. Show that differentiating the identity of Ex. 7 will give us the 
identity of Ex. 8, and vice versa. 


MISCELLANEOUS EXAMPLES. 


Find an expression for oY in the following five examples: 


l. x? - zy +2y?-2ax -6bay+7a?=0. 2, y=tan-let 4log 35. 
3, y =sin (ef log х). 4/11 – (log x)?}. 4 y=e-*cos 3a. 


9, y —2?sin 2x. 


_ gr 
6. If озу (оа 73у. 
Ппа du (1) if p is variable, апа q and ғ are constants ; 


(2) if q is variable, and p and > are constants ; 
(3) if r is variable, and p and 0 are constants. 


[Probably at first it will be found easier to substitute x for the 
variable, and then replace the proper variable after ditferentiating.] 


7. If in the last question we denote the respective differential co- 


efficients by ms A and E respectively, find the value of 


dr 
P* dp 4 * dq "dr 
dr 


о 2 кек 
8, If r?cos?0 — а2соѕ 90, find ETA 


2 (1 -aji &nd du 


9, If u—cos-lx- , fin 
(1-2) " 


10. If х-а(0-віп0), and у=а(1 — cos 0), find ау 
32-42 
11. If y— LÀ find — ay ‘ when z is constant, and find E when x 


is constant, and deduce the value of x— +z—. 


ах dz 


CHAPTER VI. 


APPROXIMATE DETERMINATION OF THE ROOTS 
OF EQUATIONS. 


85. General methods of approximating to the roots of 
equations containing one unknown quantity. 


In solving à mathematical problem it 18 often necessary to 
find the value or values of an unknown quantity which will 
satisfy some equation. This is called “finding the root or 
roots of the equation," or *solving the equation." Тһе student 
has doubtless often done this work in connection with simple 
and quadratic equations in one unknown quantity. The 
object of this chapter 1s to give methods by which the roots 
of any equation in one unknown quantity can be readily found, 
either accurately or approximately. Since all the terms of an 
equation can, if desired, be put on the left-hand side of the 
sign of equality, with zero on the right-hand side, the general 
type of such equations is /(е)-- 0, where f(x) denotes some 
function of x. In the case of algebraic equations, it 1s some- 
times possible to split f(x) into factors; in such case the 
roots are easily found. Thus, if 22 – 3z--2—0, we see that 
(x—2)(r—1)20, .'. the roots аге 7-29 and z=1. This may 
be called **solution by factorization." This method is only 
possible in simple cases, and can very seldom be used in 
solving equations of higher degree than quadraties, and only 
occasionally even in quadratics. The general method of 
solving quadraties 18, however, well known. 

The methods which will be suggested in this chapter are 
applicable to equations of any degree, and to transcendental 
as well as to algebraic equations. 
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These methods may be divided into two main classes, namely, 
graphic and by calculation. These two methods can be made 
to mutually help each other, and the graphic method will 
certainly help the student to understand the method by 
calculation. My object will be, not to attempt in any way 
an exhaustive treatment of the subject, but merely to give 
ordinary methods which will be applicable to any equation. 
I shall assume in the graphic work that the student 1s able to 
obtain squared paper to facilitate plotting. 


86. Graphic method—First approximation. 


Every equation in æ can be put into the form f(z)=0. If 
then we plot the curve y= f(x), and find where this curve cuts 
the axis of z, we shall have found the roots of the equation. 
Ín general we shall not be able to find the roots exactly, but 
we shall be able to find two near values of x between which 
a root lies. We shall show how to get nearer and nearer 
approximations to the root, till any desired accuracy has been 
obtained. 


Example. Find the roots of the equation 3?—42?— 11z--32—0. To 
plot the curve y=f(x) we shall find the values of y for different values 
of x, and to ensure correct drawing at points near to the axis of z, 
we will also calculate the gradient at such points. The gradient is 

given by the equation tan $ =f (х) = 32° – 8x – 11. 


Positive values of x. Negative values of 2. 
x y {ап ф | Points. x y {ап ф | Points. 
0| +32 0| +82 
l | +18 -l| +38 
E -2|-15| А -2 | +80 | 
3| -10] - 8 | B -3 | +2] +40 | E 
{5 -12;4-5| С 12 -52 | 4069 | F Е Nu ра 
қ ia 
9| t 2| +24 D Шы” 
etc. 


This shows that there 1s a root between 2 and 3, but nearer 
2 than 3; because y= +2 when z—2, and y= – 10 when x=3, 
whence y must = 0 somewhere between. 

Similarly there is a root between 4 and 5, but nearer to 5 
than 4; and another root between —3 and —4, but much 
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nearer to — 3 than to —4. If we draw the parts of the curve 
to scale in the neighbourhood of the above points, we shall be 
able to judge roughly the values of the roots. In the diagram 
the a-scale is 4 inch to a unit, and the y-scale 1s +; inch to a 
unit. The curve 1s drawn through A, B, C, D, and E by help 
of the gradient values calculated in the table, and the roots 
are approximately between 2:1 and 2:2, between 4:8 and 5:0, 
and between — 3:0 and - 8:1. 


“ГТТТТТТТТТТТТФОТТТТТТТІТТТТТТТТТТІТТТІТТІГ 
“-ГІГІТТІПІТІТІТІТІТІТТІТІІТІТІТІТТІТІТІСГІ 
ОІПГПІТІТІІІТІПГІТІТІТТІТІГІТТІТІТІТІТІТЛІІГІ 
ТІТТІІТІТГІТІТІПТІТІТТІТТІТТІІГІІІІІТТІІ 
эсш 
ELLILULLILILLLIL LIES T LLLELS LI LLLLLLI Og LILLLI иии иши 
ГІТТІПІТІПГІТІТІТІІТІІТІТІТІГІТІТІТІТІТІТІГ 
Е See D 
TENCE O HQ) 
TT "ЧАТ UL i 
EH it ET get LL ELE)BS TL ишш шш NIMM FT: a 
(Ey tT tT et LLS S LLLLILL ULL EE CT Og | 1.15. E 
ЕОС 
РСЕ ССС 
TIT TTN OTA ETT 
TIT TTT AT O CA TL 
EHEN TELE YT LIANE TG GEL Ш 
ГГІТІПІ 253 | 
"LITTTIIC “CLT Th Ene ГТ Г 
ГЇЇ SRR Vane 
10 ОА 
ЕЕН “ГГ ТИТЛ 
ГЇ ГТІІГІГІТТІГІГІНІІ 
“ГІТІГ “СГТТІТГІІГІТІТІТІІГ 
ССС ССОО 
ЕСС 
РІТІТІТІГІІТМІГІІТІТРТІТІГІТЛГІГІНІНІҢ тиииш и 
ОСТ 
гг 
СЕС жишш ш 
“ГІПТІТІТІТСІТІТІТІГІТІТТІГІГІТТІТІТТІТІТІ 
ТІВІТҮРІЛТІТІТІТІТІТНІТІГІТІТІЛНІІТІРІГІІП 
ЭГІГІТІГІТІІТІПІГІТІТІТІІГІТІГІТІТІТІТІІІГ 


87. Further approximation, by calculation and graphically. 
It will be noticed that in each of the above cases the curve 
and the tangent are exceedingly close together as they cross the 
zero line. If we take the point where the tangent crosses as 
being sufficiently near the true point, we can readily do the 
calculation. ‘Take, for example, the root between A, B. Let 
the tangent at A cut the axisin Р; the ordinate AL 1s = 2, and 
the gradient of AP is tang, =- 15. Hence LP = - ALcot¢ = $e; 


.". the length of ОР= OL- AL cot $, = 2 + 7) 26. 2-13 .... 
similarly the other positive root 


and the negative root = —3 – 42,— - 9:05. 
If these values are not accurate enough for the purpose we 
need, we can further approximate by using a larger scale 
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figure (working at each root separately), or by calculation, or 
both ways; this indeed being the best. 


(1) Take the root near OP. 
When 2=2:13, Да) = +0:085997, (2) = — 14-48; 
and when 2= 2:14, (х) = – 0058056, (x)= - 14:38; 
so that we have approximately the points 
а, (9:15, 0:086) 
and В, (2:14, - 0:058). 


lhe curve between these points will be 
so nearly straight, that we may take the 
crossing point of the chord af as near enough 
to the true point. This gives, graphically, 
2°1360 for the root. 
To check this by calculation by means of the n—— ata; 
the gradient at ais – 14:43: 
0:085997 


" ж=89]8+ 71144 ~ 2:13596 ; 


or we might have taken the gradient at 6, which is - 14:38, 


0:058056 
14:38 


If we had taken the gradient of the chord af, which 18 
14:4053, or say, 14:4, we should have calculated 


y = 2°13597. 


Now it is evident that the true value lies between that given 
by the best tangent value and that given by the chord, so that 
the true value of z lies between 2:135963 апа 2:135970. I 
have gone into the work in great detail in this case to 
emphasize the fact that when we have two points very near 
together, the curve and its chord are nearly coincident, and 
the chord may be substituted for the curve. "This simplifica- 
tion 15 often of great use. Another point to notice 1s that we 
need not calculate the gradient to very many figures. 


= 2135963. 


whence = 9:14 – 
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(2) Take the root near OQ. 
When 2= 4:92, (а)- +0°149888 (ô), 
and when 2= 491, f(x)= - 0:071629 (y), 


and the gradient of the chord yò is 22:15. The gradient of 
the tangent at y 1s 22:04, or say 22; 


. xis between 4:913238 and 4:013956. 


The tangent 1s likely to give а better result than the chord, 


SO we may put 
x= 4913295. 


The diagram 1s left to the student. 


(3) The negative root 1s about — 3:05. 
When 22-305, (х) = —0:032625, and /(2)-41%; 
0:032625 
41:3 
= — 3'05 +000079 
= — 3:04921. 


The three roots should add up to 4, which is the coefficient 
of – 2? 1п the equation. We may therefore take them as 


2:13596 
4:91325 - the sum of which 1s 4. 
and — 3:04921 


lhese roots have been calculated to excessive minuteness 
to illustrate the method. In practice much less accuracy 18 
needed, and the roots would therefore be obtained more 
speedily and with less trouble. For instance, 2:130, 4:913, 
and — 3:049 would be ample accuracy in most cases. 

In the work of approximation the diagram would show at 
once whether the correction was to be positive or negative, 
but it will be well to work out a formula which will enable us 
to work correctly, 1f desired, without a diagram. 

Suppose that a is the first approximate value of z and that 
h is the correction, and that we have calculated f(a) and / (а). 


.. the root = — 3:05 + 
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Then f(a 4 h)-0 


and f(a+h) - f(a) = — а); 
but Да А) —f(a) is, when № is small, the differential of f(a), 
and therefore =Л/” (a), If we retain only the first power of /. 


(h is the same thing as dz, being a small increment of x). 


г. Af (a)— —/(а); 


'*. the root 1s а---. 


If we think of the formula from the geometrical point of 
view in connection with a diagram, if we denote the ordinate 


Қа) by y, and the gradient f'(a) by tan ф, the root is 


a—y cot ¢. 


If we use the chord joining two points whose abscissae are 
a and 0, the gradient of the chord 1s 


fb) — (a) 
b-a | 


and the approximate root 18 


b-a af (b) — а) 
2 — 5) flay 9 7 RE) ада)? 


provided Қа) and f(b) are small and of opposite sign. 


98. The two modes of approximating may be called the 
‘tangent’ method and the ‘chord’ method. Both depend for 
their success on the change of direction not being very rapid 
near the crossing point. 

More accurate approximation formulae could be devised, 
taking the curvature of the curve into account, and their 
investigation is interesting ; but if we make good use of the 
graphic method of approximation we can always obtain a first 
approximation to the root good enough to insure Л being 
small or the change of curvature between two points on 
either side of the crossing point being small. We may, there- 
fore, be content with the methods already given. 
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Let us take another example. Find the angle whose circular 
measure 1s equal to its cosine. 

Let x be the circular measure of the angle; the equation 
is f(z) zx — соз — 0. 

By help of the tables we can find two values of x so near 
together, on either side of the required value, that the chord 
of the curve y=f(x) may be taken for the curve itself. 


49% 90' |. 49? 21” 
g= 07388561 x= 07391469 
cosz= 07392394 cosx= (0:7390435 


t — cos z= —0:0003833 (А) д — cos t= 4-0:0001034 (B) 
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Тһе diagram shows that the required angle is about 
42° 20 47”. Calculating OP from the figure, we have 
3833 " 


— 471 seconds. 
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89. Special graphic representation of the roots of quadratic 
equations. These equations сап be so simply solved in surd 
form by the ordinary method that a graphic method 1s not of 
much use, and I only introduce the following method because 
of its extreme simplicity. 

Let the equation be z? – 2 +с= 0. 

We could of course draw the curve y 22? — 2 + с, and find 
where it cuts the z-axis. But the method now to be explained 
Is simpler for securing the first approximation to the roots, 
and the general method can then be used for the final approxi- 
mation to each root. 

Draw, as shown in the diagram, 


ОА=1, OB=0), and ВС--с, 
the three coefficients being supposed positive in the figure. 


If b or c are negative they must be measured in opposite 
directions to those shown. 
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The angles at O and B are right angles. 

Join AC, and on it as diameter describe a circle cutting OB 
іп P and Q. 

Then OP and 00 are the roots of the equation. This will be 
demonstrated if we can show that OP + OQ =b, and OP. OQ=c. 

Now, if OA cuts the circle again in C, it 1s obvious that 
OC -ВС-с; also OP=QB; 

г. (1) OP+0Q=0Q+ QB— D, 
(2) OP. 0Q—0A . OC'—c, since ОА=1; 

.`. OP and OQ are the roots. In the figure they are both 
positive, being measured to the right of O. If in any diagram 
either of them 1s to tbe left of O, that root 1s negative. 
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Example l. Take, as an example, 2°? – 72 - 4-0. 
The roots are about 0:6 (+) and 64 (—). (See figure.) 


For further approximation, if desired, 


when 2--0-6, f (2) 0716, 
f(x)- -58; 
" $4—0:6276 ; 

and, when x =6'4, f (2) 0:16, 
f'(x)2 4-58; 
. 2:--6:3724- 


This makes z,-Fx,—7 as it should. The product is 3:9993 which is 
nearly the correct value 4. | 
If we are not satisfied with these values we can correct by the method 

suggested іп Ex. 2, thus obtaining x, = 0:6277 and 2,=6:8723. 


The student may usefully notice that the curve y =z? — bz +c 
(not shown in the diagram) goes through the points C, C' in | 
the figure, and has the gradients +0 at these points, so that } 
the tangent at C is perpendicular to AB. Тһе curve goes, of | 
course, also through the points P and Q. | 


Example 2. Take, as another example, x? - 4x - 2-0. 
The approximate roots are - 0:4 and +4°4. (See figure.) 
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When x= — 0:4, Ах) = – 0:24 
апа f'(z)- – 4:8; 


Қоһш-:; 
and similarly in the case of 4:4, where h= + 45; 
^ the roots are — 0:45 and +445. 


The sum of these roots is 4, as it should be since the second term їп. 
the equation is —4x. The easiest way to correct further is to note that 
the product of the roots ought to be —2, and that any error must be 
equally shared between the two. Thus (:45 +е)(4:45 + e) 2 9:0025 + 49e, 


ARTS. 89, 90.] SOLUTION OF EQUATIONS. 


if we neglect the square of e; .. e= -0:0005 to 4 decimal places, 


and the roots are - 0:4495 and +4°4495. 


90. If the equation is az?— bx +с= 0, we may, instead of 


dividing by a, and proceeding as above, do as follows: 
Draw ОА --а, 


OB — b, [ee figure of example below | 


BC = c, 


then, drawing the circle оп AC as diameter, cutting OB in P 
and Q, we shall find that OP and OQ are a times the roots. 


0 
For, if t, and z, are the roots, t+ Таға; апа Жүй = 


whereas ОР + ОО = Б, and OP. OQ=ace. 
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If, then, we draw a line OPQ parallel to OB, at unit distance 
from A, and take the points O', P', Q on it where it is cut by 


АО, AP, AQ respectively, the roots are ОР and OQ. 
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Or, of course, we may, if we please, measure OP and О | 
and divide them numerically by a instead of graphically. 

Or, if we do use the graphic method of reducing OP andi 
OQ we may draw the parallel line OPQ at any convenient. 
distance from A (e.g. 10 units, as in the figure), 1f we think, 
unit distance too small or too great for convenience, and then 
reduce finally by easy division or multiplication as the case 


may be. 


Example. 7322-95х--9:4--0. 
The approximate roots are 0:35 and 0:95. (See figure.) 


The corresponding values of f(x) аге - 0:03075 апа - 0:03675, 
and - - Р(х) аге -4'39 апа +487. 
5 h are -0:0070 and + 0:0084. 
the roots are 0:3430 апа 0:9584. 


We can check this result by adding the roots together. The sum 
ought to be equal to 9:5-- 7:3, and will be found correct to 4 decimal 
places. 


EXAMPLES. 


1. In Ex. 1, p. 92 (viz. 3? —7x4-4—0), having taken the approximate 
roots in the first instance as being 06 (+) and 6:4 ( – ), so that their 
sum is 7 as it should be; correct these values by the condition that the 
errors must be equal (the roots being 0:6 +е and 6:4— e), and that the 
product of the roots must be 4; е? being considered negligible. 

2, Find a root of the equation 22=1 4 x. 

9. Find the root of the equation 2° =3 + 2x which lies between 1 and 2. 

4, Solve the equation 0 — cot 0. 

9. Solve the equation x= 10 1001. 

6. Solve the equation cos 0 — tan 6. 

7, If b is the known reciprocal of a given number a, show that the 


correction to be applied to b when a is slightly altered — — са 


8. The reciprocal of 3476 is :000287687. Find the reciprocal of 
8476:38. 
9, Solve the equation 22 – 10x 4-7 —0, graphically. 

10. Solve the equation 22 - 10x - 7 —0. 

1l. Solve the equation 222 + 8x - 7 = 0. 

12. Show that, in the construction of Art. 90, OP and OQ are the 
roots of the equation 2° — bx+ac=0; and show that Euc. II. 11 and 14 
are examples of graphic solution by this method. | 

Show also that PAO and QAO are the angles given by the um 
tion a tan*0 — btan0 4- c = 0. 


CHAPTER VII. 


MAXIMA AND MINIMA VALUES OF A FUNCTION OF 
ONE VARIABLE. 


91. It is often desirable to know under what: conditions 
some particular function of а given variable shall have а 
maximum or minimum value, and what that maximum or 
minimum value may be. For instance, in Examples 15 and 
16, p. 16, the question naturally suggested itself, what must 
be the dimensions of the beams so that their. strength should 
be greatest? We solved these problems graphically by, in 
each case, expressing the strength (or, rather, a quantity 
proportional to the-strength) as a function of the breadth, 
and then drawing the graph of the function, and seeing from 
the figure for what value of the breadth 2 the function y was 
greatest. We also suggested a method by which this value 
of x could have been calculated, as 16 must be the value of x 
for which the gradient of the function would be zero. This 
method is of general application, and applies to minimum 
values also if the function has any. There are in theory some 
exceptions, but they seldom or never occur in practice. We 
will however, in the course of the following investigation, 
refer to these exceptions. 


If, then, we want to find the maximum or minimum values 
of any variable quantity, the first thing to do is to express 
the value of such quantity (which for definiteness we will 
call y) in terms of some convenient variable (which we will 
call x) on which its value depends; :.e. the first thing to do is 
to form the equation 

y —J(x), 


which expresses y in terms of 2. 
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We have then to find for what value or values of z the 
function y will have a maximum or minimum value. For this 


purpose we will carefully define what we mean by such 
values. 


02. Definition of maximum and minimum. 


А maximum value of y is a value which 16 greater than 
adjacent values, however near; or, in symbols, if y=f(x), and 
~t=a makes y a maximum, 2.¢ if (а) is a maximum value 
of y, Ха) will be greater than either f(a+h) ог f(a—A), 
however small Л may be. (Note—not however great h may 
be, but however small.) 

A minimum value of y 1s a value which is less than adjacent 
values, however near; or, in symbols, if z=b makes /(2) 
a minimum, f(b) will be less than either f(b--À) or /(0 – А), 


however small A may be. 


93. A function may have several maximum and several 
minimum values; as, for example, in walking over an undulat- 
ing road we may go over several hills and through several 
valleys. Оп the top of each hill the height above sea-level 18 
a maximum, апа at the bottom of each valley the height 
above sea-level 1s a minimum. Each maximum is greater 


than the adjacent minima, but not necessarily greater than 
all minima. 


C 


^ч 


Thus, in the diagram, the ordinates at А and С are maximum 
ordinates, and those at B and D are minimum ordinates, and 
yet the ordinate at A 1s less than the ordinate at D. 

In а continuous function maxima and minima values evi- 
dently occur alternately. 
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94, Increasing and decreasing functions. 
If, as x increases, y also increases, y is called an increasing 


function of х. It is evident that its ‘ gradient’ T IS positive. 


| d 
If, on the contrary, as 2 increases, y decreases, y 1s called 
a decreasing function. It is evident that in this case Я 


IS negative. 

Most functions are increasing functions for some values of x 
and decreasing functions for other values. For instance, in 
Example 15, р. 16, y 1s an increasing function from z-—0 to 
х= 31, and it then becomes a decreasing function; or, in 
other words, its gradient 1s positive between 2 = 0 and 3$, but 
is negative for greater values of x. When x= 34 the gradient 
of this curve 1s zero, and the ordinate 1s a maximum. 


95. General condition that z = a shall make f(x) a maximum. 


If, as x increases from some smaller value to the critical 
value a, the function f(x) continually increases, t.e. has its 
gradient (f'(x)) positive; but when æ is greater than a, 
f(x) begins to decrease, i.e. f (x) becomes negative: f(a) is 
a maximum value of f (x). 


General condition that = = а shall make f(x) a minimum. 


If, as 2 increases up to a, the function f(x) continually de- 
creases, 7.6. f'(x) is negative, and when g is greater than a, f(x) 
begins to increase, 1.6. f'(z) becomes positive, /(а) is а minimum 
value of f(x). 

In each case the necessity 1s that f'(x) shall change sign as 
2 passes through the critical value. The distinction between 
the two cases 1s 1n the order of the change. Briefly 

Ха) is a maximum value of f(x) if, as x increases through 
the value a, f'(x) changes from + to — ; and 

Қа) is а minimum value of f(x) if, as x increases through 
the value a, f'(z) changes from — to +. 


96. Now it is evident that, if f'(z) changes gradually and 
does not become infinite, it cannot change sign except by 
passing through the value 0. Hence, in general, the primary 

L.D.C. G 
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condition for f(a) to be a maximum or a minimum value of - 
Жа) is that f (а) shall equal 0. 

The exception occurs when f'(a) is infinite, or when there | 
is an abrupt change of gradient. In practice the latter case s 
never occurs, and the former very seldom. The shape of the 
curve in such cases 1s shown in the diagram. 


97. Points of inflexion. 


П /(а)-0, but the gradient on either side has the same | 
sign, there 1s a peculiarity in the curve at the point, but fo) 
is neither а maximum nor a minimum value of f(x). 

Such cases are shown in the adjoining figures. 

Such a point on the curve is called a point of inflexion. 


A M B 


Gradient 4- Gradient - 
on both sides of А, on both sides of B. 


Points of inflexion may occur when the tangent 1s not 
horizontal, but they have no connection with the present 
investigation. The general definition of a point of inflection 
is that it 18 a point at which the curve crosses its tangent. 


98. From what we have seen it is evident that the first 
thing to do when we want to find the maximum and minimum 
values of any function f(x) is to form the auxiliary function 
f'(x), and to find what values of x make f'(x) = 0, т.е. to solve 
the equation /(2)--0. This may be done either graphically 
or by calculation (see last chapter). Тһе next thing 18 to see 
for each value of 2 so obtained—called the critical values of z, . 
because they have to be critically examined— whether there is 
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any change in the sign of f(x) as x increases through the 
critical value in question, and, if so, whether the change in 
f'(x) is from + to —, or from — to +. If f'(x) can become 
infinite for any finite value of z we ought also to see whether 
there 1s а change of sign in f'(z) on either side of this value 
of 2. 

Іп many practical examples, however, it will be obvious 
whether the function 1s a maximum or à minimum without 
the analytical method of discovering which it is. In such 
cases we merely put f'(z)—-O0, and do not investigate the 
change in 1ts sign on either side. Тһе student can work the 
examples 1-9 at the end of this chapter in this simple 
manner. It might be well for him to solve some of these 
now, before reading the rest of the chapter. 

[CAU TION.— Beginners, from want of careful thought, often 
seem to imagine that it is z or / (2) which becomes a maximum 
or minimum in the above cases. It 15 not so: it is f(z) which 
has a maximum or a minimum value when the above conditions 
are satisfied. Тһе beginner, too, often finds general statements 
difficult to follow; he should try and have some definite idea 
in his mind; probably the best general notion is that furnished 
by the varying height above sea-level of a man walking along 
an undulating road, as that most readily lends itself to the 
conception of several maxima and minima. Other instances, 
generally of single maximum or minimum values, will gradually 
accumulate in his mind as he works at the examples at the 
end of this chapter. He should work at some of them, and 
then read the above general statements again and again, till 
they become self-evident. | 


99. The following example will illustrate the method : 


Find the maximum and minimum values of 
2x? — 922 + 12x. 
Denoting this by f(x), our auxiliary function will be 
Ғ(а)-б(а2-38:--9)-6(ж- 1)(x -2). 


Hence the critical values of z are 1 and 2, since these values 
make f'(z)—O0. Тһе neatest way of recording the result of 
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examining the sign of f'(x) for different values of ж will be to 
make a short table as follows: 


x J (x) Ха) 
less than " increases 
1 (e.g. 0) with x 
] 0 | 5 (max. value) 
between Е decreases ав 
1 апа 2 х increases 
2 О |4 (mn. value) 
greater Ж Increases 
than 2 with x 


The statements in italies in the above table are made last. 
What we first establish (by inspection) is that f (т) is positive 
when 2 is less than 1, that ıt becomes 0 when z- 1, that then 
f (>) becomes negative and remains negative until z—2 when 
it becomes 0 again, afterwards becoming positive and remain- 
ing so however great 2 may be. From these fluctuations in 
the auxiliary function f'(x) we deduce that as z gradually 
increases from any small value (say, - oo ), f(x) 1s an increasing 
function up to 2 =1, then f(x) is а decreasing function till 
--2, after which it becomes and remains an increasing 
function. Therefore, finally, f(x) has its maximum value when 
t—] апа its minimum value when 2-2. Then by calculation 
we find that the maximum value 1s 5, and the minimum value 
Is 4. wa 

The student should draw the graph of f(x), and also, on the 
same scale as and immediately under the former diagram, he 
should plot the graph of f'(x), preferably by a dotted curve to 
show that it 1s merely an auxiliary function. If he then 
compares the graphs carefully with the above table he will see 
that all the statements made in it are visibly true. He will 
also notice that in this example the maximum value 1s not 
greater than all other values, but only greater than adjacent 
values on either side; and similarly the minimum value is 
not less than all other values, but only less than adjacent 
ones. 
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100. In the above example the roots of f'(z) = 0 are whole 
numbers. Of course in practice this 1s not necessarily or even 
generally the case. Тһе roots can then be obtained by some 
general method such as those given by last chapter. The 
graphic method is an excellent one, as very often the values 
obtained from the diagram will be sufficiently accurate for all 
practical purposes, since in the neighbourhood of a maximum 
or a minimum value of f(z) a small error in the determination 
of the éritical value of z makes hardly any appreciable differ- 
ence in f(z). Indeed, so much is this the case, that in many 
cases 1t might seem better not to worry about theory at all, 
but merely plot f(x) itself and read off its maximum and 
minimum values. This method in fact was adopted in the 
cases of strengths of beams in Examples 17, 18, p. 16. 

The counter advantages of using the auxiliary function f'(z) 
are (1) that it is often easier to draw the graph of f'(x), being 
of lower degree, and (2) that we can generally determine the 
critical values of ж more accurately from this function. 
Graphically, it 1s easier to determine accurately what values 
of x make f'(z)-0 than it is to determine accurately what 
values make f(z) a maximum, and, as either method gives 
the values of 2 required, it 1s at any rate well to be able to 
use the more accurate method even when we intend to work 
graphically. When we work by calculation, we must use the 
auxiliary equation (2) = 0, there is no way of avoiding it. 
Indeed it is often so quick and simple to use that it hardly 
needs this defence. 


101. We will take as our second problem a geometrical one. 


Find the maximum cone inscribable in a given sphere. 

We have now first to find our function f(x), t.e. we must express the 
volume of any inscribed cone in terms of some convenient variable x 
(though of course we need not actually use the symbol x unless we like). 

Take as variable the height, h, of the cone. 

The axis AN (=) of the cone will obviously pass through the centre 
O of the sphere. Let NP be the radius of the base of the cone, so that 
the area of the base— T. МР? The volume is } base x height. 

Let a be the radius of the sphere, so that OA = ОР =a. 

Then NP?—OP? - ON? =a? - (h - a} =2ah - 12; 

72. the volume of the cone=3. m (2ah — h?) . h 
= Ат (Qah? = h’). 
We have, therefore, to make Хал? – h? =a maximum. 
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Hence its differential coefficient, viz., 4ah —3h?, must=0; 


4а 
^ һ-0 or 4” 
One of these must make the volume а maximum, and the other must 
make it a minimum. 


Now in a problem of this kind we need no theory to distinguish 
between maximum and minimum values. 1% is obvious that h=0 makes 
the volume of the сопе--0, which must therefore be the minimum 


4a 
volume; hence hy makes the volume a maximum. 


Putting this value in the expression àm.AÀ*(2a — h) we find the maxi- 


2 3 
mum volume = im. 2d oe which is 78, of the volume of the 


sphere (viz. $ra’). 


П we want to make a graph of the volume, the neatest way is to 
take as our function to be plotted the ratio of the conical volume to 
that of the sphere, as that gets rid of the trouble of the factor 47. 
2ah?—h3 9h? kè 


4a? 


If lastly we take as x the ratio of Л to the diameter 2a of the sphere, 
the function reduces to 
2x? — 923? = 2x*(l- x), 


which is easy to graph. We have to draw it between x=0 and x- 1. 
We know, moreover, that the function is а maximum when х=. 
We may therefore plot the points corresponding to 


x=Q, 4, #, 1, 


and these, together with the gradients at the same points, will be 
amply sufficient for a good diagram. 
The gradient is given by 4x – 622, 


This ratio is 
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The table is 
x | f(x) f'(x) | Points. 


0 0 О 


0 

i 27 $ P 
$ |y7(max.| 0 Q 
1 0 2 C 


If we take each small division on the squared paper-;Vy, for both 
horizontal and vertical measurements, the figure will be as shown. 
The tangent PT at P will cut the axis of x in T, such that TA=6 
divisions, because then its gradient 

АК 4 2 
TA 6 3 
The tangent at C is shown as CU, with a gradient = - 2. 

Of course we might have reduced the above fractions to decimals and 

plotted decimally. 


102. The following considerations will often enable us to 
avold the calculus altogether. 

Axiom. Between two equal values of a function a maximum 
or minimum value of the function must occur, and will ulti- 
mately coincide with them when they are infinitely near 
together. 


Example. Find the maximum rectangle 
which can be inscribed in the quadrant AOB of 
a circle, 

Take the rectangles, as shown in the figure, 
whose angular points P, Q are symmetrically 
situated in the arc AB. Then evidently the 
areas of the two rectangles are equal. 

When P and Q are infinitely near together 
they ultimately meet at the middle point M of 
the arc. 4 

Hence М is the angular point of the maximum rectangle, which 1s 
therefore а square. 
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This answer 18 really obvious, for M 1s in a position of 
symmetry, and a position of symmetry will always make the 
function a maximum or à minimum. 


The following are examples of symmetry : A loop of string lying in 
a plane surface will enclose the greatest area when it is circular. The 
solid of greatest volume for a given surface is the sphere. 


103. As another example of the axiom take the following : 


А boatman at A, 3 miles from В the nearest point of the shore, which 
is straight, wishes to reach C, a point on the shore 6 miles from B, in 
the shortest time. Where must he land if he can row at 4 miles an 
hour, and travel on land at 5 miles an hour? 


A 


B P Q C 


Let APC and АОС be two paths infinitely close together which will 
take equal times. They will be on either side of the required path and 
will ultimately coincide with it. 

Cut г AR=AP. Then PR is ultimately perpendicular to both AP 
and A 

Now by the APC path, he travels the extra land piece PQ, 

and by the AQC sea piece RQ. 
lhese must take equal times. If these distances are measured in 


fractions of a mile, the times are PQ and RQ hours ; 


5 
. FQ, EQ 
504” 
з.е. ultimately, cos Q=+¢ [when P and Q ultimately coincide], 
| -3 ie BP. 
. tanQ=3, 2e. BOTE: 


But AB=3 miles; ~. BQ=4 miles; 

" he lands 4 miles from В, 2.e. 2 miles from C, 

1.6. he rows 5 miles, and walks 2, and he takes $+? hours=1 hour 
39 minutes, not counting the time occupied in landing, which would be 
the same in any case. 

If we do the same problem by the calculus method the neatest way 
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is to express the time in terms of the angle 0 which the path AP makes 
with AB. 

AP- АВ sec 0 —3 sec 0, in miles, 

РС= BC - BP=6-83 tan 6, in miles; 


| | 3secd 6-3tanO 
^. time, in hours, = ------ 


4 5 
3 
—959(9 + 5 sec – 4tan). 
D 
B P C 


The differential coefficient of this function has to be zero ; 
г. 58sec @ tan 0 – 4 зес20=0: 
 в1пб= а 
This leads to the same answer as before. 


104. Maximum and minimum gradient. Point of inflexion. 

A question which often arises in connection with the graph 
of a function is as to where the gradient is a maximum or 
minimum. Thus, find the point on the curve y= 22? – 22° 
where the gradient 1s a maximum, 7.6. where the curve 18 
steepest. 


Тһе gradient 1s given by the equation I = de - 6z^, or let 


us say, for brevity, y, = 42 – 6227 We have therefore to make 
у; а maximum. Hence rA must = 0, t.e. 4 1270; .. z- i. 


If we look at the diagram (p. 103) we shall see that this 18 
evidently the case, the point P being the required point. 
Such a point is always a point of inflexion (Art. 97). 

lhere 1s no difficulty in connection with such а problem 
except as to the meaning of maximum or minimum when the 
gradient 1s negative. 

In the case of a negative gradient, the point where the 
curve is steepest is technically a point of minimum gradient, 
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on the principle that a large negative quantity 1s algebraically 
less than a small one. If we like we may call it а negative 
maximum. The student might notice also the gradients at 
A and B in the diagram on p. 98. Тһе gradient at each of 
these points 1s zero, but at A it 1s a minimum, because the 
adjacent gradients are positive, and at B it 1s à maximum 
because the adjacent gradients are negative. Of course a zero 
gradient 1s in general neither a maximum nor a minimum 
gradient, as usually the gradient is positive on one side and 
negative on the other. At such points it 1s the ordinate which 
Is а maximum or а minimum, not the gradient. Тһе gradient 
is never а maximum or minimum except at a point of in- 
flexion, and at such a point it always 18 a maximum or 
minimum. 


105. Occasionally it may be convenient to express the 
function, whose maximum and minimum values are required, 
in terms of two variables instead of one only, there being some 
given relation between the variables. Тһе method of pro- 
ceeding in such a case 1s best illustrated by an example. 

Take the example No. 15, p. 16, where we have a rectangular beam 


of maximum strength to be cut out of a cylinder of 12 inches diameter. 
The equations are 


and iO Ao. ненниенккінікнкккнкненіктккен (2) 


using k to denote the depth or height of the beam, so as not to confuse 
it with the sign d for differential. 
Differentiating (1) gives us 


CRURA 0 — E АРА (3) 
and differentiating (2) gives 
пата Де T I ————— (4) 
These two equations between 40 and dh must be Mec 
2.6. they must really be the same equation in different form. 
Hence the ratio between the coefficients of db must equal the 
ratio between the coefficients of dh, 


ҰЛАР) 
^^ 9b Oh’ 
MM 

$.€. ор 9? 


‚ 2 = 26. 
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ар 
Or, we might have found 5; from (3), and also from (4), and 


equated them, leading to the same result. 


106. Another mode of discriminating between maximum 
and minimum values of y. 
We have seen that y 1s an increasing function when the 
dy | 2. 
gradient С. or л) IS positive, and а decreasing function 
when у, 18 negative. 


Similarly the gradient 1s itself an increasing function when 


48 differential coefficient "m 18 positive, and a decreasing 


| dy, . | | 
function when Ж is negative. This property сап be made 
use of to facilitate the discrimination between the maximum 


and minimum values of y. Denote CA by the symbol y, for 


- brevity. ^ 

Now when z increases through a value that makes y a 
maximum, the value of y, goes through the series of changes 
+, 0, -. Therefore y, 1s a decreasing function, and y, must 
be negative. 

And when z increases through a value that makes y a 
minimum, the value of у, goes through the series of changes 
—,0, +. Therefore in this case y, 1s an increasing function, 
and y, must be positive. 

Hence, 1n general, 

y 15 а maximum when 7; — 0 and y, is negative, 
and у is а minimum when y, =0 and y, is positive. 

Therefore, in any given example, after finding the values of 
х that make y, = 0 we may, if we like, see in each case whether 
Y, 18 negative or positive, instead of going through the funda- 
mental method of seeing whether the change of y, is from 
+ to — or from — to +. Of course if y, happens to be zero 
at any of these points, this new method fails, and we must fall 
back on the fundamental method. It 1s probable in such case 
that we have а maximum or minimum gradient, (1.6. a point 
of inflexion) and not а maximum or minimum ordinate. 
Examination of the change of gradient by the fundamental 
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method will tell us which of all of them 1s the case. How- 
ever, іп practical cases, points where y, and у, are both zero 
seldom occur, and the examination of the sign of y, 18 a neat 
and convenient mode of discriminating. 

lake, as example, y= 22? — 22°. 

Then yi = 42 – 62°, =0 when z-0 or 2; and J= 4 — 19, 
which 1s positive when a= 0, and negative when = 5. 

Hence z=0 makes y а minimum, and = makes y a 
maximum. 


107. пее investigation of the case when у =0 and 


also y 
We have seen that 
y 15 à maximum when y, = 0 and y, 1s negative, 
and у is à minimum when у, — 0 and y, 1s positive. 


Similarly if we want to discriminate between maximum and 
minimum gradients we may form the third auxiliary function 


20; Or Yor often called the third derived function, or third 


differential coefficient. We then see that 
y, 18 а maximum when 7, — 0 and y, 18 negative. 
and у, is à minimum when y, — 0 and 7, is positive. 
Тһе method will fail, i.e. the result is doubtful, if y, = 0. 


From this, if we remember that when y 1s à maximum or 
minimum, 7; is not, and when у, is а maximum or minimum 
y is not, it follows that y is not a maximum or minimum if 
y, = 0, у=, and у, is not zero, but it may be if y,=9, 
Js — 0, уз = 

Similarly 1 у, is not а maximum or minimum if у = 0, y, = 0, 
and y, 1s not zero. Hence іп m Қыз y is а maximum or 
minimum (provided, of course, 7 

However, the reasoning 1s der) difficult to follow at this 
stage. It will be much easier when we have learnt a theorem 
called Taylor's Theorem (ch. x1.), and we shall see then that 
у 18 à maximum when 7; —0, y,—0, у, = 0, and y, is negative, 
and а minimum when у,=у„=у„=0 and у, is positive. But 
the theory 1s not very useful, as 1t 1s far better іп such cases 
to fall back on the fundamental method of examining the sign 
of y, on each side of the critical point. 
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EXAMPLES. 


1. Find the greatest cylinder that can be cut out of а conical block, 
the height of the cone being 3 feet and the diameter of its base being 
2 feet. 

2, Find the relation between the height (A) and radius (ғ) of the base 
. of a cylindrical vessel open at the top (such for example as a bushel 
measure) when the internal surface 1з a minimum for a given capacity. 

д. If the cylinder is closed at both ends (like a tin of preserved meat), 
find the ratio of Л to т when the surface is a minimum for a given 
capacity (т.е. when it is made most economically). 

4. Find the ratio of the height to the radius of the base of a conical 
vessel fulfilling the same conditions, (1) when it 18 open; (2) when it is 
closed by a flat circular plate. 

5. Find the maximum cone of given slant height. 

6. Find the maximum cylinder inscribable in a given sphere. 

7. An open tank is to have a square base and vertical sides, so as to 
have a given capacity. Find the proportion of its depth to its width 
so that the expense of lining it with lead may be a minimum. 

8. Find the shortest ladder which will reach from the ground to the 
wall of a house over an obstruction 6 feet high and 5 feet away from 
the wall. Find the angle of slope of the ladder. 

9, Find the maximum and minimum ordinates of the curve 
y = x — 627 + 12, 
and also find the points of maximum gradient. 
10. Find the maximum and minimum values of 
За? — 252% + 60x. 

ll. Find the minimum value of az--bx-!, а and b being positive 
quantities. Show that it occurs when ах is equal to bx-t- 

12. Find the points of inflexion of the curve z?y —3(z - y). 

13. Find the maximum and minimum values of (x + 1) (x - 2}. 

Draw a graph of this function between x= – 2 and +3. 

Draw also а graph of its first derived function. 

14. Find the maximum and minimum values of (x-1)(x-2). Draw 
the graph. 

15. Find the maximum and minimum values of (z--1?(x—2)*. Draw 
the graph. | 
Esc ж ind the maximum and minimum values of it Draw the 

17. Find the maximum and minimum values of 22° – 3x? - 36x + 10, 
and plot a graph of the function. Plot also а graph of its differential 
coefficient, and show the connections between the two curves. 

18. Show that the maximum value of a cos 0 + b sin 0 is ,/(a?+ 52), 

19, Show that the minimum value of asec 0 – b tan 0 is (a? – 52), 


CHAPTER VIII. 


CURVATURE OF PLANE CURVES. 


108. Definition. 

If two points A, B are taken close together on a curve, the 
infinitely short are AB 1s generally denoted by ds. If AT and 
BT are the tangents at A and B respectively, the angle between 
them is d$, if ф is the gradient-angle of AT, and $-- d$ the 
gradient-angle of BT. 

Then the curvature of the curve at A is defined to be the 


limiting. value of the ratio = when B 15 ultimately made to 


coincide with A, 7.6. the curvature equals the ratio of the change 
of direction between A and B to the length of the arc AB, when 
AB 18 infinitely small. 

If A and B are not infinitely close, this ratio may be called 
the average curvature of the part of the curve between A and B. 

From this definition it 1s evident that a straight line has no 
curvature, and that a circle has constant curvature, since the 
ratio 18 constant, however long the arc may be. This latter 
fact may be brought out more clearly by the following 
Investigation. 


109. Radius and centre of curvature. 

Let AC and BC be the normals to the curve at two adjacent 
points A and B respectively, meeting at C. Then if we consider 
the short arc AB as practically identical with the arc of a circle, 
C will be its centre and CA and CB will be its radius. Denote 
CA and CB by the letter p. С is called the centre of curvature 
and p the radius of curvature at A when B coincides ultimately 
with A. Апа the circle whose centre is C and radius p 18 
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called the circle of curvature at A. It is sometimes called the 
osculating circle, as 16 more nearly coincides with the curve in 
the neighbourhood of the point than any other circle does. 


C 


The angle at C—d4, since the angle between two normals 
equals the angle between the corresponding tangents. 
Now, if d$ 1s expressed in circular measure, t.e. as a fraction 


of a radian, we have d$ - ^s, by the definition of circular 


measure. 


Hence 


46, when the gradient angle is expressed in radians, the 
curvature 1s numerically equal to the reciprocal of the radius 
of curvature. 

If the curve 25 a circle, C and p are the same for all points, 
and the curvature of a circle 1s constant and numerically equal 
to the reciprocal of its radius. For example, if p = 2 feet, the 
curvature = і, which means that the change of direction 18 4 
a radian per foot of arc, or 1 radian per 2 feet of arc. If 
р = feet, the curvature 1s 1 radian per 3 feet of arc, or about 
19° per foot, since a radian is a little over 57°. 

As the equation -= is fundamental, we will give a 
shghtly different mode of working it geometrically, which, 
though not so simple as the foregoing, 1s in some respects 
more satisfactory. 

Let P, Q, R be three equidistant points on the curve, and 
let the chords PQ, GR make the angles ф and o -- do respec- 


tively with the z axis. 
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Bisect PQ and QR at right angles by AC and BC. Then C 
will be the centre of the circle described through P, Q, and R. 
Let p be the radius of the circle. Тһе angle at C=d¢, and if 


AB is called ds, шыт 


р 


Hence -=-~ where d$ is the angle between two con- 


secutive normals, and ds is the element of arc intercepted: 
between them. 

lhis is the same as the previous expression for the curva- 
ture, since the angle between any two normals 1s equal to the 
angle between the corresponding tangents. Moreover, the 
connection between the above diagrams is very simple, for, 
without altering the directions of the chords PQ and QR, we 


can by a shght movement make them the tangents at their 
middle points A and B respectively. 


110. To obtain the radius of curvature as a function of 2. 
If the equation of the curve 1s y=f(x), its gradient y, will 
equal f'(x), and the rate of change of gradient per unit change 


of x will be m which we have denoted by y, and which is 


often written f'(x), to signify that it has been obtained from 


f(x) by two differentiations. We shall be able to express p 
in terms of y, and Yə 


For tan ф=,; 
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Also sec — = (see figure); 


'. ds=sec d.dz. 


ds 


2 
Therefore 1 7;0087%.02 
p зесфах 
= у;сов°ф 
1 
and p=— sects: 
72 


2.6. the curvature = у„соз5Ф, 


and the radius of curvature is its reciprocal. 

То find the radius of curvature at any point we have there- 
fore to find the value of ф at the point from the equation 
бап ф= у, = (2), then we must find the value of y, at the 
point, and multiply the reciprocal of y, by вес3%. 

Тһе simple connection between y, and the curvature 1s 
worth considering. The curvature is the rate of change of 
the gradient.angle ф per unit length of arc; and y, 1s the rate 
of change of the gradient itself, ?.e. tan Ф, рег unit change ot 
abscissa. lan ф increases at а greater rate than 4, and the 
arc increases at a greater rate than the abscissa, hence, for 
both reasons, y, is greater than the curvature. The above 
investigation shows that we must multiply y, by cos*¢ to 
obtain the curvature. 

We may put the details of the argument in words: we want 
to find the rate of change of ф per unit length of arc in terms 
of the rate of change of gradient (tan $) per unit change of 
PUn Ф seg E, that is, the rate 


of change of gradient per unit change of abscissa 18 вес?ф times 
L.D.C. H 


abseissa. We know that 


114 DIFFERENTIAL CALCULUS. (СНАР. VIII. 


the rate of change of ¢ per unit change of abscissa. Also we 
know that 7; seo $, i.e. the length of arc between two ad- 
Jacent points 1s вес $ times the change of abscissa. Therefore, 
finally, the rate of change of gradient per unit change of 
abscissa 1s sec?$ times the rate of change of ф per unit length 
of arc. That is, y, 1s sce’? times the curvature. 

The formula for p may be written in the form 


(1 ry 
p—————73 
Yo 


since y, —tan ф. But it is generally more convenient to use 


the simpler form 7- вес, 
2 


111. Geometrical construction for p. 
To find the radius of curvature at any point P of a given 
curve. 


C M 
L K 
P 

бан 

Ж ! 

T N 


Draw the normal and ordinate at P. Оп the ordinate take 
PK, towards the inside of the curve, numerically equal to the 
reciprocal of у. Draw KL perpendicular to PK to cut the 
normal in L, then PL= РК sec $ ; draw LM perpendicular to 
PL to meet the ordinate in M, then PM = PL sec ¢= PK все?ф; 
lastly, draw MC perpendicular to the ordinate to cut the 
normal at С, then СР--РК вес?ф. Hence, if PK has been 
drawn to the inside of the curve, C will be the centre of 
curvature, and CP the radius of curvature, of the given curve 
at the point P. 
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112. Direction in which PK must be drawn. 


If the curve has been drawn, 1t will be obvious іп which 
direction to draw PK, since it must be to the inside of the 
curve. But we can tell, independently of the figure, in which 
way to draw PK. If y, is positive, K will be above P, 2.e., 
PK will be drawn upward, and if y, 18 negative, PK will be 
drawn downward. 


ро bP 
For yu Ф» 
И 2.0 саф. к | — 
. when 9, 18 positive, d; 18 positive, ?.€., ф will increase 


with z. This can only be the case if the curve lies above the 
tangent at P, 7.6. if the centre of curvature lies'above the 
tangent. Оп the other hand, if y, is negative, ф decreases as 
t increases, and the curve must lie below the tangent. 

The student should convince himself of the general truth of 
this by taking a part of the curve where the gradient 1s 
negative. Не must remember that ф 1s the angle made by 
the upper part of the tangent with the right-hand part of the 
Z-axis, so that ф 1s obtuse when the gradient 1s negative. 


113. Special cases. 
(1.) If ф= 0, ѕес®ф = | > эө орк, This 1s ап 1ш- 


portant case in many practical examples, such, for instance, as 
the curvature of beams, which 1s in general so slight that 4 1s 
sufficiently small at each point for us to take sec $ = 1 without 
sensible error at each point. It is also true, of course, in all 
curves at the points where the gradient 15 zero, as, for example, 
when y 18 а maximum or minimum. 

(1.) If y, 1s zero, as at a point of inflexion, PK, and there- 
fore p, is infinite, t.e., at а point of inflection a straight line 
more nearly coincides with the curve than any circle with 
finite radius can Briefly, at such a point the curve is straight, 
its curvature being zero. 


(u1.) At a point where y, is infinite, 2.6. where the curve is 
perpendicular to the z-axis, the method fails. To obtain the 
curvature at such а point, we must invert our treatment and 
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da, 
_ Of 


course x, will be zero at such a point, and the curvature will 


treat ж as a function of y, obtaining ee and 2, = 


then be z, and р= =, the radius being drawn to the right if 


2 
1, 15 positive, and to the left if 2, is negative. We think, in 
this case, of the gradient angle as being made by the tangent 
with the y-axis, t.e. by the right-hand part of the tangent with 
the upper part of the y-axis. 


114, Value of р at the origin when the z-axis is the 
tangent. 


We may avoid the calculus in this case by the following 
method. 
Q 


— 
O N 


Тһе curvature ot a curve at any point is the same as {Те 
curvature of its circle of curvature, at that point; hence we 
need only consider the circle of curvature, letting it take the 
place of the curve. 

Let the figure show the circle of curvature at O, and let P 
bean adjacent point on the circle with coordinates 2, 7, 
4. ON 2z, and NP = 7. 

Then, if NP cuts the circle again іп Q, we һауе NP.NQ— ON*; 
but ХО) 1s ultimately equal to 2p; 


D дает, 
2° 
2.6. ше --- 

р 2y 


in the limit when z and y are infinitely small. 


Thus, in the parabola у —z?, 
2 
== 
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Similarly, if the curve touches the y-axis at the origin, 
2 


P= oy 


115. Mode of finding p when the vertical and horizontal 
scales are different. 

In the above investigation, and particularly in the con- 
struction of Art. 111, we have supposed the figure drawn 
strictly to one scale, 74. the same vertical and horizontal 
scales. But іп many cases it has been found convenient to 
take the vertical scale different from the horizontal. In that 
case several difficulties arise. First, the circle of curvature, 
if plotted by points, must also be plotted with its vertical 
scale different from the horizontal, which would distort 1t into 


an ellipse; or if we plot + and try to find the centre of cur- 


vature geometrically, the difficulty arises as to what scale we 
must plot it on. Of course there must be a true circle of 
curvature at each point—the problem is how to modify our 
construction so as to find its centre. 

If we take the numerical equation y=f(x}, (to fix the ideas 
the student might have in his mind the parabola y= 2“ plotted 
on p. 6 with vertical scale l-tenth of the horizontal) and 
consider how we plot the various points for calculated 
numerical values of z and y, we see that we take an arbitrary 
horizontal unit of scale and plot the abscissae as multiples ot 
that unit, and then we plot the values of y as multiples of an 
arbitrary vertical unit. Let us take a to denote the length of 
the horizontal unit, and 6 to denote the length of the vertical 
unit, then if (e.g.) we plot the point x= 2, y= 4, we really take 
z= 20 horizontally, and y= 40 vertically, so that = = 2, and = 4, 
when z and y are the plotted lengths. And so in the case of 
every other point. The equation gives the connection between 


~ and A Consequently the full expression for the curve 
plotted 1s = f Ө] where z and y denote the actual lengths 
plotted. [In the case of the parabola the equation from which 


у (ж 
we plotted was ps (=) where a = 100. | 
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If then we find the radius of curvature at each part of the 


curve y (2) 
b ~ \a/’ 


and then make use of the relation between а and 0, we shall 
have the value of p required. 
Differentiating, we have 


| б 
Again, Ya = 22 


То construct for p, we must draw the vertical line 
42 


nf & 
у (=) 
find the centre of curvature. 


If we plot & on the vertical scale, its numerical value is 


2 
4 which, from the above equation, = = 
ZA C) 
а 


Applying this to the curve y =z? = f(z), we find 
Га)-2ш and /(а)-2; 


k æ 
b W 
Now in the diagram, p. 6, 


a= 10b; 
S. @?: 0? = 100; 


e 7 =50, or k= 500, 


, which call k, and then by the zigzag construction 


* 
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Hence, to find p for any point P on the curve, we must 
draw & vertically upwards to a length of 50 vertical units 
from P, then draw the normal, and find С by the zigzag 
construction. | 

In particular, the centre of curvature at the origin 18 50 
units up on the axis of y. This can be easily tested by the 
student by actual trial on the diagram with a pair ot 
compasses. 

Хотк.-Го find the radius of curvature of the parabola at 
the origin we might have used Art. 114. Since the axis of 2 


ғ | д. 
Is the tangent there, р= — ; апа since p» 1t follows at once 


2y? b 

a? | 
that p= JA Hence its numerical value on the vertical scale 18 
a? 

262° 


116. The reasoning by which the formula k= ИТІ F ©)” 
established 1s a little troublesome at first, as all reasoning in 
connection with change of units must Бе; but if we remember 
that y=f(x) is merely а numerical equation between z and y, 
and that what we plot are lengths corresponding to those 
numbers, we see that the whole difficulty consists 1n ascertain- 
ing what 1s the real connection between the lengths and the 
numbers represented by them. The fundamental relation 1s 
as follows :—If a length z is represented by a number when 
х 18 measured in terms of a particular unit, the number 
expresses the ratio of the length of x to the length of the unit. 
Thus, if the number is 2 when the length of the unit is a, 
2—2:0. E.g., let z—24 inches; then if z is measured in 
inches, the number representing it is 24, whereas if x is 
measured in feet, the number representing it is 2, 1.6, 24 16 
the ratio of x to 1 inch, while 2 1s the ratio of x to 1 foot. 
Similarly, if y 1s measured in terms of a unit whose length 
is b, the numerical measure of y 1s the ratio of y to 0. 
Consequently, if y=f(x) 1s a numerical equation, the curve 


which we actually plot to represent this equation 1s =f е 


when a 1s the length of the horizontal unit of scale and 5 1s 
the vertical unit. 
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No difficulty of this sort ever arises if р =а, but in many 
cases such equality 1s practically inconvenient. 


117. We will, as another example, find the radius of curva- 
ture of the curve y=2(5 – 2), (1) at the highest point, (2) at 
the points where the curve cuts the z-axis. We will first 
consider the two scales equal, and then take а = 5b where а, b 
are the units of the horizontal and vertical scales. 

У-Ж5-ш)-5л-а2, 
уу= ә – 22, 
у= —2; 
. at the highest point, where ¢=0, p—1, if the scales are equal. 


The negative value of y, shows that the centre of curvature is below 
the curve. There is no object in attaching a sign to the value of p. 
M MN Ж, 

b by, 2” 
^. p— 124 vertical units. 
At the points where the curve cuts the axis of x, z(5—2)-0; 
" ж=0, ого; 
2. бап ф- +5, and sec $ — + 4/26, if the scales are equal ; 


p= Pa = 13,/26 units. 


If a=5b, we must take the formula 


If the scales are unequal, + tan ¢=5 vertical units to 1 horizontal unit 
5b 


whence + зесф = 4/2 
b by, 9” 


2 p=% x 2/2b = 95, /9b — 5, Day 


The student will find it helpful to notice, if he 1s drawing 
this curve with the scale relation a= 50, that the centre of 
curvature of the origin has the abscissa 5a, and the ordinate 
— ба, or - 25b, and the centre of curvature of the point 
(5a, 0) is at (0, — 25D). If he draws arcs of these two circles, 
and also the arc of the circle of curvature passing through the 
highest point, (found above), he will find it very easy to draw 
in the portion of the curve lying above the z-axis. 

For a graph of this curve see answer to Ex. 1, p. 15. 
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118. Chord of curvature. 

П we draw the circle of curvature corresponding to any 
point P of a curve, the chords of this circle drawn through P 
are called chords of curvature at P. Тһе chord drawn along 
the normal is the diameter of curvature; other important 
chords are the vertical and horizontal chords of curvature. 


The vertical chord = 2p cos ф = 2k sec^$, where k= Н ; and 


the horizontal chord = 2p sin ф = 2k sec’¢ tan 4. 

The following geometrical investigation of the length of the 
vertical chord is instructive, and will incidentally throw a 
good deal of light on the meaning of y». 

Let P, Q, R be three neighbouring points on the given 
curve such that the ordinate of Q 1s midway between those of 
P and R, and let a circle be drawn through P, Q, R. This will 
ultimately be the circle of curvature at P when Q and R 
coincide with P. 


Let the coordinates of P be (2, у), and those of Q be 
(c+ oz, у+ ду), 1.6. let РМ —ór, and М9 =ӧу. The abscissa 
of R is z4- 26x. The ordinate of R exceeds the ordinate of Q 
by the amount TR, of which TS-9y. Now М = ду where 
y 15 the ordinate of P. .. the corresponding notation for 
RT is 0(у 4 у) where y-róy is the ordinate of Q. We may 
separate this expression into the two parts ôy +6(dy), of which 
TS = ду and SR = ó(6y). | 

The notation (ду) expresses therefore the excess of the 
increase of ordinate as we pass from Q to R over the increase 
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of ordinate as we pass from P to Q. It 1s often written, 
briefly, ôy (read delta-squared y). 

Hence ôy denotes the vertical height of R above the 
chord РО. 

Now produce the ordinate of R to meet the circle in U. 
Then RU will ultimately be the vertical chord of curvature 
at P, and so also will SU; since both R and 6 ultimately 
coincide with P. Let PQ be denoted by бз, since it 1s ulti- 
mately equal to the small arc PQ. Then SQ— 9s and SP = 205, 


Now SR.SU = SP.SQ ; 
,. 23.80 = 2(08)? 
02у 05 2 
and (Spy SU - (ss) i 
Now let Q and R move into coincidence with P, whereupon 
E becomes = вес ф if ф is the gradient ange at P of the curve 
and circle and at the same time C 15 usually written 
dy аз 
(days ог 273 (read d-squared y by dx-squared). 
Hence ей SU = 2 вес?ф 
dx: | 
where SU 1s now the vertical chord of curvature at P. 
Now, evidently, from the figure a ELI, for d tan Ф 
) ) ) da? da 2 


means the excess of the gradient of QR above that of PQ, 


which 1s 4%), 2,6. (ау) since dz is the same between 0 


and R as it was between P апа ©, that 1s, dz 1s constant. 
Hence d(dy) means exactly the limiting value of 9(0y) ог RS, 
and dx means the limiting value of ôx or PM. Therefore 


d tan ф . -— 8(ду) 
"m the limiting value of (zy 
2 
Hence а is what we have before denoted by y, and we 
have the formula, 
| 2 вес?ф А 
vertical chord of curvature = ———* = 2k sec^$, as before. 


Yo 


EXAMPLES. 
1. Find the radius of curvature at the point (2, 4) of the curve у=. 


(1) when the vertical and horizontal scales are equal ; 
(2) when the horizontal scale = + the vertical. 


2. Find the radius of curvature of the above curve at the point (1, 1) 
under the same scale conditions. 


9, Find the radius of curvature at the point (1, 2) of the curve 


у=2+- when the scales are equal. 


4, Find the radius of curvature at any point of the curve у=є*, and 
also at any point of the curve y = bea. 
9, Find the minimum radius of curvature in the curves of No. 4. 


6. Find the radius of curvature of the curve y =a cosh = at any 


point, and show that it is equal to the length of the portion of the 
normal at the point intercepted between the curve and the axis of x. 


7. Find the radii of curvature at the points of zero gradient on the 
curve 7 —a(10 – x)". 

9. Find the radii of curvature at the points of zero gradient on the 
curve y= x(144 - 2). 


9. Find the radius of curvature of the curve y —2?— 42? – 11x +32 at 
the point (2, 2), (1) when the vertical and horizontal scales are equal ; 
(2) when the horizontal scale 1з 5 times the vertical scale. 


10. Find the radii.of curvature of the curve y=x?{6 -- х), (1) at the 
origin, (2) at the highest point between x=0 and x=6; when the 
horizontal scale is 5 times the vertical. 

11. In any curve y=f(x), prove that y,+2,= — 112. 

Exemplify in the case of у —x*. 
12. Find the radius of curvature at any point of the ellipse 
х=асоѕ 0, у= 0 зір 0. 
13. Find the radius of curvature at any point of the hyperbola 
х=азѕес 6, y=btan 0. 

14. Show that the equation of the circle of curvature of the parabola 
J^ —4ax, at the origin, 1s x?-- y? —4ax. 

15. Show that the equation of the circle of curvature of the conic 
Ax*+ By^ 2 2Cz, at the origin, is Bx*+ By*=2Cz. 

16. Deduce the length of the radius of curvature, at ( – а, 0), of the 
conics b*x? + a?y? = a?b?, by moving the origin to this point. 

17. Prove that the line drawn from (а, 0) perpendicular to the line 
ох + ау = аф passes through two of the principal centres of curvature of 
the ellipse 02 + a?y?= a?b*. 

[The principal centres of curvature are those which correspond to the 
ends of the major and ininor axes of the ellipse. ] 


CHAPTER IX. 
SUCCESSIVE DIFFERENTIATION—INTEGRATION. 


119. Successive Differential Coefficients of a Function, If 
у 18 a function of 2, so also (in general) 1s its differential 
coefficient, and consequently this also has a differential co- 
eficient which 1s also a function of z, and so on. (The only 
exception occurs when one of the differential coefficients 1s a 
constant, and the rest, consequently, become zero, and none 
of these are functions of 2.) 

These successive differential coefficients are called the first, 
second, third, etc. Thus, if the function 15 2°, the first differen- 
tial coefficient is 52%, the second is 5.42%, the third 1s 5.4. 32°, 
etc. 

There are several systems of notation which may be em- 
ployed to denote these successive functions. The most usual 


аге: 
dy ау а?у 


7, д? dx?! д3? 77? 
у, Dy, Гу, D'Y, ..., 


Жа), f(x», (20), f(a), ..., 


but sometimes, for temporary convenience, a brief, incomplete, 
notation may be used, such as 


7, У Yor Yz sees 
ч у, y, y", y", 
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As an example of successive differential coefficients we may 
take 
у=, 
Dy — бай, 
р?у = 5.423 = 2023, 
D3y = 5.4.32? = 602°, 
Dy = 5.4.3.2z = 1202, 
D?y =|5 = 120, 
and Dy = 0, etc. 
In this case, therefore, the first four differential coefficients 
are functions of z, the fifth 1s à constant, and all the succeeding 
ones are zero. If, however, the original function’ had been 


anything except a positive integral power of 2, all its differential 
coefficients would have been also functions of 2. 


° ? da* 


2, If х) = — 7x? + 8x3, find fv (ж). 


3. If y=sinx, Show that D”y=sin (n5) 


| | | OL 
4. If y —sin3z, show that D5y —3? sin (3+5) 


9. If у= 525 + 324 - 222 +22 2+6, show that D$y 0. 
6. If y-axt-l1 bx*7?.., show that Юу —0, if sis а positive integer. 


120, Successive Integrals of a Function. It is important 
to notice that such a series as 
5, Әлі, ... 


сап be not only continued forwards, as above, by successive 
differentiation, but can also be continued backwards, the terms 
on the left of 25 being such that 25 is one of their differential 
coefficients. Such an extended series is 


78 | gê 
“9 87.6! 7.6’ 6? 


x5, 07% 
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The terms on the left of 22 are termed its integrals, its first 
7 
integral being $, its second being T and so on. 


There are several notations for the successive integrals of 
a function y, but the only one that can usefully be given at 
this stage 1s 
., Dy D^, Dl, y. 


Thus, if у = 2, 
6 
р-у= =, 
71 x 
-9 HR 
Dd = 76 = az 
ete. 


These integral functions are, however, not so definite as the 
differential coefficients are, for not only is 52° an integral of 22, 
but so also 15 47°+a, where а 15 any constant. For, if we 
take D(1ix9-ra), the result is 2, since Da = 0; 

^. р-а?) = i29 +a. 

Similarly, D ?(2?) = „х7 +ax + b, 
and . D *(25) = „+»8 + ax? + bx + с, 

(where a, b, c are in each case any constants, not necessarily 
the same in each case. They are called arbitrary constants.) 

These results can be verified at once by taking respectively 
the second and the third differential coefficients of these two 
functions 

It will be seen that the first integral of a function may 
contain one arbitrary constant, the second may contain two, 
and so on. ‘These integrals are called the general integrals of 
15, and the particular cases in which special values are given 
to a, b, c, ... are called particular integrals, апа in especial the 
integrals in which a, 5, c, ... are all zero, may be called the 
principal integrals. Thus 4142? is the principal third integral 
of 22. The remaining part, viz, az? += + c, may be called the 
complementary part of the third integral. It may be written 
as D~3(0), for if it be differentiated 3 times, the result =0 ; 


^ D(a?) = 33,2? + D (0). 
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121. To find a general formula for D*(x"). The results in- 
dicated in the above example may be easily extended into 


a general formula for D'(z") where n 15 a positive integer, 
and r is either positive or negative. 
For, if y-2z; 


(P b E 05 P S9 G6 $9 OD B B O BO BO àbÓ 5 в и н 


This 18 worked on the supposition that 7 1s a positive 
integer, but it holds equally well if 7 18 a negative integer, as 


will be seen at once by taking particular cases. 
Thus, fr -1, 


This only means that D 


Again, к i 
(n+ 2) (n 4- 1) 
N+2 
| — д) "TE 
which means that у= (n 4- 2) (n 4- 1)! the truth of which 1s 


evident on actually differentiating twice. 
Of course these are only the principal integrals. Тһе 
general formula 1s 


D = [n 2"" + D'(0) 


n-—T 


where D'(0) =0 if r is a positive integer, but if r is negative, 
= — 5 suppose, 


D’(0) =р- (0) =ar} 4 bat-? +... + a constant, 


as can be easily verified by seeing that D'(aa*^! -bz*7*...) 20 
(see Ex. 6, p. 125). 
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NOTE.—W hen 7 is а positive integer, the formula presents 
no difficulty if r is less than т, but when 7 is equal to or 
greater than n, the denominator |n—r requires special inter- 
pretation, as when r=n, n+1, 4-2... this factorial becomes 
|0, |-1, |-2,... Now we know that D'"z'—|n, hence оп 
comparing this — result with that given by the formula, 
we see that we must put |0-1. АП the differential co- 
efficients beyond the ^" are zero, hence we must put 
|-1—5,|-2-o, if the formula is to give the correct result. 

— Of course we cannot attach a direct meaning to any of these 
quantities |0, [- 1, .. . All we can do is to treat them as 
algebraic extensions of the factorial series, and make them 
obey the formal laws of factorials, which are (1) that |1 = 1, 
апа (2) that |n nn — . 


This will give us |1 = 1410, .10-1; 


and (0—0|- 1, "^ |-І-о. 
Also |-І--П-2,..|-2-о 


and so on, which exactly agree with the values required above. 
Armed with these results we may affirm generally that 


(а г) = т ES 


for all integer values of r, whether positive or negative, 
provided n is a positive integer. 


It is possible so to define |n that the same formula will hold 


when n is а negative integer, or even when n 1s fractional, 
but it 18 easy to establish а more convenient formula for the 
former case, and the latter 1s too difficult to be attempted 
here. The student should, however, realize that generaliza- 
tions of formulae to cover all possible cases are of great 
mathematical interest, and are continually suggesting them- 
selves for contemplation. Indeed, mathematicians have in- 
vestigated the case when 7 is fractional, though we can 
certainly get no simple idea of what is meant by fractional 
differentiation. 
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122. To find a general formula for D'(r^") where n is a 
positive integer. 
Let y-2"; 


lhis formula also holds good for integrations. For it gives 


|-2 1 


1 
--1 [€ —! [o & —H— = > MEME oo a i ees 


which is evidently а function whose differential coefficient 1s z^". 
The complete integral 1s 


1 
"азу Қ0), 
where 0” 1(0) denotes a constant. 
Similarly 
-3 1 -8-1 ( - 1) -4 
D (=) ==: q^-: + D (0). 


This formula holds up to s=n – 1 inclusive, but fails to take 
us back any further, that 1s, 1t holds until we reach a multiple 
of z71; but it will not give us the integral of this function, 
which (as we know from Art. 63) is logz, and cannot be 
included in the above series. 

In fact, the series of integrals and differential coefficients of 
x" and of z^" when n is a positive integer are two distinct 


serles with an impassable gap between them. Thus, taking 
n = 2, we have 


D ef gx 
oy 60° 19: 3° |221, 22, 2, 0, 
апа 
lez -Ї |1| 22 & 24 
.... 5 4 a” 2 9 v3! А? y»? 


L.D.C. I 
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The integrals of log x will never lead us to the first series, 
neither will the differential coefficients of the first series lead 
to the second series. 

If, however, n is fractional, there is one continuous series 
from one end of the infinite range to the other, and there 1s 
no discontinuity. 


Thus, Da? = 1273, 


and the integrals of x give an infinite series of positive 
powers, while its differential coefficients give an infinite series 
of negative powers. 


123. To find ТУ log x, when r is a positive integer. 


If y = log 2, 
Dy —z^, 
D^y- - 1.474, 


e 6 9 9) EE DE EE S P 9 9? B e Ó 9 8 9? 5» 9 BÉ 


and D'y-(-ly"|r-1z7*; 
; —l1y-! Y 
2.6. р” ogs- CD E 


The integrals are not obtainable by this formula. One 
method of finding them will be given in the following articles. 
For the usual methods, a book on the integral calculus should 
be consulted. 


124. To find the integral of log a. 


We can form the series of integrals of logx by making use 
of the identity 


loge="—* when h=0. (Art. 62.) 
Thus, to find D^!log z. 
If МЕК Же 


h 
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= z(log x – 1) in the limit when ^ = 0. 


This 1s the first integral of 100,2. 

The second integral will be D^!(zlog x) — D^!z. 

lhe most useful way of finding this will be to establish a 
formula for D^!(z"log г), and then apply it to the case when 
n=l, ав we shall want the formula for several values of n 
before we succeed in obtaining the whole series. 


125. То find the integral of 27 log x, and the successwe integrals 


x —] 
h 


for logz, we have 


'., putting h=0, 


vnl 1 
D^!(2^ ова) == (log2- =). 


We can now find the whole series of integrals of logz. We 
have proved that 


D'llgz-zlogz-2z; 
D-?log z =D-}(z log z) - D7 Ix 


2 
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1 z? 1 
e --5 — = 
^. DŻ log x= 7 2 (ов 2 — 3)- za + j 


MN х — Е 1 3) 
“12398 кеі "573 


Proceeding in this way, we find 


EXAMPLES. 


1, Write down four of the successive differential coefficients, and 
four of the successive integrals, of 
(1) 23-32? 2x - 1. 
2 ] 
(2) Tat 
l 
(3) (х + а) | 
(4) 7. | 


, and also . 


2. Find a formula for the n*^ differential coefficient of B 


for the nt? differential coefficient of — 
9. Find a formula for the nth Silt coefficient, and for the | | 
nth integral, of (1) Vx; (2) M К 
4. From the identity [n —n|n - 1, ud Б 


\-т+|-1=— -- 


when 7n is а positive integer. 
(Note that the factorials of negative integers are infinite, but this 
formula shows that the ratio between two of them is finite.) 


©. Deduce the formula for D" (х-") from the formula 


me com В 
“Шаш. -- 9.7 


Dr а“ gn к 
ТЕГ 
6. Can you assign а meaning ог a value to In when n is fractionalt 


Assuming it to have a meaning, deduce from the general formula for 
Р” (2") the fourth differential coefficient of ,/т. 
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7. Find the rtt differential coefficient, and the r*^ integral, of 


Fame 
8. Find by successive differentiation the rt» differential coefficient 
of x” log т, and show that, if r is less than n, it can be put in the form 


rum xr- пов CIE (а-)) 


if (s. 1s used to denote PENET oe. 
n 2 9 n 


9. Write down the n'^ differential coefficient of 2" log x. 


10. Form the successive integrals of z^log x, and show that 


saaa 1 4 Ө еа 
р-" (x gx) р" log х +0 | –о a 


which is of the same form as that of D” (x” log x), with the sign of r 
changed. 


In 
11. Show that the limiting value of (5 % =-[n), when h=0, is 


2) 


12. Find the value of D”(x” log x) by using the algebraic expression 


—] 
т when л = 0). 


for log x, viz. log x= 


126. General formulae for the successive differential co- 
efficients and integrals of certain other important functions 
can also be obtained; singz, cosx, sin mz, cos mz, €, e" are 
among the simplest. 

Thus, if Y = 810 2, 


° т 
Dy = сова - sin(z-& 5), 
2 


-еесбесвсее еезете *9*9 à 59 55.5442 *9*89* $589 оогоо е 


D'y = sin (2 + =) 


134 DIFFERENTIAL CALCULUS. (СНАР. 1X. 


This gives for the integrals of sin 2, 
D'!sinz-sin (a — 3) +a constant. 


D''sinz—sin (a = F) + 0-0). 


EXAMPLES. 


1. Show that D” cos к=сов( 2+ ), and that 


D-* cos к=соз(а - Є + р- 0). 
2. Show that 
D” sin mz =m” sin( mz z) 
and verify, by differentiation, that 


D^! sin ma =m" sin( ma - z) + D-? (0) 


= — 7 COSME +a, where 4 is any constant. 


3. Show that Ш” соз тх = т” cos (me), and deduce its first in- 
tegral. 


4. Prove that 
(1) D Cse. 
(2) D" eax — (17 e™. 
(8) D-*e?^*—a-*e?* + D-*(0). 


127. To find the successive differential coefficients of tan z. 

The differential coefficients of tan x become very complicated 
unless the work is done in a very systematic manner. 16 is 
not possible to obtain a general formula for the п“ differential 
coefficient. The best way of forming the successive differential 
coefficients seems to be as follows : 


Let у= {ап т; 
Dy —sec*z = 1 +. 


(Тіпв value of Dy will be continually substituted in the 
succeeding work.) 
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DJ = 2y Dy —2y- 23, 
D5y = (2 + 64°) Dy = 2 + 8y? + 6%, 
D*y = (16y + 2433) Dy 
= 16/--40у3-- 2445, 
and so on. 

The work in this way can be done quite rapidly, but each 
stage must be gone through. We cannot write down D"y 
without differentiating n times. It will be noticed that all 
the even orders of differential coefficients have y (1.6. tan 2) as 
а factor, whereas all the odd orders begin with a constant. 

The integral of tan 2 1s log sec z, as can be seen at once by 
d.fferentiation. 


128. To find the successive differential coefficients of sec a. 

The differential coefficients of sec z also become complicated 
unless we work very systematically. We shall be able to 
express them in terms of secx and powers of tanz То 
abbreviate these expressions take 


2-вес2, and у= tan z ; 
г. Dz=sec z tan z = zy, and Dy = sec^z— 1 + y*. 
Hence D^z =z Dy +y Dz 
=2(1 +1?) +72 
=2(1 + 2y*), 

D°z = 2.4y Dy + (1 + 2?) Dz 
-z(4y (1 99) +y(1 + 2y")} 
=2(5y + 659), 

D*z = 2(5 + 18y*) Dy + (5y + 67?) Dz 
=2{(5 + 23y? + 18у) + (by? + 6y*)} 
= 215 + 28у + 24у}, 
etc. 


We cannot obtain а general formula, but we can rapidly 
obtain any differential coefficient by the above method. It 
will be seen that secx is a factor of all the differential co- 
efficients, and tan z 1s а factor of those of odd order. 
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129. To find the т” differential coefficient of 6 sin bz. 

The function e^ sin bz 15 an important function in connection 
with electrical theory. 

We can find a general expression for the 7" differential 
coefficient of this function, which, by putting r= – 1, will give 
us its integral. 


Thus, if y = ё sin bz, 
Dy = e* (a sin bz + b cos bz). 


" 0 
Let о be an auxiliary angle, such that – = tan a, 
а 


a 
COS a = NEF 
. Dy — J/(a? + 0?) e^ sin (bz + a) 
=k e sin (05+ а), where k=,/(a? + 02) 
Similarly, р?у = k? е sin (bx + 2a), 


so that sin a = “азу 


D'y =k е sin (ba + то) 
= (a? + 2 К" sin( ba +7 tan=12) 


This gives, as a MEME case, 


р-!у = Ka ж sin (da — tan-17) 


which is easily verified. 


EXAMPLES. 


1. Write down the rtt differential coefficient of е& sin 3x. 


2. Show that D” e% cos bx =k" e* cos (bz + ra) where k=,/(a?+b?), and 
tan a=b+a. 


3. Find the 7% differential coefficient of e^^* sin bz, and deduce its 
first integral. 


4. Find the 7% differential coefficient of е-% cos bx, and deduce its 
first integral. Verify this last result by differentiation. 


5. Deduce the formulae for D” e^ and D’ e~* by putting b=0 in the 
formulae for D” e=* cos bz. 

6. Deduce the formula for D’sin bz by putting a=0 in either of the 
formulae for D” е^“ віп bz. 
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130. Leibnitz' theorem. 

We have seen how to form the successive differential co- 
efficients of various simple functions, and other examples will 
be found in the next chapter, which is devoted to methods of 
dealing with rational algebraic fractions. We will now establish 
а theorem by means of which the л" differential coefficient of 
the product of two functions of а variable z can be written 
down provided we know the successive differential coefficients 
of the separate factors. This theorem is known as Leibniz 
theorem. 

If w and v are functions of 2, we require to find a formula 
for D"(uv) in terms of u and v and their successive differential 
coefficients. 

Ву Art. 23, 

D (uv) = Du.v + u. Dy, 
and, similarly, 
D?(uv) = (D?u.v + Du.Dv) + (Du.Do + u.D?v) 


= D^u.v + 2Du.Dv + u.D?v. 
Proceeding in the same way, we find successively 
D*?(uv) = D?u.v + 3D?u.D? + 3Du.D*v + u.D?v, 
D*(uv) = D*u.v + 4D?u. Dv + 6D7?u.D?v + 4Du.D?v + u. Do, 
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It will be noticed that the numerical coefficients in the above 
formulae are just the same as those which occur in the ex- 
pansions of the successive powers of а--0 by the binomial 
theorem, viz. : 


1, 1 coefficients of (а + 0), | 
1, 2, 1 (a +b), 
1, 3, 3, 1 7 (a +b), 
l, 4, 6, 4, l 9 (a + 0)“, 


and it will be readily seen that this 1s because the terms are 
formed in a very similar way. Thus 


(a +b) = (a? + ab) + (ab + 0°), 
= @2 + 2ab + 62, 
and (a +b% = (a? + 2a?b + ab?) + (a7) + 2002 + 03) 
= Q? + 9a?b + даф? + 05. 
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This corresponds exactly to the process of finding D?(uv) 
from the second differential coefficient, D (wv), provided we 
work as follows: we have 


D2(uv) = D?u.v + 2Du.Dv + u.D?v ; 


to find D*(uv) we have to differentiate separately both factors 
of each term; we may, therefore, first differentiate each of the 
factors р?и, Du, и, and then each of the remaining factors v, 
Dv, D^», the result being 


D?(uv) = (D?u.v + 2D?u.Dv + Du. D?v) 
+ (D*^u.Do + 2Du.D?v + u.D?v) 
= D*u.v + 9D*?u.Dv + 3Du.D™w + u.D*?v. 


lhe analogy between this process and that of forming the 
cube of a+b from а? + 2ab + b? by multiplying every term first 
by a, and then by 0; and adding, is thus very apparent. 

It will be seen that, in each process, viz., the process. of 
finding the successive differential coefficients of uv, and the 
process of finding the successive powers of a +b, the resulting 
numeri^al coefficients in each expansion are obtained by adding 
together in pairs the numerical coefficients in the preceding 
expansion, and it 1s therefore not surprising that the results 
are the same. 

Hence the л® differential coefficient of uv 18 


n(n— 1 
D"u.o -- nD"-y.Dov +- а D) pr-ty, p? jJ... 


- 1 
+ mn pu D"-?» + nDu.D” w + u.D"v. 


This is Leibnitz’ theorem. 


131. Symbolical representation of Leibnitz theorem. 

If D, be used to denote the process of differentiating u and 
its successive differential coefficients, and D, be used to denote 
the same operation performed on v and its differential co- 
efficients, the differential coefficient of uv may be represented 
by (D, + Dy) uv ; 

for рио will denote Du.v by the hypothesis, 
and D,uv m u. Dv и 
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Similarly, the expression found above for D*(wv), viz.: 
D*u.v + 2Du. Dv + u.D?v, 
may be written in the symbolic form 
(D,* + 2D,D, + D,*) ut, 
which may be condensed into the form 
(D, +D) ww; 
and so on, the general formula being 
D»?uv=(Dı+D2)”uv. 


132. Let us, by way of illustration, find the n™ differential 
coefficient of 274% by means of Leibnitz’ theorem. 


Let guai 
| D"y- D^(c). a nD*71(e) D (a) +P рте) рэа). 


eaten. 2x + ——— Zim E a 


since all the differential кеден of ех are equal to e*, and 0х? = 22, 
D?(z*) =2, and all the remaining differential coefficients of x? are equal 
to 0. 

The result may be, of course, written 


D^"(z?e*) — e*1z? + 2nx + n (n — 1)]. 


The above is an example of the following important theorem which 
results from applying Leibnitz? theorem to a product in which one of 
the factors is e^*. 


133. To prove that 
D»(u.e?x)ze?*(D-ra)Pu. 
it y= U.e™, 


| n(n—1l 
D"y = е", р"и T n.ae”. ЭДЕ? + а te +... 


| , n(n — 1) 


n—2 
(n Dicas, 


== “(т + a.m D^ lu + а. 


=e"(D+a)"u. 
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Thus, in the above example, 
D"(x*e*) = e*(1 + П)л22 


ғыз (п — 1) 
=e (а ак а 2) 


аео + 20.2: + n(n — 1)}, 
and, more generally, 


D" (22, e?*) = e*(a + D)"x? 
= e(a”, x? 4- na^ 71,92 + Mig an *2) 


= а" -?e9*1a?x* + 2naz 4 n (n — 1)]. 


134. The formula of last article will give us the successive 
integrals of x'e by putting n successively equal to — 1, — 2, etc. 


Thus D-!(z?e*) = e*(1 + D)*!z? 

—e*(1- D+ D*- ...)x?, by the binomial theorem, 
= €*(x* — 2x +2), 

D-*(z?e*) = D - e*(z? - 2x -2)] 
=е%1+ р)- (22 - 2x7 +2) 
=e*(1- D+ D?-...)(x?- 2x +42) 
= e74(a? — 2x + 2) — (2x - 2) + 2] 
— e*(zx? — 4x +6), 

or, more rapidly, 

D - (ае) = e*(14- D) 2x? 
—e*(1—- 2D - 3D?- ...)a* 
= e*(x? — 9.2x + 3.2) 
= e*(x* — 4x + 6). 


The student can verify these results by successive differen- 
tiations, starting with e'(z* — 4z + 6), so obtaining the series 


y = e*(x* - 45 +6), 

Dy = e*(x2 — Ax +6 +2 — 4) = e*(x? — 2x + 2), 
D*y = e*(x? — 2a +2 + 2х - 2) = e. x?, 

D*?y = e*(z? + 2x) = e*(x*? + 2х) 
Diy-e(x*--9r-F9x429) =е(а? +45 +9), 
D5y = e*(x? + 4x -9 +90 4- 4) = e*(x2 +65 + 6), 
рву = e*(x? + 6x + 6+ 2x +6) — e*(x? + 8x +12), 

etc., 
using the formula De*f(x) =е5(1 + Р) (х) each time. 
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By using the formula D"e'f(x)—-e(l-D)"f(r) the student 
may also verify the last result as being the | 


6th differential coefficient of e'(2? — 4z + 6), 


or the 5th " с (а? — 224 2), 
.. Ath | Єл, 
etc., etc. 


He will find the time well spent in using the above formula 
backwards and forwards for different values of л until he 1s 
certain of being able to use it without error. Тһе formula is 
very valuable in connection with the solution of certain classes 
of differential equations. 


135. Successive differential coefficients connected by a 
differential equation. 

In some cases where we cannot actually find а formula for 
the n" differential coefficient of а function, we may be able 
to establish а relation between its successive differential co- 
efficients which may often be of service. 


Thus, if y — tan 2, 
Пу-1-), 
--1--7.7. 


We сап write down the result of differentiating this n times, 
using Leibnitz theorem for the n differential coefficient of 
the product y.y. Thus 


D^*!y = D”yy = (D; + D3)” YY 


= yD"y + nDyD"-ly + : im D ғу ре? 2 des 


— | 
4- d 2 ) py D^y + n D"^7!y.Dy + D"y.y, 


the latter half of the series being a repetition of the first half, 
but 1n reverse order. 

It may be interesting to take special cases, writing y, 7. 
instead of DY, D*y, ..., for brevity. 
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Thus у= Ууу + УУ = 2001, 
Уз = YY + 2012 + Yoy = 2 (00 + Wy"), 
y, = 2(yys + Зууу), | 
Js = 2 (YY, 4395 + 05), 
etc. 


We shall find these series useful in connection with the 
expansion of tan z in powers of z (Chapter XI.). 

The differential coefficients of seex can be connected with 
each other and with those of tan z 1n a similar manner. 


Let 2—secx and у--бап 2, 
then 2, = tan вес х = 02. 
Hence, by Leibnitz’ theorem, 
ent = Yn? + Лу, 121 +... + 2,1 + y2,. 


In these two examples all the differential coefficients up to 
the п are required in the expression for the n + 1“ differential 
coefficient, but in the case of many functions a much simpler 


relation can be found. 
Thus, if y = sinl, 
1 ° 
n= 0-3) 
^. (l-2*)y,%=1. 
Differentiating this, we obtain 
2(1 — 47) уу – 201 = 0, 
46, (1—х°)у„=у,. 

Hence, applying Leibnitz’ theorem to both sides, we obtain 


(122) Yuga = (п + 1) ту, + y, 


This series will also be referred to again in Chapter XI. 
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EXAMPLES. 
1. Prove by actual differentiation of the identity 
D^(uv) = D"u.v + п)" и. Dv кт D pactu, D?v 4- ... 


that D"t*t!(uvy) 2 D"**!y.o + (n + 1) D*u. Dv + nt npa “ly, Dw  .... 


[Моте. —Тһе proof of this will establish the fact that if Leibnitz’ 
theorem holds for т differentiations it will hold for n + l differentiations, 
and therefore universally.] 


2. Find the ntt differential coefficient of xlogx; also of 22109 x. 
o. Find the 3% integral of zlogx. [Use the formula 
(р, + D,)~*(x log x) =(D,~3- 3D,D,~*4) x log x, etc.] 

4, If у=е-24(22 – 3+4), find D?y and D^?y. Verify by deducing 
D°y directly from the expression found for Ю -3у, and vice versa. 

9. If y=2*sin 2x, find D*y and р -3у. 

6. If y =віп (20 зіп -12), prove that (1 – 2?) Y,- xy, +m?y=0. 

7. Find the result of differentiating the above differential equation 
n times. 

8. If y=e*(Asinbxz+Bcos bz), prove that 

ya - 2ау + (a^ b^)y =0. 

9, If y—e?*7'7, prove that (1 ~ 22) у,= xy, + а?у, and find the result 
of differentiating this relation n times. 

10. If y—tanz, prove that 


т\ n(n - 1) | | 
Ул COS 2 + пу COS (2+3) T 12 Yn- COS (а ) Жама 


"E { 7) 
= sin е9 
ll. If у-вест, show that the same expression as in No. 10, viz. 
Ул соз x + ete., 1s equal to zero. 


12. Obtain similar formule in the case of (1) y = cot x, (2) y=cosec x. 


CHAPTER X. 


SUCCESSIVE DIFFERENTIATION—Continued. 
RATIONAL FRACTIONS—PARTIAL FRACTIONS. 


136. Rational Algebraic Fractions. Proper Fractions. 
In the preceding chapter it has been shown how to find the 
successive differential coefficients, and the integrals, of certain 
simple functions. Another very important class of functions, 
which are called Rational Algebraic Fractions, will be treated 
in the present chapter. The simplest form of such fraction 


15 


E A where the numerator is a constant and the denomina- 
a 
tor 18 an algebraic function of ж of the first degree. 

In general a rational algebraic fraction 18 a fraction whose 
numerator and denominator are rational algebraic functions 
of x (or some other variable), t.e. are expressions all of whose 
terms are multiples of integer powers of z. 

2 
3. 942 _ "sl 
Thus 2 972--32-1 17, 


4 
T Ur. and 2, are all 
(z — 1)(22+2+ 1) 225 — d 


and 


r+] 


examples of rational fractions. The last 1s a complex fraction, 
but any complex rational fraction can easily be reduced toa 
non-complex form; also any rational fraction can be reduced 
to its lowest terms by cancelling common factors between the 
numerator and denominator. Moreover, if the degree of 
the numerator 18 as high as, or higher than that of the 
denominator, the fraction can be expressed in the form of a 
Quotient +a Remainder whose numerator is of lower degree 
than the denominator, just as an arithmetical improper 
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fraction can be reduced to the sum of a whole number and 
a proper fraction. In the greater part of what follows we 
will suppose that this has been done, so that the fractions 
we shall deal with will be in their lowest terms, and will have 
their numerators of lower degree than their denominators. 
Such fractions will be called Proper Fractions. 


Example. Reduce each of the above three fractions to the form of 
quotient + proper fraction. 


137. Simple Fractions. The simplest form of proper 
fraction is one in which the denominator is of the first 
degree. Thus 


| isa simple fraction. 
| ах + b 

It 1s easy to write down the «^^ differential coefficient of 
such а fraction. For, let 


= (az 4-5); 
. Dy 2 — l.(az 4-5) ?D(aaz +b) 
= —a(az-4- b) *. 
Similarly, D?y = ( - @)( — 2a) (az + b)-3, 


- (- a) - 2a)... (- na) (az +b)" 


(-a)"|n 


“ery 


The first integral of = ; 15 - log (ах + b), as can easily be 


verified by differentiating log (az + 5). 


Next іп order of simplicity come such fractions as (СЕЗ) 
1 | - | | 
(az +b) ... Lhe differentiation and integration of these 


present no new difficulties. The numerators need not be 
unity ; all that 1s needful is that they shall be constants. 

Other fractions which present more difficulty, but which 
must be considered as simple fractions, are 


Ах + В Ах + В 
(+a +o? {(e+a)? +02) 
L.D.C. K 
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the peculiarity of these fractions being that the quadratic 
expressions in the denominators are irreducible, 1.6. cannot 
be factorized into real factors, and that the numerators are of 
the first degree. 1% will be found that all proper fractions 
can be expressed as the sum of such simple fractions as are 
indicated in this article. 


| EXAMPLES. 
1. Find the ntt differential coefficients, and the first integrals of 


КӨК е 1 _ 
(ах 4-5)" (b— ax) 
0, Write down the first integrals of 
PNE NEM MEN. DE 
2xy—-43' (2-3)9' 92-5л” (2- 5x) 
3. State which of the following fractions are simple fractions : 


3 3 3 
2+0 224-92-17 224949 


+8 . 1 2 
4, Show that ISSIT can be put into the form (2+1)" (GxrlY 
Б 2+2 x4+4 


А (а) 
[Divide the numerator by х? +4; it will be found that the quotient is 
z -- 2 and that the remainder is – x- 4. | 


138. Partial Fractions. То succeed in obtaining 

n" differential coefficient or the integral of a proper frac 
which is not one of the simple fractions indicated in Art, 1 
the fraction must, in general, be broken up into the sum 
difference of simple fractions whose denominators will be the 
several factors of the given denominator. This process is 
the opposite of the process of adding together а number 
of simple fractions into one fraction, and like most reverse 
operations it 1s not so easy as the direct process. The 
greater part of this chapter will be devoted to explaining 
methods of doing this work. For purposes of integration 
such breaking up into partial Jractions 18 essential, 

is important that the student should acquire some 

in the work. The idea 18 simple enough, but the 
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are in some cases troublesome. The various methods of 
saving labour in the work will be explained by means 
of examples. We will start with one simple example and 
then explain the general theory. 


Example. Find the integral, and the ntt differential coefficient, of 
9 
22-4 


The given fraction can be expressed in the form 


3 l Е 1 | 
4\a-2 x+?’ 
. its first integral is 
# Пор (x 2) - log (x + 2)}, 


and its n differential coefficient 
3, 1 1 
“7-1 сая реро. 
We proceed to consider the various cases which may arise 
in the treatment of any proper fraction. 
If the denominator is of the first degree, the fraction 18 
already in its simplest form ; e.g. 
1 9 
2-3” 32-477 


If the denominator is of degree higher than the first, it 
can, in general, be broken up into factors. Several cases will 
arise, according to whether the denominator can be wholly 
broken up into real factors of the first degree or not, and 
whether any of its factors are repeated or not. For example, 
the denominators (x — 1)(x — 2)(z + 3), (x — 2) (z + 3), a? -- x 4 1, 
(22 4- + 1)? are all of essentially distinct forms, and will require 
somewhat different treatment. 


139, Unrepeated linear factors in the denominator. Тһе 
first case which presents itself 1s that of a fraction whose 
denominator can be entirely broken up into real factors of the 
first degree, all different. We have to show how to find the 
simple fractions whose sum will be equal to the given fraction. 
Their denominators must, of course, be the several factors of 
the given denominator: the problem 15 how to find their 
numerators. The best way of showing the various methods 
of doing this will be by means of an example. 
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22? — 9 
(2- 1)(@- 2) (@ +8) 
can be made up of the sum of 


A " B М C 
r—-1 z-2 4-37 


Thus 


where A, B, C are constants whose values have to be such 
that when the three simple fractions are added together, the 
numerator shall be 22? — 3. 

Now, if the fractions are added together, the resulting 
numerator 18 


A(z - 2)(a+3)+ B(x - Y)(z-- 3) - C(z- 1)(z- 2) 
— (A - BF C)z? + (A --2B – 3C)x - (6A + ЗВ - 2C). 


If this 18 to become 22? — 3, we must have 


© 
| 
Юэ 


А+ В+С= 2 
А-2В-3С-0р .. А=1, В=1, 
6A + 3В – 2023 

972 — 8 -GH 1 
_ (x - D) (z- 2)(z43) 4 D" 


Therefore its n differential coefficient 


-_ 1 | 4 3 | 
74 (ау (оу (er3y9p 


and its integral 1s 
+ log (z - 1) + 4 log (z 2) + 3 log (z -3)], 


as can be at once verified by differentiation. 

It will be seen by careful study of the above example that 
while there will always be as many constants as there are 
simple fractions, so that the number of constants 18 equal 
to the degree of the original denominator, the degree of the 
resulting numerator when the fractions are added together 
will be one less than the degree of the denominator. Con- 
sequently the number of constants is just sufficient to 
satisfy all the conditions required to make this numerator 
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identical with the given numerator. Thus in the above 
example there were three constants and three conditions to 
be satisfied. 

The method adopted above for finding the values of the 
constants 1s easy to understand, but it is not usually the 
simplest method to use practically. A better way in practice 


will be now shown. We had, on comparing numerators, to 
make 


A(z—2)(z-3)-B(z-1)(z-3)-C(x-1)(z-2) = 222 – 3 


hono) P————————— (N) 


Now, if the two sides of (N) are identically equal they will 
be equal whatever value we please to give to x. 16 1s easy to 
choose special values of z which will enable us to determine 


A, B, C separately instead of by solving three simultaneous 
equations. Thus if z=1, the multipliers of B and C will be 
zero, and we are left with -4A= — l, whence А = 4. 


And if 1-52, же find that 5B=5;  .. В-і!. 
Finally, if z= ~ 3, we find that 20C=15; .". C=. 


We ought to venfy the results we have obtained, either 
by giving another value to 2, as for example x20, or by 
comparing the coefficients of the different powers of z on each 
side of (N). If these agree our work is right. 

Another mode of finding the constants will be found inter- 
esting and may be used when desired instead of either of the 
above methods. 


Let us consider one factor of the denominator at a time. 


Suppose the given fraction 1s ———-—— — f) and that 16 is broken 


(2-а) а) a)d(z) 


up into the simple fraction +a number of others whose 


р — a 


sum will be of the form Е 


ф(г) 
Ж) А 
m (2 — ajola) | 2-а TL 


and, comparing numerators, we have the identity 


f(z) = A$(z) 4-u(x—a) ....................(№) 
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In this identity put 2 =а, and we find 


у= А.ф(а); 
_ F(a) 
“жау 
and therefore the partial fraction 
А f(a) 


2-а (r-a)$(a) 
1.6. the partial fraction corresponding to 2-а 1s obtainable 
immediately from the original fraction by the simple plan of 
putting z=a in every part of the fraction except the factor 
-а. We will however, deduce another formula for A which 
is sometimes slightly more convenient. Let the original 
denominator be F(z), so that 


F(x) = (c — a) $ (ш). 


Hence F'(z) = p(x) + (z — а)Ф (а). 
Now put z=a in this identity, and we obtain 
F(a) = ф(а). 
Hence A= s | 
Applying this to the given example, viz. 
2x?—3 


(x-1)(z-2)(x-3) 
the values of а corresponding to each of the three simple fractions into 
which it can be split are 1, 2, — 3 respectively. 
Also (()-922-3; ^A f(1)2-1, /(9)-5, f(-3)=15, 
and F(z)-23-— 72x46 (as seen by multiplying out) ; 
Қ, RF(z)23277-7; and Е(1) = - 4, F’(2)=5, F'( -3)-20; 
. A=, B- 1, C=? as before. 


NOTE.—lt must be remembered that the above method has 
been established on the supposition that the simple factors 
of F(z) are not repeated. If a factor is repeated, the method 
will fail in the case of that factor, but will still be applicable 
to such of the factors as are not repeated. 

The method 18 valid whether the given fraction 1s proper or 
improper, but it must be remembered that in the latter case 
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there 1s à quotient in addition to the sum of the simple 
fractions. 


140. Repeated linear factors in the denominator.— We will 
now consider the case of a repeated factor in the denominator. 


lake first "m 
3 
This can evidently be broken up into 
2 3 4 
д 2228 
Similarly, if we have 
22? — 3x + 4 
(2—1)% © 
we may break 1t up into 
A B C 


z-1 TG Т G-I 


where A, B, C are constants to be determined. 

Adding the fractions together, and equating the numerator 

so obtained to the given numerator, we have 
A(x- 1)2--В(2-1)--С-222-32--4 
TOMS, ik —————— (N) 

The constants A, B, C are just sufficient in number to enable 
us to satisfy all the necessary conditions. Several ways of 
finding the values of A, B, C may be adopted. Thus we may 
equate the coefficients of the different powers of 7, obtaining 
three simultaneous equations. The solution by this method 1s 
left to the student. 

Or, we may try the effect of putting z=1 in the above 
identity. This gives us C= 3. 

We may now, if we like, transfer C to the other side, and 
divide both sides by z - 1. 

This gives us А(2- 1)-В-292-1 identically ; whence, by 
putting 7-1, we find B=1; and, equating the coefficients of 
z on the two sides, we obtain A — 2. 

Or, again, having found C=3, we may differentiate both 
sides of (N), obtaining 

2А (2-1) +В=42-3; 
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whence, by putting 7-1, we find B=1, and lastly А--2 as 
before. 
Another method may be shown by which all the constants 


can be determined simply. 
Thus, taking the same fraction 


2x? — дж + 4 
(2-1) | 
Jet z-1-2y; 
then 22? — 8 4-4 —2(y - 1? — 3(y - 1) +4 
=2у^+у+9; 
: the байыш E CETT A. 


which becomes, on replacing y by its equivalent z — 1, 
2 * ] i 3 
2-1 (x-1) (2-1)% 


This method is very powerful even in cases where the de- 
nominator has other factors besides the repeated factor. ‘Thus, 


consider the fraction 


3x9 — 52? + 4 5494 943 

(z — 1) (2? +1) +4 

Putting 2- 1 =y, the fraction reduces to 3+4- 1+2 
343 + 4y? — 4 4-2 
V + 2y +2) 


If now we divide the numerator by 2+2y+y? so as to 
obtain the quotient in ascending powers of y, till the remainder 


is divisible by 4, we shall have completely determined the 
partial fractions required, 


, 242y + у? 
viz l 3,9. z + 3y -3y +3y?+3y° 
y 20 y y +2y+2 -3y -3y - à? 

3 _ бу? + $y? 
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№ъ№оте.— Тһе last of the partial fractions has a quadratic 
denominator which cannot be split into real factors. We shall 
consider this kind of fraction more particularly in Article 142. 
Meanwhile all that 1s necessary to observe 1s that it 1s a proper 
fraction with a first degree numerator, its denominator being 
of the second degree and irreducible. It belongs therefore 
to the class of simple fractions (see Art. 137). 


141. Method of procedure in the case of improper fractions. 
If the fraction is an improper fraction, t.e. has a numerator of 
degree equal to or greater than that of the denominator, it 
must be put in the form of Quotient + Remainder, as stated at 
the beginning of the chapter. This work can often be con- 
veniently performed without actual division in the following 
manner. 

Let the fraction be 22-92 + zt 2 


- 8324 2 


Тһе quotient will evidently be of the first degree; call it 
therefore Ах + В, where А and B are constants to be deter- 
mined. Тһе remainder will be а proper fraction, and 18 

C D 
required in the form ——. + ——.. 

1 z-l'z – 9 


dandi 


We therefore assume the 
D 

given fraction to be equal to Az + B+ +7. 

The identical relation from which М B, C, and D аге to be 

determined is obtained by adding the assumed equivalent 

expressions into one fraction and identifying its numerator 


with the given numerator. Тһе relation 1s, therefore, 
(Az-- B)(z - 1)(z - 2) - C(z - 2) 4+ D(x — 1) 


= 34 — 502 +754 2. ......... (№) 
By comparing the coefficients of 23, we see that А = 3. 
н " |. $€, » В-ЗА= – 5, ". В= 4. 
By putting 2-1, ,, С-- 
ж биш j D — 20. 


* It was obvious in the first instance that the first term of the quotient 
must be 3x, since it is obtained by dividing За? by 22, We might, 
therefore, have assumed the quotient to be 3x + B instead of Ax + B. 


| | 7 20 
. the given fraction = 3z + 4 үгә 
Alternative method. Make the left-hand side of (N) divisible 
by z — 2 by subtracting D from both sides, and determine the 
value of D from the principle that z - 2 must exactly divide 
the right-hand side also, since both sides are identically equal. 
This condition will give us D--20, and the result of the 
division will leave us with the new identity 


(А2 + В) (2-1) +С+ 20 = 322 4-249; 
. (А2+В) (2-1) = 322 +2 - (114 C). 
Now divide by x – 1, and we find C= - 7, and 
Ax +В=42+4. 


Тһе student might practise this division method by adding 
C to both sides of (N) and dividing through by 2-1. 

These various methods have been given to show that there 
are almost innumerable methods of working, all depending on 
the fact that we are dealing with an 1dentity, and that what- 
ever 18 true of one side of an identity 1s necessarily true of the 
other. 


EXAMPLES. 


Reduce the following expressions to a series of partial fractions, and 
write down their first integrals where possible : 


"а7-л-6 "а2-:-9 
x?—9 5x+3 
J. (х--9)(ж--1)2 4. 13-9. 
5 (b — c)(c-a)(a— b). 6 422 | 
_ (% - a)(x —b)(x— с) ' (22 – 3) 
T. MAS | Assume the fraction — =+ Ва С LA +343 
8 За? – 5x +2 9 9л2-3л-Һ4 
"(е-9)(е- 3)? ' (z-1y(z--2) 
10 4r-5 —— 423 — 8x 4-2 12 13 
' (x—-2)(x^ +243) ' (zx — 2)3(x2 + 8a +2) б (2? +1) (2x43) 
1.2 .. _G, (1 С, m Cn 
13. Show that a (x 4-1) .. M 7x ик а+1 U (Cn 1) LHN 


where C, = number of combinations of n things taken r together. 
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142. Irreducible quadratic factors in the denominator. In 
the previous investigations, methods have been given for facili- 
tating the work of replacing a fraction by a series of equivalent 
simple fractions when the denominator of the given fraction 
can be split into factors of the form (x—a). The simple 
fractions corresponding to each such factor are of the form 


In addition to this we have seen how in some cases to 

· proceed when one of the factors of the denominator was of the 
second degree, and was not able to be split into two real first 
degree factors. The general type of such a quadratic factor 1s 
(x+a)*+6*. In such cases the corresponding partial fraction 


has a numerator of the form Az +B. (See Art. 137, and the 


last example of Art. 140, where one of the partial fractions was 
5-93 
д? + 1 
incidentally as it were, in the process of finding the other 
partial fractions. It is not always possible to proceed in that 
way, however, and it 15 desirable to consider other methods 
of finding the numerators in such cases. These methods we 
shall show by taking special examples. 

or^ — r+ 1 
(х? 4- 1) (z* +4) 
This сап be broken up into two fractions of the form 


"mM 

1251 HE 
where the four constants A, B, C and D, are to be found by 
adding the assumed fractions together, and identifying the 


numerator so obtained with the numerator of the given 
„fraction. The identity required is thus 


(Az + B) (x? + 4) + (Cz + D) (22 + 1) = *3x2 — 5 4- 1... (N). 


) In the case referred to, the numerator was found 


lake for example the fraction 


* This useful symbol is often used to signify an identity, 7.6. ап 
equation in which the two sides are to be equal absolutely, whatever 
value z may have. We might have used it in the previous articles. 
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Method of equating coefficients. The fundamental method of 
finding the constants 1s to equate the coefficients of the different 
powers of т on each side of (N). Thus 


Coefficient of 23... ......... A +С = 0. 

" ; rs B+D=3. 

- некен ы 4А + С= —9. 
Constant term | ......... .,4B -Dz I. 


These four equations are just sufficient to determine the 
constants. On solving them, we find 

5 2 5 11 

p 2-7-3 Оер 9-% 

We may, however, just as in the previous articles, adopt 
other methods of finding the values of these constants, all 
depending on the above identical equation between the 
numerator of the given fraction and 1ts assumed equivalent, 


which we have denoted by (N). 


Method of forced division. If 3(Oz--D) is added to the 
left-hand side of (N), it will become divisible by 2? + 4, the 
quotient being Az-r B-FCz--D; and if the same quantity 1s 
added to the right-hand side to preserve the identity, it must 
also be divisible by z?-- 4. Тһе modified identity 1s 


(Az +В + Czr--D)(z? + 4) = 32? — 5x 4-1 4-3(Cz - D) 
= 377 + (3C - 5)x + (3D + 1). 
Now, since the right-hand side must be a multiple of 2? + 4, 


and its first term is 322, it must obviously be З (xf + 4), ae. 
32? + 12, hence 


90-52 0 

9D +1 = 12 

and, on performing the division, we have the identity 
At+B+Cxr+D=3; 


7. A+C=0 5 2 
B+D=3 3 89 


This method has taken some time to explain, but it 18 very 


M A == 
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rapid in practice, and it 1s well worth a little trouble to get 
used to it. 

lhe student might, by way of exercise, make the original 
identity (N) divisible by 22-1, instead of by 22-4, by 
subtracting 3(Ал--В) from both sides.* 


Method of substitution. If їп (№) we put 22- – 1 (which, it 
must be noted, makes 2 imaginary), we shall be able to find A 
and B without being hampered with C and D, since the 
coefficient of Cz +D will be equal to zero. Similarly if we put 
z? = —4, we can find C and D. (The fact that these substitu- 
tions make x imaginary 1s of great importance, as it enables us 
to find two coefficients at the same time.) 

First, to find A and B. Since 22 = - 1, (N) becomes 


З(А2+ В) = – 55 – 2 


5 2 
S. Ах +В = 732—3: 
Since 2 is imaginary, we must therefore һауе A= -2 апа В 
2 
== 73 


Secondly, putting z?— — 4, (N) becomes 
-9(Cz--D)— — 52-11; 


5 11 5 11 

Ra С2-П-аш--а, ыз С= 5, апа р= =. 

Note.—In using this method, it is unnecessary to substitute 

for 2 its imaginary value; we keep the symbol 2, merely 

remembering that it ?s imaginary, but we substitute for 2’ 

wherever it occurs. The fact that 218 imaginary makes the 
resulting equation an identity, so that we might write 


А2--В--2(б52--2), апа Сх+р= 1(52+11). 


* It is not necessary to make the two sides exactly divisible: we 
may divide both sides of (М) as it stands by either 22--4 ог x?+1 
and note that the quotients on the two sides must be identically 
equal, and so likewise must the two remainders. Perhaps this is 
the neatest way of performing the operation. 
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The original fraction, viz. 
31° – 5л +1 
(2? + 1) (a? + 4)’ 
18 therefore equal to 


I 92-11 52-2 
3| 22-4. 42-1) 


This is the simplest form to which it can be reduced. 


143. The n differential coefficient of a fraction with a 
quadratic denominator is not simple, and as it is not practically 
of great importance we shall only give it at theend of the chapter, 
to be omitted on first reading if desired. The integral is not 
very simple, but 16 is important. It consists of two parts, and 
depends on the two following formulae which the student 
already knows, or can easily verify by differentiation. 


(1) The integral of - е _ ig log (42 +02). 


2 +a? 
(2) » T — 15 _ tan12 
Thus the integral of = is 9 log (a? + 4). 
3^4-4 9 
T x i 18 2 бап 12. 
” 2 [^ 2106 6 
jj EN is 2tan !z. | 
'. the integral of Шет 
" : a н ы t Ы iani 273 бап 12 


In some of the following examples the integration is less 
simple. but this does not much matter, as it may well be left 
till the student is working at the integral calculus and has 
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learnt how to treat all such fractions; the special object of 
this chapter 1s to show how to split up any given fractions 
into а number of simple fractions which shall be integrable 
by the proper methods. We shall, therefore, not attempt to 
integrate any of the remaining examples 1n the chapter. 


144. Repeated quadratic factor in the denominator. 
925 — 077 + Tz 9 
(x? 4- i 4-1)? 
can be broken up into the sum of fractions of the form 
ага. ете еее. 
2521 (2-2-1)2 (а0+2+1)3° 
for if we add the three assumed fractions together, the numer- 
ator wil be of the fifth degree, and the identification of this 
numerator with the given numerator will lead to just six 
equations among the six constants, from which they can be 
determined. 
The equation of identity between the numerators 1s 
(A, +B) (2? +x - 1)? + (А2 + B,) (2? -- c - 1) + (Az +В.) 
= $23 — О2°+171хж-—9.................5. (N) 
Using the method of equating coefficients we see at once 


that А, =0 and B, —0, since the coefficients of 22 and z* are 
both zero. 


Such а fraction as 


ef= 


Equating coefficients of 2? A, — З. 
L 9) 9 х А, + В, = – 9, 4. В, = — 8, 
2) 93 9, 2 A + B; + A — f, S. A= 12. 
» constant terms B,+B,= – 9, .. B; — 1. 


If the given numerator had contained higher powers of 7, 
this method would have been troublesome. Probably the best 
method then would have been that of forced division, dividing 
both sides of (N) by 2?--z--1l. This we will now do. 

The remainder on the left 1s evidently A;xz-4- B, and that on 
the right will be found to be 12z — 1, the quotient being 3x — 8. 


Hence Ast + B, = 19z — 1, 
and (At + В,) (z? - z + 1)+ (A+ В„) = 3z — 8. 
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А repetition of the same method shows obviously that 
А2 4- B= 3x — 8, 


and А-В =0; 
., the fraction may be replaced by 
37-8 127 — 1 


(x^ +2 + Г? (++ 1)? 


whose numerators are of the first degree only. Тһе sum of 
these fractions is the simplest equivalent to the given fraction. 
The student will learn how to integrate such fractions when he 
comes to work systematically at the integral calculus. 

NoTE.—Tlhe values of A, and В, above could have been 
found by the method of substitution, by putting 


12 = – 5 — 1, 
and, therefore, 9--42-ш-і; 
whence А,--В,-3--5(2-1)--72-9 
= 122— 1. 


This method is really а mere modification of the division 
method, not quite so good, usually, as actual division, for 16 
gives the relation between the remainders only, instead of the 
relation between the remainders together with the relation 
between the quotients, both of which are simultaneously given 
by the division method. However, the method of substitution 
IS interesting, and occasionally it may save trouble. 


145. GeneralSummary. Тһе denominator of every rational 
fraction can be, in theory at any rate, broken up into first degree 
factors, or quadratic factors, or a mixture of the two, such factors 
being repeated or not. This we shall not prove, but take it as 
a known fact. Any proper fraction can, therefore, always be 
replaced by a series of partial fractions of the types already 
considered, and the numerators found by means of one or 
other of the preceding methods. The number of arbitrary 
constants which have to be assumed 15 Іп every case equal to 
the degree of the denominator of the given fraction. 

An improper fraction can be replaced by a quotient+a 
series of simple fractions. 
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The general type of such equivalent quantities may be 
represented as under. 
Let the given fraction be 


Ге) 
(r—ay...((z— by HEF... 
Then it may be replaced by 


А, А, 
Quotient + (=. (s — ay ) T... 
( Bx + C, "m B,z + C, ) 
(- 09-07 ((x-byrecpr 


Тһе various methods of finding the numerators may be 
classified as 

(1) The fundamental method of equating coefficients of the 
different powers of z in the equation of numerators 
which we have called (N). 

(2) lhe method of substituting special values of z in the 
same equation. 

(3) The method of forced division. 

(4) Differentiation of both sides of the equation (N), followed 
by use of any of the other methods. 

(5) The use of a formula in the case of an unrepeated linear 
factor. (See p. 150.) 


EXAMPLES. 
Replace the following fractions by their simplest equivalent partial 


fractions : 


1 3x? +40 -2 о l 
" 244 22-1. "24841 

о 822 + 2 | 4 А 
"24-22-41 "әоза1 

Б a 6 х? – 72 – 
294-97. ' (z—-1)(224-1)* 

7 9x? + 3 g х? — Tx – | 
" (a3—1)* ' (x — 1)(3?24- 19 

За? — 5x3 + Tx -2 . х 4 9 

' («2+х +1)? © 10. (х2 + 4x +8) 


L. D.C. L 
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146. To find the.»*^ differential coefficient of 


S +1 
This сап only be obtained in а manageable form by an 
artifice. | 
Let x=cot 0, and therefore йт = - совес?0 dO, 
whence DO = - gin?0, 


if D 1s used for = , for brevity. 


Using this substitution, we have 


==; = 51120. 
7 2° +1 i 


". Dy = 2 sin 0 cos 0.DO 
= — 51020 sin 20, 
D*y = — 2 (sin 0 cos Ө sin 20 + sin?0 cos 20) DO 
= 2 віп20 sin 30, | 
D?y = 2:3 sin?0(cos 0 sin 30 + sin 0 cos 30) DO. 
= - |3 sin*@ sin 46, 
D"y-(-1) |n sin"*1 0 sin (n + 1)0. 
This is the formula. 
| 1 
. The first integral of 1+2? 


more generally, tan !z + any constant, can be deduced 
the above formula by putting n= — 1, and rem 


we may replace sin (n + 1)0 by (n+ 1)0 in this case. (Art. 32 


We shall obtain D^!y— — 0, the general integral being - 
+a constant, which agrees with the above, since 


which we know is бап” 12, 


7T 
" 


147. To find the nt differential coefficient of 1 2 E 


. + oe 
This can be found by the same substitution, viz. 


х=с0 0, р0= – 80; 
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| € cot Ü 
1--22 соѕес20 — 


Ра = — sin?Ü cos 20; 
D?z = — 2 sin (cos 0 cos 20 — sin 0 sin 20) DO 
— 2 sin?0 cos 30 ; 


whence, if 2 2 sin 20, 


аэавгеететаев г ее гаесезветеге à 9 à вз авФе ев Pb Ó Db B OP € P O OG Po & €" еФ® 6 


and, finally, D"z = ( — 1)" |n sin"*!0 cos (n + 1) 0. 


The above result might also have been deduced from the 
formula for МЕ ) by help of Leibnitz Theorem. 


Ta 


| 1 
For, putting, as before, у- ww and pL we have 


2-2); 
. 2, 29, + NY, 1 
-(- 1)" |n sin"01cos 0 sin(n + 1)0 — sin n6], 
which 1s easily reduced to the previously obtained expression 
( — 1)" [n sin"*!O cos (n + 1)6, 
-since cos Ô sin (n + 1)0 — sin 0 cos(n + 1)0 = sin лб. 
x 


Tz 
tained readily by the artifice of putting n= — 1 in the general 
expression above. 


The integral of Ww is 1 100(1 +2“). This cannot be ob- 


кее can be 


(z^ + 1) 


x | 
ап p. and the successive 
z“ Ч 1 a+] 


148. Various other expressions of the form 


expressed in terms of 


differential coefficients of these functions, and thus expressions 
found for their »*^ differential coefficients and first integrals. 
But other simpler methods of finding the first integrals of all 
such expressions will be given in à book on the integral 
calculus, so that the methods here given are rather interesting 
than important. Two examples are given below by way of 
illustration. 


164 DIFFERENTIAL CALCULUS. [CHAP. X. 


(1) To find the n differential coefficient of — — 


(2° + TESI 
By straightforward differentiation we find, after rearrange- 
ment, n "E: А 1 
42-1 (2+1) z*-1^ 
atime +h) 
(a +1)? 2W?-1  z?-1/ 
, loi, „ы d 
Hence Dire 3" —À зет) 


and, in particular, 


1 1 т 
- ^ Ll E | 
р кү, (tan t+) 
(2) To find the т" differential coefficient of ———, 


We have at once, by differentiation, 


(«+ 1) тӯ 


n i 2249 . 
(22+ 1)2 (2*1) 
Y , 1 


% — n+] , 


EXAMPLES. 
Find the ntt differential coefficient of 
1 x 1 
баран dix ^ асары 
т ox + 4 

' (x-a +b? ба +4 +8 

1 7 912 _ 
' (x? 4a 4-8)" ' (224+ 4248)? 


8. By differentiating | ЕГ? find a formula for the ntt differential 
coefficient of UCIESVI and find its integral. 


149. The following list of most of the more — 
results of this and the preceding chapter may be of use as a 
summary, and be of help to the student in the process of 
revision : 


u D-iu 
ntl 
Lynn 
T n+l 
-1 r-2 
gau constant 
r-l(-]y Е 1 
-p тет Сату 
1 
ор-1-4-..-2 | z(logx—1) logx 
2-57) п (2-5) 
(09 2 
— — COS Z 
| | - ~ sin( mor - 2 
in| mx 5 5 
_ cos mx 
i m 
os (mas - 2) -COS (mz - 2) 
2) 1 2 
_ віп MIL 
т 
1 
2 --о4х 
a 


“sin (bx — ra) 


+ D.) Tuv 


‚+ D)**u 


RECAPITULATION. 


yn 


sin mx 


COS MX 


zesin (bx — а) | e*sinbx 


1 
log (ax + b) 


рап іт 
or —cot ix 


4 log(x*4- 1) 


(D, + D, twv 


e(a + D)*!u 


Du Dru 
nant ы кт 
п-т 
0 0 
n |n tr-l(.1y 


oC qot 
sin (zz) sin(x + ) 
2 2 

= СОЗ“ 

К 7 А ҮТ 
m sin ( ma +2 | mr siu( ma +72 

2 2 

= mM cos NL 


Т TT 
77, COS (mz T z) M” cos (mz + т. 


= – т 810 mxr 
ае (c^ 


kegin(ba+a)  K*e?*sin(bx ra) 


where k=,/(a*+0*) 
and tana=b+a 


a (-a) |r 


— (ax +b)? (aac + уе 
— 2x (-1)" |rsin’+?6sin (г + 1)0 

(22 + 1)* where cot 0—x 
-1-*' — (-1y|rsin" t cos(r4-1)6 
(х? + 1)? 

(D, + Dj) uv (D, + Dj)*uv 

= Du.v+u.Dv 

eta 4- Р) и e?*(a, + Dyu 


CHAPTER ХІ 


TAYLORS AND MACLAURIN'S THEOREMS. 


150. Taylors Theorem. We know that when М is small, 


the formula 
f(a - h) – f (a) — hf (a) 


is approximately true, being true to the first power of Л. 
[See Chap. VI. also Chap. I., in which dz is used instead 


of h, and powers of dz beyond the first are neglected. | 
We desire now to find the complete expression for 


Ха + h) - Ха), 


so as to be able to use it for finite values of h. This complete 
expression will have terms containing A?, ЛЗ, etc. 


Thus (a + А) – а? = h (2a) +01? ; 
апа (а +h) – а = (За?) + (да) + М. 


We will establish а formula which will enable us to deter- 
mine the coefficients of the different powers of Л in every case 
where such a series 15 available, i.e. in the case of all functions 
which obey certain conditions. 


The formula, which is called Taylor’s Theorem for the ex- 
pansion of a function of a+/ in powers of Л, 1s 


f(a--h) -f(a)-hf (a)-- 5f" (a)-1 "(а)+... | 


Тһе student should verify that this formula holds in the 
case of the above two examples, and, before proving it, he 
might make himself familiar with 1t by working the examples 


below. 
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EXAMPLES. 


1. Expand (@+ Л)" in powers of Л by Taylor's Theorem. [It will be 
found that this gives us the Binomial Theorem, which is thus seen to 
be a particular case of Taylor's Theorem. | 


2. If x=a+th, arrange х* – 32° + 72? in powers of h by actual expan- 
sion, and show that the terms follow the law given by Taylor's Theorem. 


3. Expand «4%? in powers of h, and compare the result with the 
expansion of e^ given in Chap. IV. 


4, Expand sin (a + В) in powers of 8, and hence deduce the expansions 
of sin В and cos В in powers of f. 


Б, Expand loge(a+A) in powers of h, and deduce the expansion of 
log, (1- 2). 


6. Expand logsin(x+/) in powers of h as far as the term involving 
À? inclusive. 


151. Mode of obtaining Taylors Theorem. There are 
several instructive ways of obtaining Taylors Theorem. Тһе 
simplest way is to use the method we have before adopted 
to find the expansions of c, sinx, and other simple functions, 
i.e. to assume an expansion in powers of h with unknown 
coefficients, and then proceed to find what those coefficients 
must be. This method presupposes that such expansion 1s 
possible, which, we shall see later, 18 not always the case. 


Assume jf(a-rh)-f(a)- Ah -- АЛ? -- AAP 4- .... ... — (1) 


This, by supposition, 1s an identity, and therefore if we 
differentiate both sides the resulting expression will also be 
an 1dentity. 

Differentiate both sides with regard to Л, keeping a constant. 


2. f'(a t h) dh = (A, + 2A + 3A? +...)dh; 
e Ра ch) = Ау + 2А BAS AA + 000. ...... (2) 


This being an identity, we are again entitled to differentiate 
both sides with regard to Л, obtaining another identity ; and 
so on as many times as we please. We thus find | 


f' (a4 h) "- 1.24, + 2.9 AJ, + 9.4 Ah? + see j зз зан же (9) 
f" (ath) = 1.9.3, + 9.3.4 Ah + 3.4.5А,2+...;.....(4) 
(а 4- В) = 1.2.3.44, + 2.3.4.5А,А +... ; ............... (5) 
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Now, as these are, by supposition, identities, they must hold 
for all values of h. Hence, putting Л=0 in (2), (3), (4), ..., 


we find 
/ (a) = А1; 
f (а) = 1.2А,; 
f (a) =1.2.3A, ; 
f"(a) = 1.2.3.4, ; 


e & à B P5 $ 9 à 5 O? 6 P 5» 9? O å 


These results give us the values of the successive coefficients; 
and inserting these in (1) wearrive at the required formula, viz.: 


f(ath)— f(a) ^ Mf'(a) ауа та f" (0) + oo 


NoTE.—In the above work we have assumed that all the 
differential coefficients of f(a + h) are functions which are finite 
when A — 0 and are continuous throughout the range of values 
of h, as if they are not continuous we cannot differentiate 
them. If they are all finite and continuous throughout the 
range, and if, in addition, the terms of the series which contain 
high powers of h become unimportant, the theorem is both 
true and numerically useful. 


152. Example illustrating the limitations of Taylor's 
Theorem. 16 is easy to give an illustration of an expansion 
which is true and intelligible for certain values of Л, but not 
for others. Thus 

al tht Ре... 
as can be proved by means of the theorem, or, more simply, 
by actual division. 

Now, this apparent identity is true when A is less than 
unity, but if Л is greater than unity we get a negative quantity 
on the left-hand side and an infinitely great positive quantity 
on the right-hand side, so that the two sides cannot in this 


case be equal It is noteworthy, in connection with the | 
failure of the series when / is greater than 1, that, when / = 1, 


] | | , , Loa 
both -- and its differential coefficients become infinite and | 


1-й 
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some of them discontinuous, having great positive values when 
h is Just less than 1, and great negative values when Л 1s 
Just greater than 1. 

This discrepancy between the two sides is very curious In 
such а simple example. 1% shows how very careful we must 
be. We can find out how it arises in the present case, and 
will be able to apply a correction which will restore the identity 
of the two sides of the equation. 

For, if we go through the process of division, we find 


l Em h 
ке ШЫ (153) 


=1L4+h+h?+he+... +h" «(o z) 
Here we have an identity whatever h may be. Moreover we 
have, not an infinite series, but as many terms of the series as 
we please, followed by a remainder which 1s not in the form 
of a series. 

Now, when Л 1s less than 1, the remainder after n terms of 
the series can be made as unimportant as we please, by 1n- 
creasing 7. 

But if A is greater than 1, the remainder becomes more and 
more important the greater n is, and is moreover negative. 
lhe terms of the series together with the remainder are equal 
to the given function, although the sum of the terms by them- 
selves is more and more remote from the value of the function 
the greater we take n. 

We are led to the conclusion that the infinite series re- 
presents the function properly when the remainder after n 
terms can be made as small as we please by increasing n, but 
not otherwise. The conclusion 1s consequently inevitable that 


the function + and the series 1+2+27+... to оо are not 


identical, but are equal to each other through a certain range, 
and entirely unequal beyond that range. 
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In fact the real identity 1s 


IER. =l] +240224... +", 
l-z 1-2 
being true for all values of n and all values of 2 whether great 
or small. 
If we divide this identity by 27 we have the identity 


1 1 ll 1 E Е 
(l-z) 1-2 2 2 
From the first of these two identities we see that, when 2 18 
numerically less than 1, 


1 а. 
Ilr | +2 4-2? + ... tO infinity, 
and from the second we see that, when 2 15 numerically greater 


than 1, 
] 1 1 1 
ғ.а” -(z + atat . to inf 


showing that, when an infinite series of positive powers of 2 
fails to represent a function, it may be possible to expand it 
in a series of negative powers. In this case the expansion in 


| | | 1 
negative powers could have been obtained by putting da" 
in the function, and then expanding in positive powers of 2. 


The student should draw the graph of | 


, and also of 
-£ 


1-2,1-2--а2 lp z - 2? + 22, ete. 
He will see that by taking more and more terms of the: 
series the corresponding graph lies closer and closer to thei 


graph of = - between the limits = ЖІ, but not beyond] 


those limits. | 
He should notice also that when x= - 1, the ordinate of thel 
function graph has the value 1, whereas those of the series] 
graphs have alternately the values 1 and 0. 
In the limit when we take the graph of the infinite series,, 


it wil coincide with the graph of = between the valuesi 
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x= +1, but is infinite beyond those limits; and, when x= - 1, 

its ordinate is not 2 but either 1 or 0 according to whether 

we suppose the last term to be an even or an odd power of z. 
Тһе series therefore 1s equal to the function throughout the 

range for which the distant terms of the series are unimportant. 
lhe student might also draw the curves 


көк жерле қ” 
Аиы”, у= CUC., 


from which he will see that the more terms he takes the 
nearer will the graph approach the graph of the function 
beyond the limits r= +1. 

This example has been dwelt on at some length to show 
clearly that Taylor's infinite series is not always identically 
equal to the function from which it 1s derived, but only for a 
certain range of values of т, and to show that the apparently 
simple proof given in Art. 151 slurs over a good number of 
difficulties and limitations. 


153. Second proof of Taylor’s Theorem. Another instruc- 
tive mode of arriving at Taylor's series, which will indicate 
the need that f(x) and all its differential coefficients must 
be continuous and finite throughout the range of values of x 
contained between а and a+ A inclusive, and that the end of 
the series must be unimportant, is by gradually building up 
the finite increment Л by a succession of infinitely small equal 
increments dz. We will first take these increments small but 
not infinitely so, calling them 62, and then find what the series 
becomes in the limit when they are infinitely small and infinite 
in number, their sum being equal to Л. 

“Denoting f(a) by y for brevity, and thinking of the values 
of the function as ordinates of the graph of f(x), the ordinate 
corresponding to 2 = a + ôx will be y + бу, and the next ordinate, 
viz. when z—«a + 262, will be 

у + oy + O(y + y) — y + 20y --6(0у), 
which is written y + 20у + у (see Chap. VIII, p. 121). 

Similarly, when = а@+ 302, 
the ordinate = у + 28у + 02у + (у + 20у + 62) 

= у + doy + 30^y + 03у, 
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and, when 2 = 0 + mòg, the ordinate 


m(m — l)(m — 2 
пп Па) pua... 


= y + my + ZU 02у + 
the coefficients being evidently the same as those which occur 


in the Binomial Theorem. 
If, now, we make móz — h, we obtain 


| 1 
бу (1-5) ô2y 
fa+h)=y+th +——у-у—- (бау) 


el- 
EN mN Um) By 
1.2.3 (ба)8 77 


Now let ôx be made infinitely small, and consequently m 
infinitely great: the series becomes 


оорбу М а?у 
J(a * h)- yh +7573 ^ 


= f(a)-hf (a) Ға. 


We here assume that neither the function nor any of its 
differential coefficients become infinite or discontinuous be- 
tween 2-а and z=a+th, inclusive, and that the infinitely 
distant part of the series 18 unimportant. 

If these conditions are satisfied, the series is equal to f(a + A). 

NOTE.—lt is not essential that the limiting value of (2х) 
shall be finite when %-->, so long as the limiting value of 
h'f"(x)-|m is zero. But, of course, f"(z) must not be infinite 
for any finite value of 7. 

In many cases the conditions will be satisfied for a certain 
range of values of а and Л, but not for all values. 50, to 
repeat the previous caution, we cannot say that the series 18 
the function, but only that through a certain range the two 
are equal 1n value. 


154. In some cases we may not be able to form all the 
differential coefficients of а function, so that we may not be 
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able to tell, except indirectly, whether all of them are finite 
within the range of values required. 

But if the function and a certain number (n) of its differential 
coefficients do fulfil the condition, we can find an approximate 
expression for the remainder of the series which will enable us 
to estimate to what extent the sum of the first n terms give 
an approximate value of f(a+/). We shall find, by help of 
this approximate remainder, that, in practically all cases, when 
h 18 small а few terms of the series will be а real approxima- 
tion to the value of f(a + h). 

This discovery 1s of great importance, as one of the chief 
uses made of the series 15 to find, when A is small, but not 
small enough for us to be content with its first power only, 
by how much f(a+A) differs from f(a). 16 is therefore very 
important to know to some extent the limits of the ap- 
proximation obtained when we use only a few terms of the 


infinite series. 


155. Taylors Theorem with the Remainder after n terms. 
Suppose f(x) and its first n differential coefficients are finite 


and continuous between a=a and z-—a--h. We shall prove 
that 


where Ө is a positive proper fraction, so that a+ 6) is inter- 
mediate in value between а and a +A. 


Assume 


f(a  h) = а) +hf (a) +... Ha I erm м. (1) 


We want to prove that H=/"(a+ Gh). 


lake a new variable z, whose values are to be considered 
between z=0 and z=h, and let 


$(2) - (a 2) - (h — 2) (а +2) +... 
(А – 2)" 


+ 


174 DIFFERENTIAL CALCULUS. [CHAP. хі. 


This 1s obtained from the right-hand side of (1) by putting 
a+z for a, and -z for h, and consequently ¢(z)=/(a+A) 
both when z=0 and when z=h, but assumes different values 
between these limits. 

Therefore for some intermediate value of 2, say z= ӨЛ, 
when 0 denotes а positive proper fraction, ф(2) must have a 
maximum or minimum value, and $'(0h) will be zero, since 


$ (2), and consequently ф (г), are finite and continuous through- 
out the range. 


Now ф (2) = 


since all its other terms cancel in pairs. 
H — f"^(a + 0h), which was to be proved. 


| This method of proof was given by Prof. Harding in the 
Mathematical Gazette, Oct. 1908, pp. 332, 3. | 


EXAMPLES. 
1. Assuming, as on p. 55, that De*— e*, prove that 


n—1 n 
eme (ehe. Е E ^, 


and write down the corresponding series for ех, by putting a=0, and 
һ=х. 


2. Prove that 
| | TN P. Әт 
sin (а + h) sin а+ зіп ЫРЫ (erm) Pags 


n—] 
+ h sin at EET) „=, — Sin (ағат), 
|4-1 2 |7 2 


and deduce, by putting а =0, and л =, that 


PE + sin (0 ыга 
[3 [5 — n + —- D 


3. Obtain similar series for cos(a+h) and cosx, 


sinx=x- 
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It is to be observed that the form of Taylor's series thus 
proved is not an infinite series at all, but a finite number of 
terms (of the same form as those of the infinite series) followed 
by a remainder. 

lhis remainder 1s not a perfectly definite expression, like 
that which was found in connection with the function of 
Art. 152, as we only know that 0 1s some proper fraction, but 
nevertheless it is an indication of the error to which we are 
liable if we stop short at n terms of the series. Тһе error 


h” қ" | 
cannot be greater than P multiplied by the greatest numerical 


value of f"(x) between the limits z—a and z-«a-rh, and it 


cannot be less than T multiplied by the least numerical value 


of f"(x) between those limits. 

It must not be overlooked that the above proof requires 
that f(x) and all its derivatives as far as f"(x) shall be finite 
and continuous throughout the range ж=а to x=a+h, since 
$ (2) and its derivative ф (2) involve all these quantities. 


NoTE.—lIt would have been sufficient, however, to assert 
that /"(z) must be finite and continuous throughout the range, 
for a little consideration will show that if any derivative 
became discontinuous or infinite, all the succeeding ones must 
follow suit. Hence, if f"(z) satisfies the conditions, all its 
predecessors must also satisfy the conditions. | 


156. If all the derivatives of f(x) are finite and continuous 
for all finite values of т, however great, and if, also, by 1п- 


creasing n we can make T “(а + 0h) as small as we please 


(even though f"(a + 0h) may itself tend to be infinite), we may 
proceed to the infinite series for: f(a + h). 


[.N.D.—If, when x=, the limiting value of f"(a + ӨЛ) is 
itself finite, the above condition is à fortiori satisfied. This 


is the case with the functions e”, sin 2, and cos х, for all values 
of a. | | 
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Hence, to recapitulate : 
If f(z) and all its derivatives to the n™ are finite and con- 
tinuous between 2-а and 2 = 0 +h, 


f(a 4 h) 2 f(a) -- hf (a) +... NAE Oh) ; 


and if, further, by increasing n, we can make A Уа + 0h) as 
small as we please, we shall have an 


f(a 4 h) 2 f(a) - hf (a) + C3 7а) +... to infinity. 


The two series are not identical. 
One is called Taylor's series with a remainder after n terms, 
and the other, Taylor's series to infinity. 


157. Convergency of the series. When, on increasing n, we 
h” — | 
can make n f" (a + 0h) as small as we please, the infinite series 


f(a) t hf (a) + vafa) +... to infinity 


is said to be convergent. Its sum is finite and equal to f(a +h). 


If the condition 1s satisfied for all values of a and Л, the series 
is said to be universally convergent; if only for a particular 
range of values, it 1s said to be conditionally convergent. ‘Thus 


the series for 


po is conditionally convergent; the series for 


€, sing, and cos z are all universally convergent. 


158. Use of Taylors Theorem for Tabulation. Illustrations 
of the use of Taylors Theorem will be given in next chapter. 
We will however give some examples in this and the two 
following articles. 


Suppose it required to form a table of values of x(144 - x?) for values 
of x=1°5, 1:6...to 2:5. We may work as follows: 


Let f(x)-x(144- 27); .. f(2)-280; 
^A f(a)2144-323*^; ~. /Қ9)-139; 
Р(х) = - Ox; .. f (2) ~ 12 


f'(x)--6; eU) - 6. 
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Now, by Taylor’s Theorem, 
7 һа 
f(94-h) zxf(2)4- hf (2) + 375 (2) +...; 


- J(2+h) =280 + 132h — 61? — 15; 

^ f(2°1)=280 + 13°2 - 0:06 - 0:001 = 293:139; 

f(2:2) 2 980 + 96:4 — 0-24 – 0:008 = 306-152, 

(2:3) = 280 + 89:6 – 0:54 — 0:027 = 319:033, 

and so on. | 

Also f (1:9) 2 280 - 13:2 – 0:06 + 0:001 = 266741, 
f(1:8) =280 – 26:4 — 0:24 + 0:008 = 253:368, 

f (177) 2 280 – 39:6 – 0:54 + 0:027 = 239:887. 


B9? 5 B hb $ BD b * 48 9 B B P Bo ав егете DB B Qo OB 9 5 Q B е ее B B 9 9 B B * * € тает & 


It 1s obvious that these calculations are much simpler than 
the disconnected work which would be required by straight- 
forward evaluation without the help of the series. 


159. Use of Taylors Theorem for approximating to roots of 
equations. Ав another example, let us find an approximation 
to the root of an equation f(z)=0 when we know a first 
approximation 2 = 0. 

Suppose / (0) = А, where А is small, and that fen) 0, 
where A is a small correction to be found. 


The equation is f(a) Af (a) "s f"(a) +... —0 


or say, for brevity A+Bh+Ch? +... — 0, 
and let us not go beyond the square of A. 


The first approximation, neglecting h?, is h= — З, 
This 1s the approximation given in Chap. VI. 

An improvement can be found by writing the equation for h 
| in the form 


L. D.C, 
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Now, on the right-hand side insert for À its first approximate 
value, — A+B, and we obtain as a closer approximation, 


‚_ A Ca? 
an в 
A a Уға) 


7.4. h= - ------- 


In this way A could be expressed in a series of powers of A. 
The above is correct as far as А? The next term would 
involve A?, but 1s not simple enough to be of much use. 


The root 1s ( — = — VA 


where A = (a). 
Probably in practice it would be better to express the root as 


Example. F ind by the above formula the roots of the equation 
29-422-11ш--32--0, being given that the approximate roots are 5, 2, 


and -3. | 
Ans. 4:918, 2:137, and – 3:0492. 


160. Taylors Theorem in connection with the theory of 
maxima and minima. Іп Arts. 106, 107, а method of deter- 
mining the conditions that /(а) should be a maximum or a 
minimum value of f(z), depending on the successive derivatives 
(а), f'(a)... was partially indicated. We are now in a 
position to state the whole theory of the method. 

If f(a) is a maximum value of f(z), it must be greater than 
all neighbouring values, 7.6. greater than both f(a+h) and 
f(a—h), for small values of h, and similarly if f(a) 18 а 
minimum, it must be less than both f(a+h) and f(a - h). 


Now —— f(a+h) = f(a) + Af (a) ADR Ly 


and f(a - h) = f(a) - hf (a) + at) —.... 
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Hence when й is small we have, approximately, 


f(a +) —f(a) *- hf" (a), 
and - f(a-h)—J/(a) - hf a). 


One of these will be greater than f(a) and the other less 
unless / (а)-- 0. 

Therefore, the first condition that f(a) shall be а maximum 
or minimum value of f(x) is that / (a) — 0. 


2 
In that case f(a + h) = f(a) + т f (a), approximately, 


and Ра — h) = f(a) + d / (a), approximately. 


Hence, if f"(a) 15 positive, f(a) 1s a minimum, being obviously 
less than both f(a+h) and f(a — Л). 


If, on the contrary, / (а) is negative, f(a) 1s a maximum. 
But if f (a) = 0 and also f"(a) = 0, then 


f(a - h) = f(a) * Ы f (a) approximately, 


and. а — А) 2 f(a) – Б f (a) approximately. 


Hence in this case /(а) cannot be a maximum or minimum 


value of f(x) unless f" (a) = 0. 


Proceeding in this way we see that /(а) cannot be a 
naximum or minimum unless the first derivative which does 


106 vanish is of even order, say f*"(a). 
And then we have both 


f(a+h) and f(a—h)=f(a)+ a f°"(a), approximately, 


md therefore f(a) will be a minimum if /*"(a) is positive, 
nd f(a) will be a maximum if f/?"(a) is negative. 


This is the theory of the investigation by means of the 
u€cessive derivatives. 
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161. Special case of Taylors Theorem. Geometrical illu 


tration. If, in Taylor's Theorem with remainder, we put n = 
we obtain the equation 


f(a+h)—f(a)=hf'(a+ 0h). 


This is an interesting equation as it shows that tk 
approximate relation for small values of h, viz. 


f(a+h) - f(a) =hf (a), 
might be improved by taking on the right, not f (а), but som 
value of the derivative f'(x) between x=a and za +h. 

This fact can be illustrated geometrically, in such way as t 
indicate, in the case of a function whose graph is drawn, fc 
what value of z, approximately, the derivative should be chose: 

If we draw the curve y=f(x), and take on it two point 


P and Q whose abscissae are respectively а and a+h, th 
ordinates of P and Q will be f (a) and f(a +A), respectively. 


Consequently the gradient of the chord PQ will be 
f (a +h) — (а) 
h 


| 
Now, evidently, if the gradients of the curve between P at 


Q are finite and vary continuously, 76. with no break in tl 
back of the curve, the tangent to the curve at some pol 
between P and Q must be parallel to the chord PQ, i.e. tl 
gradient of the curve at this intermediate point will be equ 


to the gradient of PQ. | 
But f'(a + 0h), where 0 is a proper fraction, just denotes 


gradient of the curve at some such intermediate point. Не 
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ће equation with which this article started merely asserts the 
ibove geometrical fact, viz. that between P and Q there must 
ye some point on the curve where the tangent 1s parallel to PQ. 


162. Maclaurin's theorem. If in Taylor's theorem we put 
г = 0, and write 2 for h, we m the series 


f(x)- =£(0)+xf'(0)+=5 = £'(0) +... 


+ ey £8-2(0) + m f™(%), 


when f(x) and all its derivatives to the л“, inclusive, are finite 
und continuous between 0 and 2. 


Also 
f(x) = £(0) + xf'(0)4- ж. £’(0)+...to infinity, 


Е f'(0x) can be made as 


іт 

small as we please. 
This theorem, in its two forms, is called Maclaurin’s 
Гһеогет, which is thus seen to be a special case of Taylor's 
Iheorem. It enables us to express any function of æ, which 
)beys the necessary conditions, in powers of 2. 
| The expansions of œ, зір =, cos z, ... are illustrations of the 
heorem. 

A useful, compact, way of stating the theorem 1s as follows: 

If y is a function of 2, and 9, Y» ... are its successive 
lerivatives, and, if a, 41, @, ... denote the values of 7,71, Yo, ... 
vhen z= 0, then 


f, on increasing n, the remainder 


y =a) + Ma + Oy jt. to infinity, 


rovided none of the terms are infinite and the series is 
onvergent. 


Example. To find the expansion of sin ж. 

Let y=sinz; 2. а;-0; 

7. уу = сов, а= 1, 
у= -Sin x, (-0, 
у= —c082, а= - 1. 
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Continuing, it will be found that y, y; Yẹ y, аге а repetition of 
Y, V1, Yo, and Yz, in the same order, and so on. 


Hence ао — 04703 =...=0, 
A, =a; = 0; EE EE 
0,7067 0,9— . =0, 
9 5 m 
ооо m 
. finally, 


T BUB 

This series holds for all values of 2, since sin x and its derivatives, 
are always finite. Any function whose successive derivatives can be 
found can be expanded in the same w ау, provided neither the function 
nor any of its derivatives become infinite when x=0. The series so 
found will be а proper representation of the function for such range of 
values of x, from x=0 onwards, as include no infinite values of the 
function or its derivatives. 

The student should form the series for 1о0,(1--т) in the same way, 
and note that the series will only properly represent this function: 
between x= +1. 


As a harder example we may take the following: 


То expand tan x in powers of x, up to 27 inclusive. 


One way of forming the successive derivatives in this case has been. 
given in Art. 197, in which, putting | 


у = {ап x, 
we found, in succession, 
y;-l-4y, 
yo —2y + 20°, 


03=2 + 8y* + 6у*, 
y,= 16у + 40у + 24y’. 
Continuing іп the same way, we find 
Ys = 16+ 1364? + 240y*  ..., 
ye —7 212 + ..., 
y; — 212 ^ .... 
Hence, by putting 2 = 0), and noticing that y 20 when x=0, we find 
а,т-0, а,-1,4 


а = У, =, 
а, = 0, a, = 16, 
ag=0, a,=272; 


2а” | 162", T 


13 + eta te 


> tan r= x + — 
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sometimes the process of forming the successive differential 
coefficients becomes very heavy and tedious, so that it would 
take a long time to find many of them. Іп some of such 
cases the difficulty may be avoided or diminished by special 
artifices. It must be remembered that we only require to 
find the successive derivatives for the sake of evaluating them 
when «=0; this will often enable us to save a good deal of 
labour. Some of the artifices which may be useful will be 
exemplified in the following articles. 


163. Expansion by means of a differential equation. Very 
often the easiest way of obtaining the successive values of 
the coefficients 1n the expansion of a function y 1s to form an 
equation connecting y and its derivatives, and then, by Leib- 
nitz theorem, or otherwise, find the result of differentiating 
this relation n times. Then find the effect of putting z=0 in 
the resulting 1dentity and we shall obtain an equation by 
which the terms of the expansion can be determined. 


To return to the case of tan 2. 

We found that y,—1-4-?. This is a differential equation between 
y апа y, If we differentiate both sides of this identity n times, 
using Leibnitz theorem to differentiate the right-hand side, we find, as 
in Art. 135, p. 141, 


(з — 1 
Yn41=YYn + VA -1 + id Yon ag oon 


Hence, when x=0, 


n(n — 1) 
1.2 
Thus a, =d; + 2a,? + аа = 2a a, + 2a,’, 
а= аа, + 42404 + ба.2 + 42,04 + Aya) = 2 (аа, + 40,4) + ба,?, 
Also a,=1 (from y,-1 4 y?). 
If we notice that the expansion of tan x can contain only odd powers 


On-4-1 = а, + 4010, -] T 


Q0, 29 + 49 9 


ofz,sincetan( – x)= - tan x (see p. 49), we see that а, a., a4, ... must 
be all zero. 
Hence | d,:00,7 ға, 
а = Ваа, = 16, 


G5 = 12а,а; + 20a." = 272. 
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The student may in a similar way find the expansion of вес т, using 
the method indicated on p. 142, and making use of the coefficients just 
found in expanding tan х. То avoid confusion, he had better use bo, 
bi, ... for the seex coefficients, leaving ap, 41» ... for those of tan 2. 
The general relation will be found to be 


бла 0409 + NAn- 10) +... пало, -1 F ab, 


from which the successive coefficients can be calculated. [See also 
Ex. 32, p. 187.] | 


As another example, find the expansion of sin^!z, where sin "la 
denotes the smallest angle whose sine is x. 
Let y=sin~'z, then, as on p. 142, we find that 


(1-а2)у, 2 - (2n 1)xy, 44 EN Yn 
Now, put x=0, and we obtain a,,4.=n7a,,. 
We know that a, Qo, a, are all Zero, since sin^1z is an odd functior 
of x Alsoa,=l. 
g Ag = l, 
а = 37a, = 3, 
A, = 57.0, = 52,92, 
х? 3" 4.532 3247 
8 Б [7 
Here the law of formation of the successive coefficients is sim 
and we can write down as many of them as we please without 
This is in great contrast to the expansions of tanx and se 
each coefficient had to be laboriously formed. 
Different functions differ very much, and very unexpectedly, in 
respect. 


We might have found the expansion of tan x to a few terms from 
equation уу=1+у 


(having no even powers, since tan x is an odd function of x), 
whence Y =A, 39A gx? DA ux +.... 


Now, substituting these values in the above differential equation, 
must have 


A, +3A 3x? + 5A5x4+...=14(A 7+ Аз? + Ау +...)?, 


Hence, equating coefficients, 


A. 31, 
3A,— А,2=], 
5А,-2А,А,-%, 
7Ау- A} F2A,À,— b +3 =H, 
whence tan cr=x + 42? + руа? ag M... 


The same method could have been employed also to determine 
expansion of sin ^ 15, 
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In many physical investigations a differential equation is 
arrived at whose solution 1s required. In such cases we may 
find the solution in the form of a series by one of the methods 
indicated above. Examples will be found at the end of this 
chapter. In most cases it will be found that the series will 
involve one or more arbitrary constants. 


164, Expansion by use of known series. Very frequently, 
when the direct use of Maclaurin’s theorem would be very 
tedious, a few terms of an expansion may be readily found by 
making use of series already found. 


Thus, to expand езін in powers of x, to 24 inclusive, we have 
csinz — ] 4- sin 2 + d sin?z + 1 sin?z + 44 sinte +... 
and sinx—-rz-lilx-..; 

, esinz—-l--(x-ix)rl(r-1xr?-1(r-..9-3(r-..) 4... 
=1+@ж—{а4%5+14(Ж9%-+а44)+{}а4%+ 4x... 
=]1+2x+%32*-42'+ higher powers of x. 

Other examples in which this method is useful will be found below. 


EXAMPLES. 


1. Find the first four terms in the expansion of sec 0, 


2. Expand log see x to the term involving 28 inclusive. 


3. If y -sin-1z ay tae ay +... 
prove that (1 - 2) Ys — X3 


and deduce the expansion by the method of equating coefficients. 


4, Write down the expansion of 0 in powers of sin 0 (2.6. віп -12 in 
powers of 7]. 


5, If y—-tan^!x-a,Q4 aqx-..., 
prove that An = —n(n-4 l)a,, 


and write down the expansion of tan^!x; 4.6. express 0 in a series of 
powers of tan 0. 


6. Expand єа2%2-'= in powers of x. 
7. Expand e*sin bz in powers of x to the term involving 27 inclusive. 


8. Expand e?*cos bx to the term involving 2? inclusive. 
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9. Find the expansion of sin?x in powers of 2. 


10. Find the expansion of sin x cos 2x in powers of x. 


1l. Find two terms of the expansion of log( = 2] | 


12. Show that for small values of 6, the equation 6=}(tan@+2sin 0) 
15 Very accurate. 
Test the equation when @ is the circular measure of 20°. 


13. Show that 0 —X(8sin 40 — вір 0) 
and 0 — 4(8 sin 10 — sin 10) 
are good approximations to 0, for small angles. 

Test the formulae for an angle of 20°. 

14, If c, is the chord of a circular arc, and c, is the chord of half the 
arc, show that, approximately, 

the arc = 4(8c, - c,). 
15. Find A, B, C soas toobtain the best approximation to the equation 
0 — А sin 0 + B sin 20 + C sin 40, 

when 0 is small. 


16. Expand A(0) in powers of 0 up to 6°. 
| Nors.—A(6) — log (sec 0 + tan 0) — log tan( 7+5) |. 


17. Prove that A (0)=2(tan 10 +4 tan?10 + 1 tan530 ^ ...). 

18. Prove that ^(0) - 0 —4(tan 10 + 1 tan?10 +...). 

19. Test the approximate formula A(0)—4tan10—0 when Ө is the 
circular measure of 20°. 

20. Prove that А(0) is approximately 4(2tan 0 +sin 0) апа that 
1 (10 tan 20 — 4 sin 10) is а better approximation. 

Test the formulae for an angle of 207, 
du dV 
da? "dx 
у= А„+А,х+ А„х?+.... 


21. Solve the differential equation (1- 22) 


by assuming 


22. Solve the differential equation TY + ry =0 by using Leibnitz’ and 


Maclaurin’s theorems. 

[We shall find a,=0, and а, з= -(n--1)a,. These conditions will 
enable all the non-zero coefficients to be expressed in terms of a, and a,, 
which will remain as two arbitrary constants. ) 

d^y ау 


23. Solve the equation шаа 2:%У-9 
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on zT 49 Vu 
24. Solve the equation x Tat gq, t ty=O. 


. 4d 
29. Solve the equation 5-5 nty- 0. 
20. Prove that 
/ h? di hs y 
(ah) - fta - M - (hte +g atat): 


and illustrate by expanding sin (a + B) — sin (a — В) in powers of В. 


27. If f(x) is an algebraic function of x of degree not higher than the 
fourth, prove that 


3A [f (a 4- h) - Af" (a) 4f" (a — А] f (a 4- h) - f(a — A). 


28. Find the series for log,(1--x) by writing down the expansion of 
(1+ 2) "1 and integrating both sides of the equation. 


29. Expand (1- xi 2 by the Binomial Theorem, and, by integration, 
deduce the series for sin ^ !x. 


50. Expand (1 +22) 7!, and deduce the series for tan-!z. 
ol. If y tan nay tae tag tin, 


by writing y cos x—8inz, and applying Leibnitz’s theorem (see Ex. 10, 
p. 143), prove that 


n (n — 1) n (n — 1) (n - 2) (n — 3) 00 sua тт 
Aa- -o O,-9tT———]19 34 An-47 7 П о? 


апа hence calculate the successive coefficients in the expansion. 


| ғ 
30, If аны ыса ГАДЫ, 
"n (n 


- | 
19 Mb ot i 


prove that b, — 


and hence calculate a number of the coefficients. 


99. Expand жоовест in powers of x, to xê inclusive, noting that 
а--1, and that the expression contains only even powers of x. 


CHAPTER ХП. 
INDETERMINATE FORMS. 


165. The indeterminate form 0 


In evaluating а function of any variable 2, 1% sometimes 
happens that for a particular value of z the function assumes an 
indeterminate form. For example. in evaluating the fraction 


10° — op — 9$ 4-6 
7-2-2 
it happens that if we try to insert z— 1, the fraction assumes 


for different values of z, 


the form which is indeterminate. It is not the fraction 


0? 
Itself which is indeterminate, but merely the particular form 
in which it 1s presented. Іп fact xz - 1 is a common factor of 
both numerator and denominator, and must be cancelled 
before we can evaluate the fraction for this particular value 
оЁ х. Another common factor is 2 + 2, so that the form of the 
fraction 15 also indeterminate when z= —2. If, however, we 
reduce the fraction to its lowest terms by cancelling the 
common factors, the form then obtained will not be indeter- 
minate for any non-infinite value of z. 

The object of the present chapter 1s to show various methods 
of evaluating а function when 1t assumes an indeterminate 


form, and more particularly when that form 18 ч In the 
present case nothing has to be done but to divide by the 
G.C.M. of the numerator and denominator, giving us the identity 
" x? – 9д° – 5g + 6 
——; y 2-8. 
І +2 2 
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Hence the value of the fraction is —2 when z=1, and -5 
when z= - 2. 
We have already had several important fractions which 


0 , 
assume the form T when x-0, viz, 


сп tang 64-І a’-l 


) › ы 
2 L T LL 


) 


whose values we have found to be respectively 1, 1’ 1, log.a. 
In all these cases the evaluation was, or could have been, 
effected by expressing the functions in powers of 2, and then 
dividing by z. In fact, the fractions are not in their lowest 
terms, the numerator and denominator having the common 
factor 2. 
Жа) 


In general, if a Traction d becomes of the Jorm : when x = a, 


the fraction is nol in tts lowest terms, but either x — а or some power 
of z—a is common to both numerator and denominator, and must 
by some means be divided out before evaluation is possible for this 
value of a. 

This theorem follows at once from the following fundamental 
theorem : 


166. If f(x)=0 when ж-а, either x—a or some 
positive power of x-a is a factor of f(x). 


This theorem may be taken as axiomatic, but it may be 
proved as follows іп the case of functions which сап be ex- 
panded in powers of z – a by Taylor's Theorem. 

Let x-a=A, so that z=a+h; 


^ f(t) =f(a+ h) =$(a) +hf (a) + f" (4) 4... 


h pn 
=) (a) +, f^ (2) + «| 
since by supposition, f(a) = 0. 
Hence A, which 15 2 — a, is a factor of f(x). 


ХотЕ.-ІҒ f(a) and f'(a) are both zero, (x — а)? is а factor of 
f(x), and so on. 
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167. Evaluation of the indeterminate form E 


Let u and v be two functions of x which both vanish when 


0--0. It 15 required to find the value of - when z — a. 


(1) Division Method. Evidently, if we can divide both 
numerator and denominator by 2-а, or such power of z-a 
as 15 common to them, the indeterminateness disappears. 
This 1s therefore one method of evaluation. This method is 
indeed the foundation of all the methods which can be adopted, 
though in many cases direct division is not practicable. 


(2) Differential Method. А & method which 1s often the easiest 
to adopt is obtained by considering the value of the fraction 
when 2 1s just greater or less than a, and finding its limiting 
value as z approaches nearer and nearer, without limit, to the 
value a. 


Now, when r=a, и= 0, 
and when r=at+dz, u=0+du; 
similarly, when r=a+dz, v—0-rdv; 
— М. du 
^. the limiting value of - 15 --. 
v dv 
_ Ол? — 
For example, the value of E MUS when x=l 
х +0 – 2 
20 (322-45 - 5)йх 32? 4-5 _ _9 
20 (лара О92-1І | — 


Note, that we have here divided both numerator and de- 
nominator by dz, which is the value of 2—1 when 2=1 +41; 
consequently the essence of this method consists in cancelling 
the common factor 2-І and then evaluating the resulting 
fraction. 

If the square of z — 1 had been common to both numerator 
and denominator, the new fraction would have also assumed 


the form =, and could be evaluated by using the same method 


0, 
0) ) 
on it. 
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(3) Expansion method. Іп the differential method we assumed 
a value of z differing infinitesimally from its critical value a, and 
so obtained for numerator and denominator their infinitesimal 
increments from zero. ‘These increments were all that were 
needed for our purpose, but were only partial increments, as 
we know that differentials are obtained by neglecting powers 
of dz higher than the first. We may, however, by help of 
Taylor’s theorem, obtain the complete increments, in which 
case we need not in the first place assume the increase of 2 to 
be infinitesimal. Let z=a+A, and for clearness let и = f(x) 


and v= ¢(z). 
Then a . 
/(@ +) _ Ahadi Ed @+.. Af (9) + [27 (а) + 


h i / h^ // / 
Рите узу e) s) +... Қуа) dra) +... 
since, by supposition, both f(a) and ¢(a) = 0. 
Now we can divide out the common factor h (i.e. z — а), so 
obtaining the equation 


This 1s exactly the same result as 1s given by the second 


method. 
If both f'(a) and $'(a) 20, the expansion method enables us 


to at once divide out by ^, i.e. (z — а), obtaining finally in 
this case 


In fact, if a high power of x-a is common to numerator 
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and denominator, the expansion method enables us quickly to 
cancel the proper power, and evaluate the fraction. 

Note that the form of any fraction 1s only indeterminate 
as long as both numerator and denominator vanish for the 
particular value of zx. If the numerator=0, but not the 
denominator, the value of the fraction 1s zero; and if the 
denominator vanishes, but not the numerator, the value 15 
infinite. 


168. Note on the case when the value of the indeterminate 
form is zero or infinite. 

In these two special cases, viz. when the true value of the 

indeterminate form f(a) -- ф(а) 15 zero or infinite, there 15 a 
Ға) уча) 
(a) Фа) 
importance practically, 16 yet sufficiently interesting to notice. 
The test of perfect equality of two expressions 18 two-fold, viz. 
that their ratio shall be unity, and their difference zero 
lhere 1s, however, an imperfect equality possible when the 
quantities themselves are zero or infinite, viz. that they are 
both zero or both infinite. We shall find that the above 
equation 1s of this imperfect nature. Of course if both 
fractions are zero, their difference 1s zero ; we shall prove that 
their ratio 18 not unity but merely finite. When both are 
infinite we shall prove that their ratio 1s finite, but not unity, 
and consequently their difference must be infinite, so that in 
this case the equation satisfies neither the ratio test nor 
the difference test, but just merely the condition (which 1s 
all we here practically care about) that both are infinite if 
one 18. 

For suppose that f(a), f(a), ..., f" ? (a) are all zero, but not 
f'(a), then by Taylor's theorem 


кий ж 


peculiarity in the equation which, though of no 


and f (ach) = ғ 7 (а) +. 


ч оғ БШ ® 
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And suppose that ф(а), $'(a), ..., Ф-Қа) are all zero, but not 
$'(a), so that 


=) 
апа $ (a4 л) = L3 $'(a) +... 


тееччтаеетеегевееоеесетесгеаеееегсозгов 


/(@а+) Ра) 
parh 4400 parh 
we see that 2 if r>s, and aan if s >r, and so 1s 
f(a). but the ratio Ха). F(a) equals >, which is finite but 
ZO Фа)” %(а) т т 
not unity. | . 
similarly Ға), fm) 5-1 and во on. 


Ф(а) pa) r-Y | 
Hence, the fractions are all of the same order of magnitude, 
but are not equal in the full sense of the term. 
Of course, this limited equality is sufficient. АП we want 
to know in such case 1s that the fraction 4s zero, or infinite, 


as the case may be. 


On the other hand, if 5-7, we have the perfect series of 
equations 


һе. the equality is complete іп the case in which complete 
equality is essential, viz. when the value of the fraction is 
finite; and though the equality 1s incomplete in other cases, 
16 is sufficient for the purpose in view. [N.B.—Of course an 
equation between finite quantities must be complete: if two 
finite quantities are equal, their ratio must be unity, and their 
difference zero. It is only in the case of infinitesimal or 


infinite quantities that an imperfect equation is possible. | 
' L.D.C. N 
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EXAMPLES. 
1. Prove that l when 0—0, if 0 is in radians. 
sin x 


2. Draw the curve y between the limits x= +1 radian. 


3. Evaluate when 0=0. 


2 _. 
4, Evaluate жа 


- 4x3 +742 
5. Evaluate Meg n dep IS when z-—2. 


6. Evaluate when x=0. 


7. Evaluate к= when n = 0. 


8. Express in terms of x when x=2y. 


Evaluate 


Evaluate ——. when x=2. 


x — AJ2 4 Na -2 
log x 
1—-х 
sin 2x tan?x 


13. Evaluate  (&-19 when ж--0. 


14. Evaluate сабан nd... when z-—9O. 
х – sin 2 


when x=]. 


12, Evaluate 


log sin 20 uh оТ, 


sin 0 + cos 0 — A/9 4 


16. Evaluate аы when n=]. 


я1пах – asin x 
17. Evaluate --------- when о =], 
tan ar -a tan x 
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169. Other indeterminate forms. 


There are other indeterminate forms besides : though this 


form 1s by far the most important, and the evaluation of the 
others depends sooner or later on the evaluation of this form. 
The other forms are 


(2) ыма А f such аз ке when ==, or log x when =; 
o0 tan 0 2 x 

(3) со — о, [such as sec 0 -- tan 0, or sec"0 — tan"0, when =z 
(4) Ох, аз, for example, zlogx when x=0; 

and the exponential forms 

о ] \? e 1 

(5) 1, f such as (1 +) when О-о, or (1--x)* when x=; 
(6) 0°, such as x”, ог xaz, when ж=0; 
(7) оо, [such as (tan 2:)°0° 2, when =. 


The general method of solving cases (2), (3), and (4) consists 


in reducing them to the standard form -, and then making 


0! 
use of one of the methods already explained, though in some 
cases we may deal with these indeterminates in the form = by 


m method of next article before reducing to the standard 
orm. 

In the cases (5), (6), and (7) their /ogarithms are all of the 
form 0 x о, and can therefore be evaluated as indicated above. 


Wu which 1s of the form 0 when 


1 
Thus, if и=(1+х)*, log,u— T 


z—0. The limiting value of this fraction is unity when x=0. 


1 
Hence w=e, т.е. (1--г)4-е when x=0. 


170. The form —. 
oO 


When the numerator and denominator of a fractional 
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function of z both become infinite for a particular value of 2, 
the form of the function is indeterminate. 
In such cases it may be possible to reduce the fraction to 


the standard form : and so evaluate by methods already 


explained. 


sec 3x 
For example 
sec x 


o0 
becomes = when x= 


VE 


We can write this fraction in the form inicia 
OS 32 


the required value of x, and on evaluation we find its value to be — 4. 


which becomes е for 


Sometimes, however, this transposition may be inconvenient, 
and the following theorem 1s useful. 


If — becomes = when x=a, it may be replaced by 
du 


for this value of x. 


dv 
u > 7 =e 
For -=.= when z-a, 
v 1 l 
- -du 
u u 


2 dv 
Hence Nn 
v wv? du 
u du 
2.6. finall —:==——. 
М v av 
Ког ехалпр1е, (3) —- , when 2-2 
log (5-« 
-xX 
|o  -tanzdx | 2 0 -d£ č 
E. ИШ p dr | cotx 0  -cosec?r.dx 
т.т 
2 


ARTS. 170, 171.) INDETERMINATE FORMS. 197 


It 1s important to notice, however, that before we can 
succeed in evaluating the fraction, either it or one of its equi- 


| | A 
valent fractions must as a rule be brought into the form б 


Тһе only exception to this necessity 1s when the critical value 
of x is infinite. In such cases the differential method will 
often be successful without such transposition. 


Thus, ET when а=, =—=-:=(0, 


171. If, in the process of evaluating an indeterminate form, 
one of the factors 1s finite, the value of this factor may be 
inserted at once. This will often save considerable labour. 
sec?0 — tan?0 


ТГ 
ғап0 | when 0— э" 


Thus, to бра у= 


] – $100 
Неге — gin 0 cos?0 


 l- sin?0 


cost since sin ; —1, 
_ —3sin’é cos 0 dé 
—A -— 9 cos Ө sin 0 ad 


3 


-о 


EXAMPLES. 


l. Evaluate iis 
tan x 


and secx- tan, when х-2. 
2. Evaluate sec?r - tan’x when =. 
9, Evaluate xlogz when x=0. 


ел 
4. Evaluate 5 when x= 
secx — ап" с же T 
tan” ~ 2x 9 


5. Evaluate 


6. Evaluate tan х (зес x – tan x) when x “2 
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7. Evaluate, when x=0, and also when т=з) 
(1) (1 +sin ғ)%е (ii) (1-віп 7)95%. (iii) (соза); (іу) (sin x), 


8. Evaluate (l-Fcos?x)*e* when х=. 


1 1 
9. Evaluate (= 3 and eji when &= 0). 


1 
10. Evaluate (log z)* when х= о. 


11. Evaluate (3 – 2) tan %- when x=3. 


(1—22)log (1 +2?) 
cos x. log sec x 


172. Evaluation of a rational algebraic fraction f (2) when 
z 1s infinite. | Ф (2) 

This special case, which 18 very important, is also very 
simple, and does not need any of the above methods, the value 
of such a fraction reducing to the ratio of the highest term in 
the numerator to the highest term іп the denominator, since 
the other terms are unimportant compared with the highest 
term when 2 1s infinite. 


when ж--0. 


12, Evaluate 


323+ 5а2-=+6 8 
when 2 1s infinite. 
This 1s too obvious to require formal proof, but such proof can be 


supplied by putting z=- and multiplying both numerator and denoini- 
nator by 27, bringing the fraction into the form 

2 – 82+ 22 – 523 

3 + 52 — 22 + 625 
which = 4 when 2--0, 2.е., when 2 = о. 


It 1s obvious that the value of such a fraction 1s finite only 
when the highest terms in the numerator and denominator are 
of the same degree. If the numerator is of higher degree 
than the’ denominator the fraction is infinite, and if the 
numerator is of lower degree the fraction 1s zero. 

NOTE.—lt may be noted that the differential method 
(Art. 170) is legitimate here, and would lead to the right result ; 
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but the object of the present article 18 to show that such 
method is unnecessary. 


173. Relative values of functions of two related variables 
when the variables are infinite. 


It 1s frequently necessary, in the ease of a fraction whose 
numerator and denominator are given as functions of two 
variables z and y between which there 1s a given relation, to 
ascertain the value of the fraction when the variables are 
infinite. 

Such fractions present themselves for evaluation in con- 
nection with the problem of finding rectilinear and curvilinear 
asymptotes to a curve, and it 1s for this reason that they are 

d here. 


174. We shall, in this article, consider fractions in which 2 
and y are connected by a linear equation, y = mx +c, and then 
take other less simple relations. Тһе theory is very simple, 

there are some interesting points worthy of consideration. 
lhe first example will be the ratio of two homogeneous 
functions of equal degree. 
2? — Ӛту + 20? 
242 + xy – y’ 
being given that y = mz + с. 
Substituting у= mz +c in the fraction, it becomes 


lhus: evaluate when 2 and y are infinite, 


(1 — 3m 2m?) 22 + (4m - 3) ecz--22. 1 – Зт + 2m? 
(2+m—m?)a2+(1-2m)ca—c®  2+m-m? 


in the limit. 

If m=1 or 2 the value is zero, since the coefficient of x? in 
the numerator vanishes; and if m= — 1 or 2 the value is 
infinite, since the coefficient of z^ in the denominator vanishes. 

In all other cases the ratio 1s finite. 

It is very useful to notice that the value of c has no effect 
on the value of the fraction, and that it would have been just 
the same if the relation between y and æ had been y = mz, t.e., 
if c had been zero. 

This 1s because c, being finite, 18 unimportant compared with 
х which is infinite. Іп fact, although the difference between 
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y and mz is not zero, the ratio of y to mz 1s unity, in the limit 
when 2 is infinite. 

Evidently the ratio of y to mz is all that matters in evaluating 
the fraction, so that we may take any values of 2 and y that 


satisfy the ratio equation ~ — ]. 
ma 


Hence, if we put 2-і, y 2m, we obtain the value of the 
fraction, and with the minimum of trouble. 

This simple method of evaluation 1s of great use, but we 
must remember that it applies only to the ratio of two 
homogeneous functions of equal degree. 

If the numerator 1s of higher degree than the denominator, 
the fraction is in general infinite when 2 = œ , but an exception 
occurs when the relation between x and y 1s such as to make 
the highest power of 2 vanish in the numerator. 


2 - За у+2шу when y=x +c. 


Thus: To evaluate 
Ох? + LY – у? |ш-о 


Here y-x is a factor of the numerator, the other factor being 
Оху — 22. 


| _ 2 
^ the fraction = (y ~ x) xz —ic, 


Әлу- x? | | 
the value of UT yw RET. (—4) being obtained at once by putting z— 1, 


у= 1 in accordance with the method of last article. 


Similarly, if the numerator is of lower degree than the 
denominator, the fraction 1s in general zero when 2 = о , but 
an exception occurs when the relation between xz and y 18 
such as to make the highest power of x vanish in the 
denominator. 

If the numerator 18 not homogeneous, the fraction can be 
broken up into а number of separate fractions in each of 
which the numerator 18 homogeneous. 

If the denominator is not homogeneous, the terms of highest 
degree are the only important ones unless the relation 
y=mxz+c is such as to make them vanish when the value of 
у 18 substituted, 7.6. unless y — mz is a factor of the highest 
degree terms. Іп such a case the terms of next lower degree 
become equally important. 
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Тһе whole theory, іп fact, depends on the relative import- 
ance of the different terms when z 1s infinite. 

The easiest way of discovering whether y — mz 1s a factor of 
a homogeneous expression 1s by finding whether the expression 
does or does not become zero when we substitute z= 1, y = №. 
If it does, y — mz is a factor. 


EXAMPLES. 


Evaluate for infinite values of x and y, or of one of them: 


EX when z-9y-c. 


x (xy) 
g, 02 — 83 when жеу. 
cy 
9227--722/--5лу2- 2y? 
0-27. wh 2 
3 322 беу when 2 + 2у = с. 


4xy? — by? + 32? — 5ху + 4 h _ зу 
t ат Baby Зу eR Wen 22-9У-о. 
Б. 23? + 3a?y — y? + 42 + 244 — 2y? 
| 422? + bay +y? 


and also when 2r – у= с. 
Bary? 
as ty when x=c. 


' 9y?-3x4y 

175. Orders of infinite quantities. 

We have seen that when y=mz-+c, the evaluation of a 
fraction consisting of the ratio of two functions of z and 
when z and y are infinite 1s effected by attending only to the 
terms of highest degree in both numerator and denominator 
unless y — mz is a factor of such terms, in which case the terms 
of next lower degree become of equal 1mportance. 

We may express this systematically by saying that, if z and 
y are infinities of the first order, 


the sum of the terms of the first degree in any expression 1s 
an infinity of the first order unless y — mz 1s a factor, in 
which case the sum 1s finite ; 


the sum of the terms of the second degree 18 generally an 
infinity of the second order, but, if y — mz 1s a factor, the 
sum 18 an infinity of the first order, and if (y – mz)* is a 
factor, the sum 18 finite, 


when ж+у=:=е, 
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and so on, the general result being expressed by the statement 
that the sum of the terms of the n™ degree is an infinity of 
the n™ order unless some power of y — mz is a factor, and if 
(у-то)” is a factor, the sum is an infinity of the (п – т) 
order. 

With this understanding we may say that the ratio of two 
expressions 1s obtained by taking the ratio of the sum of the 
terms of highest order in each, neglecting all those of lower 
order; and that the ratio is finite, if the order of the sum of 
the highest terms 1n the numerator and denominator are equal, 
or as we may say more concisely, if the numerator and 
denominator are of the same order of infinity ; 


the ratio 18 c», if the numerator 18 of a higher order of 
infinity than the denominator; and 


the ratio 1s zero, if the numerator is of a lower order of 
infinity than the denominator. 


NOTE.—The order of any single term in an expression 18 
equal to 1ts degree, but the sum of a number of terms of any 
degree may be of lower order by reason of some power of 
у – mz occurring as a factor. 


176. In the above articles we have supposed a linear relation 
to exist between 2 and y, so that z and y are of the same order 
of infinity: except in the special case when m=0 ог со, in 
which case they are not of the same order, and usually one 
of the variables 1s finite while the other 1s infinite. 

It 1s important to consider the case in which z and y are 
not of the same order of infinity, as such cases occur in con- 
nection with curvilinear asymptotes. We will suppose that, 
when 2 and у are infinite, z^ 18 proportional to y^, 4 e., z^ and 
у? are of the same order of infinity. The problem will be to 
arrange the various terms z"y" of any expression in order of 
magnitude when 2 and y are infinite. If 4 and В are unequal, 
it will no longer be true that the degrees of the various terms 
give their relative order. It may happen that zy? is of a higher 
order of infinity than 22у2 though of course such terms as 227? 
or z?y will be of a lower order of infinity than 28у? whatever 
the relation between z and y, as long as x and y become 
infinite together. 
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Example. If x?=ay, where a is finite, the terms 22/2 and xy? are of 
the same order of magnitude, being both comparable with 27, the 
importance of the terms being estimated by taking the index of x+ twice 
the index of y, and associating together all those terms for which this 
quantity is the same. 


Generally, if z^ 15 of the same order of infinity as $7, all 
terms 27/7 for which 5m 4n is the same are of the same 
order of infinity. 

lo fix the scale of infinities most conveniently, we will 
introduce a new variable 2 such that 24 and y? are each 
comparable with 24” and we will take the different powers of 2 
as measuring the different orders of infinity of the different 
terms. 


Then z is of the same order ав 22, 2.е., 1s of order В, 
y 16 of the same order as 24, 4.6., 18 of order А, 
and €^ y" is of the same order as 29744" i.e., is of order Вт + An, 


1.6., the relative importance of the various terms 2”y” іп any 
expression will be measured by the value of 5m+ An in each. 


177. Relative values of functions of two related variables 
when the variables are infinitesimal. 

Another question of equal importance with that of discover- 
ing the relative importance of terms when z and y are great, 
18 that of finding their relative importance when 2 and y are 
very small. As the two methods of investigation are 1n- 
timately connected, we will now consider the latter question. 

If z and y are infinitesimal, and 74 is comparable with y7, 
the different terms z"y" will now be infinitesimals of different 
orders. Introducing 2 as before, and taking the powers of 2 
as standards, we find 


% 1s an infinitesimal of order В, 


y . .. " A, 
ey" y и » _ Вт+ 4n. 


Now infinitesimals of lower order are more important than 
those of higher order, so that here the smaller the value of 
Вт + An the greater wil be the importance of z"y^. Hence 
the order of relative importance when 2 and y are very small, 
1s the exact reverse of the order when z and y are very great. 
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EXAMPLES. 
1, If x? is comparable with y, arrange the terms 26, 22у, y’, xy? in 


order of relative importance 
(1) when x and y are very great, 


(2) when x and y are very small. 
2. If x? is comparable with 3, arrange the terms 22, x*y, 293, туб in 


order of magnitude 
(1) when x and y are very great, 


(2) when x and y are very small. 
3, If x4 is comparable with y?, both being infinitesimal, show that 7 
х 


із zero, finite, or infinite according as А is greater than, equal to, or 
less than В; and that the reverse is true if x and y are very great. 


178. Graphic method of determining the relative importance 
of terms of the form 279" when z^ is comparable with y’, 
when z and y are very great or very small. 


We have seen that all terms whose indices are connected by 
the relation 
Вт + Ат = constant 


are of the same order of magnitude. 

If, then, we represent the terms by points whose abscissae 
are the values of т, and whose ordinates are the values of n, 
in the various terms, the terms of equal importance will lie on 
the straight line Bm + Ап = constant. 


л 


ГА 


à % 
--...... acest ия», т 
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The diagram illustrates the relative importance of various 
terms when z? is proportional to y?*. It shows the terms z? 
and у? connected by a line and the terms 2°, 233, 2/6 con- 
nected by a parallel line. It shows also the terms zíy and 
zy^ which are within the outer line, but 24у is nearer to it 
than 27° is; hence they are both of lower order than any of 
those connected by the outer line, but zy is of higher order 
than zy Hence when z and y are very great, the terms 
connected by the outer line are of greatest importance, and 
those nearer to 1% are more important than those more remote. 
If, on the other hand, x and y are infinitesimal, the terms 
connected by the lower line are the most important, and those 
nearer to 1% are more important than those more remote. 
We shall refer to this again 1n connection with curve tracing. 


EXAMPLES. 


1. Write all the terms іп an expression of the 4th degree in order of 
importance when x and y are very large : 
(1) when y?— az, (2) when ay? =x, 
(3) when ay? = x*, (4) when y*- a?x, 
а being finite in each case. 


2. Is 16 possible that 23 and xy? can be the most important terms in 

the expression 
Ax? + Buty + Сау? + Dry? 

when both х and y are either very great or very small? 

Which pair of terms can be of greatest importance 1n either case? 

9. If 9? + джу = x? — 22 +7, 
which terms can be of greatest importance? Arrange the other terms 
іп order. 

4. If y?:x—3, when x and y are infinite, find the approximate value 

f бу _ 4y^ 


30 2y when x and y are very great. 


under the same circum- 


Әх? + 4y? 
.9. Find the approximate value of ~ Sat 2y 
stances. 


[The neatest way of solving (4) and (5) is by ordinary division, 
continued as far as the term in the quotient which involves /2--2.) 


CHAPTER XIII. 


PARTIAL DIFFERENTIAL COEFFICIENTS. 


179. Differentiation of a function of two variables. Partial 
Differential Coefficients. 


When we have to differentiate a function of two variables, 
t and y, the most systematic way is to arrange the terms of 
the differential in two groups, according as they are multiples 
of dz or of dy. 
Thus, 1 
u = 32? — 52у + 2y? — 15x + бу - 8, 


instead of writing 
du = 6xdz— 5(ydu+ady) + 4ydy – 15dz + бау, 


and then arranging the terms into the two groups 
du = (6x — 5y – 15)dz + ( — 5x + 4y + 6)dy, 


we can, at the first, arrange them 1n these groups by first 
differentiating u throughout as if y was a constant, and then 
differentiating throughout as if z was a constant, the complete 
differential being the sum of these partial differentials. It is 
obvious that we may always do this, for every term of the 
differential must have dz or dy as a factor, and no term сап 
have both, because dz.dy 18 an infinitesimal of the second 


order. 
The coefficient of dz in the above groupings is called the 


partial differential coefficient of u with regard to x, being 
evidently what the complete differential coefficient would be 1t 
z were the only variable; similarly the coefficient of dy 1s 
called the partial differential coefficient of u with respect to y. 
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The notation adopted for these differential coefficients 15 
(a) and (=) so that the differential equation runs 


ax dy 
u- (Bes (hs 


Similarly, in the ease of a function of three or more variables, 


Ly 7; 2, 999 3 
du du du 
du- (07 JL (25) + (7: JUL 


180. Case when x and y are independent variables. 

If x and y are independent of each other, the ratio of аш to 
dx or to dy is an indeterminate one, inasmuch as the in- 
crements dz and dy may themselves have any ratio whatever, 
Thus, if z and y are the coordinates of a point in а plan of 
a district, and u 1s the elevation of the actual point above 
(say) sea-level, then du is the increase in elevation due 
to a slight movement away from the point, and this change 
evidently in general depends on the direction of movement, 
1.6. on the relative values of dx and dy. ‘Thus, if the point 
18 on the side of a hill, one direction (backwards or forwards) 
would cause no change of level, while any other would 
involve a more or less rapid alteration of altitude. We 
shall refer to this later. In Physics and Mechanics also, 
a quantity may be a function of several variables, some of 
which may vary independently of the others. Evidently the 
partial differential coefficients are the rates of change of the 
funetion when one variable changes and not the others. 

The student should practise forming these partial differential 
coefficients. 

N.B.—It is unnecessary in this case to put the brackets 
round the partial differential coefficients, and 1t 1s quite usual 
to omit them, as 1s done in the following examples. 


EXAMPLES. 


Ж 22/2 
l. If v Ey - y" write down du and = 
2 4- 4 da: dy 
2. If u—a*, write down —— du and dt 
da Чо, 


208 DIFFERENTIAL CALCULUS. [czAr. xin. 


du du du - dat 


3. If u- x?y?, write down — às dy’ ар an = 


4. If waa? - 3zy +2y?-5 - a? LL APT 0... 
w= x* — dry + 2y^ — бах + бау — a^, write down dx dy and — da 
=®, y? Е du ,,Z* 1 du 
du du 
6. In S l, show that x +y—— 


181. Case when y is a function of x. Distinction between 
total and partial differential coefficient. 
If, however, y 1s a function of 2, as, for example, if 


u= (2? — 3x)y, 
where у = Sin 2, 
then du =y( 2x — 3)dx + (2? — 32) dy, 
whence ou = y (2% — 3) + (x? — зауы) 


= (22 — 3)sin z+ (22 — Зк) сов л. 


du du 
Here we have du — (5%) da; + 2) dy, 


and du - (S5) : i3 dy | 
dz (ал) ° \dy/ dx’ 


and it becomes important to thoroughly realize the distinction 


between the complete differential coefficient ie and the partial 


ax 


one (5) The bracket round the partial differential co- 


efficient 1s an excellent way of distinguishing it. Another 
method will be given below, which 1s often advantageous. 

Аз a matter of fact, when y 1s a function of 7, any function 
и, of z, might be expressed as a function of 2 and y in very 
different ways; and the value of the partial differential co- 
efficients would depend on the way in which y was introduced. 
Thus, taking another example: 
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If y=sin x, and и = 22 sin x cos x, 
we might write u = ху COS x; 
or u — xy V1 — y), 
or 1 — (sin ^ !y)*sin x cos 2, 


or in many other ways, in each of which E3 would be different, 


and so would (25) though of course ©“ would be the same in every 


сазе. 


It is better in such cases to adopt a notation which recognizes 
that the partial differential coefficients depend on the form 
presented by the function, and we might say, if u = f(x, y), 


du = (“ааа (yas, 


du Lf uf dy 
dz dx dy dx 


where f(z, у) denotes not only the function, but the Jorm in 


and 


which it 1s given, апа > and ri obviously can then denote only 


da 
the partial differential coefficients, so that the brackets round 
them are not absolutely necessary, and can be used or omitted 
as desired. 
If, instead of y being given as a function of z, both x and y 
are given functions of some third variable, £, the equation may 


be written 
du (2 da | A dy 
dt E dt Ndy/ dt 


N.B.—The brackets, though not absolutely necessary, are 
useful to emphasize the distinction between partial and com- 
plete differential coefficients. 

Similarly, if we are dealing with a function u — (2, y, 2, ...) 
of more than two variables, we shall have 


du (df\dx  (dfNdy (ӘР dz 
it~ (ae) ai * y) ae * is) art 7 


182. Gradient at any point of the curve f(x, y) — constant. 


lhere 15 another way іп which y may be determined as а 
L.D.C. Q 
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function of 2, viz. when the given function of т and y has a con- 
stant value; e.g. if u=0 1s the equation of a curve, 2, y being 
the coordinates of a point on the curve. Іп such case и = 0 is 
itself the equation giving the relation between х апа y. In such 


case the partial differential coefficients (= 42) ала (m iy) have no 


ambiguity, but are perfectly definite in form. This is in fact 
the kind of case in which we most frequently require to use 
these derived functions. 

Since 4 is constant in value, the complete differential co- 
efficient is zero, and therefore the symbol for it is not re- 

x 

quired ; hence we may, if we like, omit the brackets from the 
partial differential coefficients. In what follows we shall some- 
times use the brackets and sometimes omit them. 

If we differentiate %--0, we obtain 


du ач 
e: yi T JL 0, 


and thus obtain the gradient of the curve at any point (2, y), viz. 


du 
dy dx 
dz du 
dy 


E.g. If the curve 1s 32? — блу + 21? — 15x + by - 8 — 0, we find 
dy 6:2-5у- 15 
d; -бе-4у-6? 


which gives us the gradient for any assigned point of the 
curve. 

It is rather interesting to see what would be given by the 
gradient equation if we inserted the coordinates of a point 
which 1s not on the curve. This may be left to the student, 
with the remark that w=0 is only one of a whole family of 
curves, и = constant, which have the same gradient equation. 

Example. To what curve of the above family of curves does the 
point (1, 1) belong, and what is the gradient of that curve at this 
point ? 


Ans. 32 – Блу +24? – 152 +6у+9=0; 24 
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183. Meaning of the equations (=) = 0, (=) = 0, 
dx dy 


At points on the curve at which гі. ----0 the gradient of 


da 
u = Q 15 zero. 


Hence: = == 0 1s the equation of a locus which goes through 


all the points оп the given curve where the gradient = О. 
Moreover, if we consider the whole series of curves given 
by the equation u = constant, the locus given by the equation 


7; = 0 cuts the whole series Іп points of zero gradient, 7.6. it 1s 


the locus of points of zero gradient in the given family of 
curves. Similarly 77° is the locus of points of infinite 
gradient. 

If at any point on the curve both = and 2 are zero, the ex- 
pression for the gradient becomes indeterminate. Such a 
point is called а singular point on the curve. It may bean 
isolated point (called a conjugate point), or there may be two 
branches of the curve passing through it, in which case it 18 
called à double point. (See Arts. 188, 194, 196.) 


Application to contc sections. 
| TP аш n. 
If u=0 is a conic section, 2.6. is of second degree, 7 =0 18 


a straight line going through the points 
of zero gradient on the conic, 2.6. through 
the points where y 1s a maximum or 
a minimum. Thus, in the figure, the 
2 . du 

line AB 1s given by the equation 1" 0. 


Since the tangents at A and B аге 


parallel, it follows that E = () 1s а dia- 


meter. Similarly 77° is the diameter which goes through 


the points of infinite gradient, and therefore the centre of 
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the conic 1s given by the point of intersection of these two 
lines. 


The general equation to a diameter is (S) + (27) =0 
where A is any constant. " J 


For example, the centre of the conic 32? – 5xy +2у? – 152 + 6y - 8=0 
is given by the intersection of the diameters 


бл-5у-15-д0, - 
—dx+4y+6=0. 
Any other diameter can be found by treating these simultaneously, 
e.g. 22— y — 9=0 is a diameter, and so are the lines 
y %39-0 and x4 30-0. 


Hence the centre is at the point (- 30, — 39). 
Since the tangents at the ends of 6x- 5y-15=0 are parallel to the 


axis of x, it follows that 


| 6x – 5y - 15=0 
and y+39=0 
are a pair of conjugate diameters. 
2 vedi ue - are conjugate diameters. 


The equation of the curve may be written in the form 
(6a – 5y - 15)* - (y + 39)? + 1200 2 0, 
showing that the curve is a hyperbola whose asymptotes are 
бх – 5y – 15 + (y + 39) =0, 


?.€. 6x —4y + 24=0 
and 6x – бу – 54 =0, 
2.6. 3x – 2у 412-0 | 
and “-У-9-0./ 


The curve has а pair of horizontal tangents given by 
y+39= +V1200= + 20/3 = + 34:04. 


From these data the curve can be drawn. 


EXAMPLES. 


1. Find the centres of the following curves : 
(i) 4x? + 19xy 4- 10? — 4x - 4y -2=0; 
(ii) 3x2- 12xy + 9? -- 6x - 6y - 4—0; 
(ii) zy - 3 -2y - 5—0. 
2. Show that the centre of the curve 22 -4xy+4y?-2x7+3y=0 is at 
an infinite distance, and draw the curve. 
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3. Ши-л2-4ту--2У2--2ал- Фау, draw the lines given by the equations 


а =0, ig —0, and 22:50. What locus 1s represented Бу the equation 
u=0? 
| da du 
4. If u=x? + у? – 3axy, draw the loci represented by d — 0 and 5 
and find where they cut the curve 4-0. 


184, Homogeneous Functions. Euler’s Theorem, 
In the example of last article, the function 


Jr? — Sry + 2y? — 152+ ôy- 8 


contains some terms of the 2% degree, others of the ІЗ, and 
the last term is of zero degree. Such a function 1s really а 
shortened form of the homogeneous function 


32° — Ory + 2y? — 15az + бау - 8a, 


where a denotes the unit of length. 

For, of course, every expression consisting of a sum of 
terms must really be homogeneous, t e. every term must be of 
the same dimensions, for 1t 1s impossible to add square feet, 
linear feet, and mere numbers together. 

А function of any degree when rendered visibly homo- 
geneous, as above, possesses certain important properties, of 
which we will now prove one of the most important, called 
Euler's theorem. 

Euler's theorem 1s this: 


If u is а homogeneous function = the n'e degree 
іп х, y, and 7, then xS ey dy +24г is identically 
equal to nu. 


For u consists of a number of terms of the form K2?y?z” 
where p+ qtr=n. 

If we consider the result of operating on the above typical 
term, we find 16 becomes 


(рКа? yz’) + y(qKary?  z)vz(Kvyz ), 
which reduces to (ptqtr)Kz yz, 
2,6. n times К2?02”. 


214 DIFFERENTIAL CALCULUS. [CHAP. XIII. 


Hence, if we operate on the whole of u, we shall obtain 
n times u, which proves the proposition. 
Take as illustration 
w= 82° – бху + Qy? – 15х2 + буз — 827. 
du 


Here x = х (6x – бу – 152), 
dit 
Улу Ў\ — 5x + 4y + 02), 
- zo <2 (- 150+ бу - 162), 
whence, by addition, 
du аи du 
242 dy '* dz nins 


which agrees with the predicted result, Since here 7» —2. 
We shal make use of this theorem in the following 
Investigation : 


185. Equation of the tangent at any point of the curve 
1--0. 


du 

dy dz 

We know that dr | = du. 
dy 


If, then, we take (z, y) for the point of contact, and (X, Y) 
as any random point on the tangent, we find for its equation 


du 
(X, Y) Y-y dz 
X-z du’ 
dy 
(х,у) whence 
NL һү du du 


dz ду 45 Idy 


This is one form of the equation to the tangent at (ғ, y), 
but it can be improved by help of Euler's theorem. 
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If и 1s made homogeneous by taking a as unit of length, we 


know that 


and this 1s equal to 0, since (2, 7) 1s on the curve 
Hence, finally, the equation of the tangent at (2, y) is 


du du, du 
XU Үзу" аз==0. 


Example. Find the tangent at any point of the curve 
82° — Bry + 2у®% – 15x + бу +20 =0. 


Making the equation homogeneous by taking а as the unit of length, 
we have 


За? — ӧху + 2y* — 15ax + бау + 20а? = 0. 
The equation of the tangent at any point (x, y) is 
X [6x – 5y —15a]- Y[ - 5x + 4y + 62] c a[ - 15x + 6y + 40a]=0, 
1.6. again putting a=1, 
X (6x -5y-15)+ ¥ ( - 5x + 4y + 6) = 15x — бу – 40. 

If we want the tangent at any special point, e.g. (2, 1), we have only 
to insert the special values of x and y in the above equation. Thus the 
tangent at (2, 1) 1s 

-8X = – 16, v.e. X —2. 

N.B.—It is essential that the point (ғ, y) should really be 
on the curve. If not, the equation does not represent a 
tangent. Тһе student should see that the point (2, 1) does 
satisfy the required condition. 


186. Equation of Normal. 
Since the normal is perpendicular to the tangent, it follows 
that if (X, Y) denotes any point on the normal, it satisfies the 
gradient equation 


du 
Ү-у_ dy 


or, as 16 1s often written, for symmetry, 
Х- 2 Y-y 
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187. Polar of а Point. 

The equation of a tangent at any point (2, y) of the curve 
көлем хаи ,2u LN 

dz dy "da 
if a 15 the unit of length. 

If we fix on any special point (X, Y) on the tangent, the 
above equation 15 satisfied by the coordinates (2, y) of the 
point of contact. 

If more than one tangent can be drawn through (X, Y), 
the equation 1s satisfied by the coordinates (z, y) of every 
point of contact; 7.6. the equation 18 the equation of some 
curve which passes through the points of contact of all 
tangents drawn from (X, Y). This curve 1s called the polar 
of the point (X, Y) with regard to the curve u=0. It 1s easy 
to see that its degree is Іп general =n—1 if u=0 is of the 
n degree, so that if и=0 is a conic section, the polar is a 
straight line; and if u=0 is of the 3™ degree, the polar is a 
conic section. 


188. Condition that an equation of the second degree shall 
represent straight lines (real or imaginary). 

Let и = 0 be the equation of the locus. 

Its centre 18 given by ы 0, апа x 0. 

If the centre is on the locus, the locus must be either 
single point, or а pair of straight lines intersecting in 
point; 7.6. in either case, the locus must be a pair of 
or imaginary straight lines passing through the point. 

Now 1-0 18, by Euler's theorem, equivalent to 

e. A 
do I dy da ` 

The condition that the centre shall Пе on the curve 15 
obtained by substituting its coordinates in the equation. 


These coordinates make SE and 7 0 (Art. 183). 


da 
Hence, if the centre is on the locus, its coordinates must | 


also make du = 0), 


da. 
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The condition, therefore, 1s that 


shall be simultaneously true. 
If the equation is 


ax? + 2hay + by* + 292+ 2fy+c=0, 
the simultaneous equations are, on dividing by 2, 
ax+hy+g=0, 
hz + by+f=0, 
qz ^ fy 4- c — 0. 


EXAMPLES. 


]. Find the tangent and normal at any point of the following curves: 
(1) а?+у?=а?; (2) y^—4ax ; 
(3) Ах? + By =a"; (4) xy = а, 
2. Find the tangent at any point of the circle 
L +Y? + Ax4 Ву+С=0. 
[Insert а эв unit of length.] 

3. Show that the curve 234 y3—a? cuts the axes at right angles. 
Find the polar of (a, a) with regard to this curve. Draw the part of 
the curve situated in the positive quadrant. 

4. Find the polar of (^, k) with regard to the curve 

zy? — 2ay? +а?х —0, 
and, in particular, find the polar of the origin. Find where this polar 
cuts the curve, and draw the tangents from the origin to the curve. 


9. Show that the equation 22 – 4xy-r3y?4 2ax —2ay —0 represents 
straight lines, and draw them. 


б. Show that the equation x?- ху 4 y?-2x-2yt4— 0 represents a 
pair of imaginary straight lines, intersecting in the point (2, 2). 


189. Successive partial differential coefficients of a function 
Хо, y) of two variables. Proof that 


iy da) (is) 
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The partial differential coefficients of f(x, y) with regard to 


г and y respectively, namely E and i are themselves, in 


general, functions of both z and y, and therefore have partial 
differential coefficients. 


These willbe © p ) and 7 (4 ) | 


BATTLE 

d /dfN.—., d (df 
d nr m у T "Sc. c— e 
an 7 ( 5) and 7 ( B 


The first and last of these are called ay and wy respectively. 
ах ау? 


Тһе second and third are equal to each other, as we shall now 


2 
show, and are called fan or $us as we please. 


Imagine the function to be expanded in powers of x and y, so 
that it consists of a series of terms of the form Kz^y*. 


Then the corresponding terms of af and af respectively will 


ax dy 
be рКа? -1у* and qKz^y*^1, 


Hence the corresponding terms of ЛЕЙ and 2(%) will 


ау хах dz «ау 
each be р0К2?- 10-1, which proves the proposition. 

This is easily extended to any number of differentiations, 
and any number of variables, the result being that 1f a function 
of two or more variables be differentiated a number of times 
with regard to one variable, and a number of times with regard 
to another variable, the order of performing the work 18 
immaterial. 


190. Homogeneous functions of two variables. Extension 


of Euler's first theorem. 
If f(z, y) isa v— function, of the n degree, of two 
variables z and y, we have proved that 
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Now evidently E ; апа i are two homogeneous functions 
of x and y, of the n — mate degree: hence 
ay, 47 Uf 


Gf df df 
and VU ТЫЫ b ini n 


Hence, multiplying the first py х, and the second by y, and 
adding, we obtain 


а Tag + ®лу qur psc (п —1)(а уа) = n(n — l)u. 


191. Successive total differential coefficients of a 
function of two variables x and y, which are them- 
selves functions of a third variable t. 


Let и = f(z, y), then 
du AE ах «(2 dy 


асқа) di^ dy) dt 
Denote, for brevity, 
dx dy 


and similarly 


and soon. Then 


This may be written in the form 


ie (аа) n, 


Indicating that if we wish to find the differential coefficient of 
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a function of x and y with regard to 2, the operation indicated 


by 3 must be replaced by the operation indicated by 


т А е = 
l dr Ady’ 


These expressions themselves are called operators, indicating 
certain definite operations to be performed. 

There 18 nothing new in this, except the systematic way of 
considering and expressing the work which we know has to be 
performed when we differentiate such a function. 

d?u 


ау, 
Now let us find JE be "C "ubl 2) 


Evidently this equals [see Art. 24] 
] 2 (df) + dz, df, 4 (df) dy, df 
ала) ^ di ‘dxf ^ ti dy) а |. 


n a5) - (na * dy) a 
since Ti 18 a function of z and y. This equals 
422 Th E 
similarly : (E е (n + 7; 7) 2) 
2 
n id TH T. 
Also : = 27, and + = Yo. 


Hence, on substituting, and arranging the terms, we find 


d?u „@°] uf 24: d 
ae (nig? nha tH 73) + + (2 +). (2) 
dèu 


Similarly 78 


... could be formed, but they rapidly increase 


in complexity. 
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If we are dealing with the curve u= constant, all these 
total differential coefficients are zero, and the above equations 
then give the connections between the partial differential 
coefficients and the values of z,, 7}, “о 7)... 


EXAMPLES. 
1. If u = х — За?у + 4ay? – уз, 
а (du а (ач 
find 63 and n) 


2. If u—x*5y^, find т di in several ways, i.e. by varying the order 


of the operations indicated, showing that they all lead to the same 
result. 


9. In the function of Example 1, test the formula 


а?и deu AU _ 
ud" eee 7 и 


by going through the operations. 


du а?у 
куе pat yy t 5 18 not the same as 


d d \? 
c tus) = 


Find the values of the two quantities in the case of the function of 
Example 1. 


5. Show that A «Си + hk Oe 
if В and k are constants. 


6, Find what the formula of Art. 191 for Е becomes when {= х, 


4, Show that 22-- 


du „йм. | d .dw 
Ard = 4 f:2—_ dy? 13 the same as (а-ы) t, 


t.e. when y is a given function of x. 


7. Find what the same formula reduces to when wz y. 


8. Find what the same formula reduces to when 2 and cy 
constant. Take, for example, x-a=ht, y—b=kt, and compare Ex. 5 
above. 


are 


9. If u—constant, find the value of a in terms of the successive 
ы. 


partial differential coefficients : 
(1) by means of the forinula obtained above (Ex. 6); 


| | - ау | du\ , (du 
(2) by direct differentiation of the equation 77 ( то) l (55). 
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192. Connection between rectangular coordinates and polar 
coordinates. 

The position of a variable point іп а plane may be given 
not only by means of its rectangular coordinates х and y, but 
also by means of what are called polar coordinates, viz. the 
distance of the point from the origin, or some other fixed 
point, and the angle that this line makes with the axis of z. 
lhese are called the polar coordinates of the variable point, 
and are usually denoted by the letters r and Ө. 

If r is measured from the fixed point (a, 0), the connection 
between 2, y and r Ө 15 


z—0(-rTcosÓ, 
y—b=rsin Ө, 
and the reverse relations are 
(a — a)? + (y — by, 
йылы, cosh = 2“, 
T r 


The differential relations between z, y and r, 0, if Ө is 
expressed in radians, are 


dx = cos бат -rsin 0 20, 
dy = віп 0dr +r cos 0 d6 ; 
and dr = cos Ө dz + sin Ө у, 
rd = — sin 0 dc + cos Ө dy. 
From these follow the partial differential coefficients : 


-rsin 0, 


r сов 0; 


апа 


—ginÓO, 7 
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It is important to realize exactly what the partial differential 
coefficients denote. 


1. Ей and (4) denote the rates of change of 2 and y рег 


unit change in r when z, y and т vary, but not 0. 


П. CE and ej denote the rates of change of.x and y per 


unit change in 0 when z, y and 0 vary, but not r. 


dr d - 
ПІ. ( 22) an а (27) are formed on the supposition that r, 0 
and x vary, but y does not. 


dN — (d0 
IV. 2) ( А assume 7, 0, and y to vary, but not 2. 


lhese changes are shown 1n the following diagrams, where 
the point is supposed to move from P to Q, where PQ 1s 
infinitely small, but the direction of movement is in each case 
such tbat one of the quantities 2, 7, 7, 0 remains unaltered. 


dr, Q 
AN 


(a,b) Ө constant A 


f a,b) r constant 


dr. Q 


III. IV. 
-rd А Q 


d M 


А 
(a,b) y constant (a,b) «constant 


193. Application to functions. 
If u is a function of z and y, it can also be expressed in 


erms of r and б. 
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du du 
Now du- (77 t (27) dv. А 


Hence, if we treat u as a function of 7 and not of 0, 1.e. if 
we keep 0 constant, we find 


(©) = Ей cos 0 + (=) SIN 0. ................ (1) 


Similarly, if we treat 0 as the variable, 7 remaining constant, 


we find 
du du\ . du 
(a8) ша -- (E)r SIN 0 + t3 T COS 0. ..%0%.өзеөе ее» (2) 


Again, since % 1s expressible as а function of r and 0, 


dr dO 
du du duN 1 
(=) = ЕЗ cos 6- (36. д SII 0, (chen ТОРТЕУ (3) 
du du\ . du\ 1 | 
апа (H) = (=) sin 0+ (5) : сов 6,.............. (4) 


From these relations the second partial differential co- 
efficients can be obtained. Thus, for example, from (1), 


2 2 2 
= Cs cos? 6 + 2 (29) cos O sin 0 + ЕЗ 81126, ..(5) 


lhis relation 18 of importance in connection with the 


maximum and minimum values of a function of two variables, 
as we will proceed to show. 


194. 70 find the maximum and minimum values of a given: 
Function of two variables. | 
Let u denote the function of two variables x and y, it 18 


required to find for what values of т and y the value of u may: 
be a maximum or minimum, | 
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We can obtain а geometrical picture of the function by 
supposing 2 and y to be the rectangular coordinates of points 
In à horizontal plane, and the values of v to be denoted by the 
lengths of vertical lines drawn from those points, so that the 
tops of these vertical lines lie on an undulating surface like a 
tract of hilly country. At the top of a hill w will be a 
maximum, and at the bottom of a valley u will be a minimum. 
To fix the ideas we will suppose the axis of x 1s drawn in the 
east and west direction (positive towards the east), and the axis 
of y in the north and south direction, positive towards the north. 

Evidently in general the surface is horizontal at a point 
where u is а maximum or a minimum. 


Hence (=) and (2) must equal zero at such а point. This 


is the first condition to be satisfied. 
We must therefore solve simultaneously the equations 


du 
(az) =% 
(5: Е 
2)” 


to find the values of z and y for which the surface 1s horizontal. 
Let z—a, у=ф be a solution of these equations. 
If these values of 7 and y make и a maximum, it is evident 
(from our investigation of the conditions for a maximum value 


2 
of a function of one variable) that (o ча) ала (5%) must be 
da^ dy“ 


negative, as the conditions ensure that an east or west move- 
ment from the point, or a north or south movement from the 
point, shall be downhill. 

.. This, however, 15 not sufficient, for if we are really at the 
top of a hill, any movement in any direction must begin to take 
us downhill To investigate the necessary analytical condition 
for this to happen, take 2 — а —r cos 0, and y- b —r sin 0, and 
consider the movement through a short distance along a 
direction making any angle 0 with the z-axis. If we are really 


d^u 
at the top of a hill we must have e )= 0 and er T. гі) negative, 


whatever 0 may be. 
L.D.C. р 
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du du du\ . 
Now (=) Е (=) cos 6 + (T) sin б, 


so that the first condition, viz. e )- 0, 1s satisfied whatever 


| - du du 
0 may be, since, by supposition, both e 2) and e T= 0. 


O (au (lu " d? du\ . 4 
Again, (Ta) = (т) со520--2 БЫ cos 0 sin 0 + Е ) sin? 


Hence, if С 


2 2 2 
have ro 4% ( йи ) tan 0 + (5%) tan? 0 


negative for all values of 0, 


T d^ d*u | 
The needful condition 1s that 27% and Tp shall be negative, 


Q?wuN /а?и ТА?) 
and that (тг (та) - ( 7- x) shall be positive. 


| 2и @?и @?ми 
lo prove this, denote (тз), ( aay) and (т 1j ) ру А, В, 


and C, and denote tan 0 by t. 
We have to find the condition that 


A + Ві Ct 


shall be negative for all values of f. 
lhe expression 1s equal to 


2| (Ct)? + 2B(Ct) + AC] 


=Z {(Ct+B)?+ AC - BY}. 


This can only be negative for all values of 0 if C is negatives 
and AC - В? is positive. Q.E.D. 
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Cor. These conditions, of course, involve the condition 
that A shall be negative as well as C. 


Similarly, the condition that u shall be a minimum for 


du du 


values of z and y that make —-=0 and 5- = 0 1s that 
ал ay 


A and C shall be positive, 


2 
and АС -– В“ positive. ‘These conditions ensure that (©з 3) 
shall be positire for all values of 0 


We see, therefore, that when (=)= О and H = 0 and 


(б) du на ( аз, \2 
Да? / ` (тр) 2A ' 


u wil necessarily be either a maximum or a minimum, and, 


dy йи; 
further, that u will be a maximum if e s) and (а ; are 
dx dy? 


2 2 
negative, and a minimum if Ес Ta) and (© 2) are positive. 


da? 
d?uN  (d?u d^u | du 
If (a та): (та) - (55 2) 18 negative, we shall have (оа) 
positive for some values of 0 and negative for others, with 
аи 


two intermediate directions for which (5а 1:3 


7) will be zero, viz. 


when 


C tan 0 2 - В+ //В? — AC. 


Such points on a hilly surface occur on а neck between two 
hills, or between two valleys. 


195. Extension of Taylor’s Theorem to a function of two 


variables. 
Let w=f(z, y) denote the function. It is required to find 


the connection between f(a+h, b+) and f(a, b) when а, b 
are any pair of values of 2, y, and а--), b+ are any other 


pair. 
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Let t—a-rcos0, у-б-твіп 0, 
so that when z—a +h, y=b+ k, we һауе т соз 0 =й, rsin 0 =k. 
Then и= (0 +7 сов 0, b+rsin 0), which is a function of 7, 
if we take @=constant, 264. if h, k are in a given ratio. 


(With this understanding, we may dispense with the brackets 
du d'u 


round LP REEL the following work). 
Hence, by Maclaurin’s theorem, 
аш, T^ а?и, 
VU — UE Tt 179 dr? T, 
when %, oo, ..», denote the values of u, z ..., when 
т —0, 7.4. when 2-0, у= 0. 
ж ж 
Now we һауе seen that m COS gt" + sin gà н 
dr dz dy 
KA PE ia 
dr ах “ау 
d^u а?у . 4,07 . ,40?u 
нанай” 205%. 
Also Jz = 60870 Tae + 2 608 д sin 0 7 "n sin?0 "E 
du „2и d^ 42у 


dr? dz ау 
dèu d ,a\? 
Hence 
d „4 1/4 ,dW 
и = f (a + А, be) о (hag thy weiss + hy) Uy - ..., 


* These are obviously partial differential coefficients, so the brackets 
may be omitted. 
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where on the right-hand side ш, ot a etc., are the values 
af 
f df 0] otc —a, у=. 
of f(z, y), dz dy etc., when z—a, y=) 


This may be more conveniently represented in the form 
d d 
Heth, yb) m fen y) + (hs, er Am 9) 
and may be briefly designated symbolically as 


| d „4 l/,d ,а%2 
f(x + h, ro e (eser) e sh er) Ef y) 


d, d 
ах ау 
= 6 Хо, v). 
Тіпв formula is the extension of Taylors theorem to a 
function of two variables. 1% may be similarly extended to 
a function of any number of variables. 


EXAMPLES. 
Discuss the maximum and minimum values (if any) of 
1. 422--1Ә9у--10У2-4:-4у-9. 2. a3?-4xy 3y? 42x - 2y +6. 


д. 23+ y? — бху. 4. 623y? — x? — 33, 
D. a4 yt- 422+ 4ху – 4/7. 


6. Show that the maximum and minimum values of eJ! 1.6. of 


А cos?0 + 2B cos 0 sin 0 +C віп?0, аге + (А +С) -EW(A – COP--AB?], and 
that they occur when tan 20 = 


yea 
7. Show that these maximum and minimum values have the same 


си when АС > D^, and that they are respectively А +С and 0 when 
= B* 


9. Deduce by means of Ex. 6 that the axes of the ellipse obtained 
by giving any constant value to the expression in Ex. 1 liein the directions 
given by tan 20 = — 2. 


9. Show that in Ex. 2 the value of ез із zero when 


cos?0 — 4 cos 0 sin 0 + 3 sin*0 = 0. 
Explain this geometrically in connection with the point where (2) 


Е аж 
74 
апа (as) are Zero. 

dy 
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_ 2® + Зу +6 2 
10. If u= ЖЕУ es show that dz 3i Ey and that 
du  3-?uy 
ау 22-72-11 


Hence find the maximum and minimum values of u. 


11. In the last question, show that when uis a maximum or minimum, 
а?и 2u 


dr? } 7 et ytt 
12. By using Taylor's theorem for the expansion of f(x+h, y +) in 


powers of h and k, deduce the conditions for a maximum or minimum 
value of f(x, y). 


18. Expand /f(x-h, у +) in powers of h and k by Taylor's theorem 
when f(x, y) is any one of the functions considered in Examples 1 to 5. 


тна (idend) aide) «| 
| Operate successively by t 4 a T , i Zn қ" 

14 Expand the functions of Examples 1 and 2 in powers of x and y, 
and determine h, Ё so that the coefficients of the first powers of x and y 
disappear. [Use Taylor's theorem for the expansion, merely inter- 
changing x, y with Л, k.] 


, and is therefore the same for all values of 60. 


15. Plot on а diagram values of the function и=23 + у – бху, for 
integer values of x and y between +5, using 1 inch as unit of length. 
Draw (approximately) on the diagram the curves corresponding to 
и--0, ч--27, and w= – 8, noting that in the last case the locus breaks 
up into a straight line and a point. 


196. Contour lines and lines of flow. 

If we consider a point anywhere on the side of a hill, there 
Is always one direction in which motion is neither up nor 
down. If we walk round the hill in such direction that we 
keep at the same level, we traverse what 1s called a contour 
line or line of level. 

Іп the case of the surface representing the function v, the 


level direction at any point 1s given by ЕЗ = 0, 


dr 
, /du du\ . 
1. €. (=) cos 0 + (a) sin 0 = 0, 
du 
.6. tan Ө = — 4 
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This, ав we have before proved, is the direction of the 
tangent to the curve u= constant. 

In fact the curves u= constant are the equations of the 
contour lines of the given surface. ‘They can be drawn on 
the map. [For the cases when a contour line reduces to a 
point, or contains а double, or crossing, point, see Art. pe 

The direction at right angles to the above value of 0 1s the 
direction of steepest slope, the direction in which water would 
begin to flow from the point down the surface. 

This direction is given by 

du 
dy 
tan 6 E 
da 
ЭЕ Is thus found to be 


The maximum value of e 


dr 


| du\? (du? 

(az) у (2) 

with а + sign if we ро uphill, and a — sign if we go downhill. 
[See Ex. 18, p. 109.] 

If we travel continuously in the direction of steepest slope, 
we traverse what is called а line of flow. "These lines and 
their traces on the map are at right angles to the contour lines 
и = constant. 

If v= constant is the trace of a line of flow, its direction at 
any point 1s given by 


Hence the curves satisfy at every point the differential 


equation diu du 
2. dy 
du 
da 
dv йи | av du 


iori m cd 
4, е ы 
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EXAMPLES. 
1. Prove that the parabolas y?— a? — 2а2, and y?=b?+2bx intersect at 
right angles at the points (3 (2 – Б), + мађ). 
2. Draw the parabolas for a=1, 2, 3 and b— 1, 2, 3. 


9. Prove that the curves 4x? – 8y?— a? and x?y =b? cut each other at 
right angles. Draw them for the case a=5, 0-1 


4. Prove that the curves 222 + у2=0? and y?=bx cut each other at 
right angles. Draw them for a=1, 2, 3; 0-і, 2, 3 


9. Prove that if v—/(Az? – By?), and v=F (xzByA4), the curves w—con- 
stant, and v= constant, cut each other at right angles. 


6. Prove that the confocal сопісв 
2 

a? а2- с 

cut each other — " the dium 


2 
371 and -— — =] 


qoum jà— 


x= md y= + x (а? — c?) (c? — 02), 
Draw them for the case a=5, 5-3, с=4. 


7. Prove that the cycloid 
xz-—a(0-—sin0), у=а(1 – соз 6) 
cuts the cycloid x—a(0-—sin0), y—a(l1-4cos 0) 
at right angles. 
8 If pE ty te -Čt 
i т А y 
show that the curves w=a, 9-0 cut orthogonally. Draw them for 
a=c, 2c, 3c; b=c, 2c, 3c. 
9, Show that the feet of the normals drawn from any point (h, k) to 
the curve 4-0 lie on the curve 
T du 


10. If u=0 is a conic, and (h, м its centre, show that the equation 
given in No. 9 represents the axes of the conic. [This theorem follows 
at once if we refer the conic to its principal axes. ] 

1l. Show that the axes of the conic 

За? — 5ху + 2y* – 152+ 6y+20=0 
are given by the equation 
5x? + ху – 5y? + 378x — 330y — 765=0. 

12. Show, by the method of Chap. XII., that the gradients of the 

A+Btané 


tangent at a double point are given by the equation бап0- — BiCtanó 


leading at once to the last eauation of Art. 194. 


CHAPTER XIV. 
CURVE-TRACING. RECTANGULAR COORDINATES. 


197. It is important to be able to draw a curve from its 
equation. For this purpose a certain amount of experience 18 
necessary to enable the important characteristics of the curve, 
and its general shape, to be readily ascertained. We shall, in 
this chapter, consider curves given by rectangular coordinates, 
and, in the next chapter, those given by polar coordinates. 
In the former case, there is a distinction between those in 
which y is given as an explicit function of = (or z as an explicit 
function of y), such as 

—z^(6—2z)y-snz, y—6,... 

and those іп which x and у are implicit functions of each other, 
such as T? + y? — блу = 0, x? +y? – 2az == 0), ... 

We already know how to plot а curve when y 1s an explicit 
function of 2, viz. by making a tabular list of values of z, y and 
x and plotüng a series of points and gradients, and drawing 
the curve through those points at the proper gradients, paying 
particular attention to the points where y 1s à maximum or 
minimum, 2.0. where the gradient 15 zero. So also if z is given 


as an explicit function of 7, we must tabulate 2, 7, z and plot 


similarly, giving the axis of y the post of honour instead of the 
axis of х. Or, again, it may be possible to express z and y as 
explicit functions of some third variable; e.g. 1n the case of 
the parabola y?=4a7, we may write ж=аЁ, у= 2at, where t is 
| d 
апу variable. Іп such cases, we can easily also express A 


dæ 
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in terms of the third variable, and then find as many points 
and gradients of the curve as we please by simply making a 
ay 
dx 


of the variable on which they depend. Examples of equations 
allowing of this method of treatment will be found in the 
sequel. We shall say no more here about these particular 
forms of equations, but confine ourselves to the general case (of 
course including the above simple cases) 1n which the equation 
is in the form f(x, y) 20, t.e. in which 2 and y are, in general, 
implicit functions of each other. 


table of values of x, у and < corresponding to different values 


198. Algebraic curves. Degree of a curve. Equations and 
curves may be classified into Algebraic and Transcendental ; 
e.g. yj —2x—2? is algebraic, and so are y-,/(2x—2*) and 
y+ J(2x -y) 20, while y 28i z, y —logz, are transcendental. 
We shall confine our attention solely to algebraic curves whose 
equations have been cleared of roots and fractions, $e. in 
which every term is of the form 47/7, where 7 and s are 
positive integers or zero, and 4 15 any numerical coefficient, as 
for example, 


The student can have these curves in his mind while reading 
the following articles, and should endeavour to trace them 
gradually as he reads. 

The degree of the highest term or terms in the equation 1s 
called the degree of the equation and of the curve. Thus the 
first is of the 2nd degree; the fourth 1s of the 4th degree; and 
the others are of the 3rd degree. 


199. Curve passing through the origin If the equation 
contains no constant term, the origin 18 on the curve. Іп this 
case, the approximate shape of the curve near the origin can. 
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be discovered by neglecting the terms of high degree, and 
retaining only those of low degree, since, when 2 and y are 
small, the lower degree terms are more important than those 
of high degree (see Arts. 177, 178). And, in particular, if 
only the lowest degree terms are retained, we obtain the 
tangent or tangents to the curve at the origin. 

If the lowest degree terms are of the first degree, there 1s 
one branch of the curve passing through the origin ; if of the 
second degree, there are in general two branches passing 
through the origin, since on equating these terms to zero, we 
have in general two tangents. Іп this case the origin 15 called 
a double point on the curve. The two tangents thus obtained 
may be coincident: in such a case there are, in general, two 
branches passing through the origin and touching each other 
there; but in special cases the two branches may stop at the 
origin instead of going through it. The curve is then said to 
have a cusp at the origin. (Examples will be found below.) If 
the lowest degree terms cannot be broken up into real factors, 
the tangents are imaginary, and in this case the origin is an 
isolated point on the locus, separate from the rest of the curve. 
Such a point 1s called a conjugate point. If the equation giving 
the tangents at the origin 1s higher than the second degree, there 
may be several tangents, 1.6. several branches of the curve 
passing through the origin. 16 is then called a multiple роті 
on the curve. If all the tangents are imaginary, it 1s, of course, 
an isolated, or conjugate, point. 


EXAMPLES. 


1. Find the tangents at the origin in the case of the curves (1), (3), 
(4) and (5) above. 

2, Draw the curve 22 = 6у? in the neighbourhood of the origin. 

9. Draw the curves ay = 22, a? = z3, y? = аз?, у = о?а?, between x= +4. 

4, Show that the curve y?(3x+2y)=4y?+ 9x? has а conjugate point 
at the origin. 

9. Show, by the graphic method of Art. 178, that near the origin the 
shape of the curve x4 y*-2acry?—3a?z?—0 is approximately given by 
the equation y*-2axy?- Зах? = 0, т.е. by the parabolas y*—-3ax=0, 
and у? һах=0. [Notice that in this case there are two coincident 
tangents at the origin, given by the equation 22-0, and the curve has 
two branches, both touching the axis of y at the origin.] 
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200. Double and conjugate points in general. If we care- 
fully study the system of contour lines u = constant in connection 
with Arts. 194, 196, we see that a conjugate point occurs as 
part of the locus whenever u is a maximum or minimum, 2.6. 
whenever the top of a hill, or the bottom of a valley, 1s on the 
level of the particular contour ; and that a double point occurs 
when а neck between two hills or two valleys 18 on the level 
of the contour, which then, in general, crosses itself at this 
point. А triple or higher multiple point 16 far rarer and 18 
not so easily pictured to the mind. All these points are 
classified as singular points. 

We saw in last article how to discover and distinguish 
between conjugate and double points when they occur at the 
origin. The investigation in Art. 194 shows that at such 
points, in general, we must have E =0 and 1,70 and, 
further, that the directions of the tangents at such a point are 
given by the equation 


а2у ТАТ а?и 
(qa) tan?6-- 2077) tand (77: 3)-0 
so that if the roots of this equation are real, it is a double 
point, which may be a cusp if the roots are equal; and, if 
they are imaginary, it 1s а conjugate point. 

We have only mentioned this matter here because of its 
geometrical interest іп connection with contour lines, but we 
shall not trouble the student with examples, as it 1s somewhat 
beyond the scope of the book. 

We should note, however, that if, to assist us in drawing 


" du 
any curve u=constant, we draw the auxiliary curves ---0 


ax 
du | | u 
and —-=0, the gradient 1s zero where the curve —-=0 cuts 
dy dx 
| v du | 
the given curve, and infinite where —— = 0 cuts the given curve, 


dy 
unless 1t happens that the two auxiliary curves intersect each 
other on the given curve, in which case the point of inter- 
section 1s either a double point or a conjugate point on the 
given curve. 


Автв. 200, 201.] CURVE-TRACING. 237 


Of course if we are considering the whole series of curves 
и = constant, the positions of these double or conjugate points 
are of great importance, as some of the series are bound to 
contain them. The centre of à hyperbola and the centre of 
an ellipse are, in this sense, examples of double and conjugate 
points respectively, the one being the crossing point of the 
asymptotes of a series of hyperbolas, and the other coinciding 
with the infinitely small ellipse belonging to a series: of ellipses, 
the series in each case being obtained by giving different values 
to the constant in some second degree equation и = constant. 
See Examples 5 and 6, p. 217, and draw several curves of 
each series, by equating the respective functions to different 
constants (such as 0, 2, 4, 6). 


201. Simple cases of symmetry. If only even powers of 
y occur in an equation, the line y=0 1s a line of symmetry 
(as for example in the case of the parabola 7? = 4az), since for 
every value of z the values of y must be equal in magnitude 
and opposite in sign, so that for every point (x, у) above the 
line there must be a point (2, — 7) at an equal distance below; 
hence, if the upper part is folded-over round the axis, it 
will coincide with the lower part. The knowledge of this 
symmetry will be of great assistance 1n drawing the curve. 

Similarly, if only even powers of æ occur, the line x=0 is 
a line of symmetry. 


Thus, іп (2) of Art. 198, у=0 15 a line of symmetry ; and, in (4), both 
axes are lines of symmetry. 


If all the terms in an equation are of even degree, as in the 
case of curve No 4 above, or if all the terms are of odd degree, 
as in the case of curve No. 5, the origin 1s what 1s called the 
centre of the curve, t.e. all chords passing through the origin 
are bisected there. То prove this, it is merely needful to see 
that if a point (2’, y) is on the curve, the point (—z', —9) 1s 
also on the curve, which 1s the case since the equation will be 
unaltered if ( – x, — y) is substituted for (т, у). 

If the equation 1s unaltered when x and y are interchanged 
(e.g. 23 – Залу + 13 = 03), the curve 18 symmetrical about the 
line z—-y. For if (z, у)1з a point on the curve, (y, 2) must 
also be on it, and these points will be found (by folding or 
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otherwise) to be equidistant from the line x = y, and situate on 
a line perpendicular to it. 


202. Curves which extend to infinity—Asymptotes. 

Ап asymptote to а curve 1s а line which is infinitely close 
to the curve at points infinitely distant from the origin, ?.e. 
at points whose abscissa and ordinate (or one of them) are 
infinitely great. Not only must the ratio of у: 2 be the same 
for the line as for the curve, but the difference of the ordinates 
of points on the line and curve must be zero when the abscissa 
is infinite, and the difference of their abseissae must be zero 
when the ordinate 1s infinite. 

АП lines parallel to an asymptote at a finite distance from 
it will satisfy the condition that the ratio of y : x will be the 
same as that of the curve, but they will not satisfy the differ- 
ence condition. The asymptote 1s the line which satisfies both 
conditions. 

The direction of this system of parallel lines 1s said to be 
the direction іп which the curve extends to infinity. — 

Іп many cases the curve extends to infinity in more than 
one direction. The direction or directions of the infinite 
branches are found by neglecting all the terms 1n the equation 
except the highest, since, when z and y are great, their highest 
powers are more important than their lower powers. By 
equating the terms of highest degree to zero we obtain a 
homogeneous equation of the л degree representing n straight 
lines (of which an even number may be imaginary) through 
the origin stretching in the direction of the infinite branches of 
the curve. If all are imaginary, the curve does not extend to 
infinity in any direction, and is a closed curve. For example, 
in the hyperbola 0222 — а?у? = a?b?, the lines 02? — а?у? = 0, i.e. 
bx + ay = 0, stretch towards the infinite parts of the curve, being. 
in fact the asymptotes. Іп the ellipse 0°x?+a*y?=a7b? the 
corresponding lines аге 0?z? + а?у? = 0, and are imaginary. 

Ás a rule, the lines through the origin are not the asymp- 
totes themselves, but are parallel to the asy mptotes. 

lo find the asymptotes we have to make use of the next! 
highest terms as well as the highest, and approximate by: 
taking in succession the different factors of the highest degree 
as constant. The method of determining the value of the. 


ARTS. 201-203.] CURVE-TRACING. 239 


constant in each case has been already explained іп Arts. 173, 
174, and will now be illustrated by the following examples 
(taken from the curves of Art. 198.) Тһе equations so obtained 
will be the equations of the asymptotes. 


Examples. 
(1) Let the eqnation of the curve be 2? – 6y? 4-3 —0. 


The terms of highest degree are x? + y?, therefore there is an asymptote 


in the direction x+y=0. 
е” T" ША 
Writing the equation in the form x+y= eT and approxi- 


mating to the right-hand side by the method of Art. 174, ?.e. by putting 
x=1, y= – 1 (equivalent to making the ratio y:x=-1), we find the 
value of the fraction is 2; .. the asymptote is r+ y —2. 


(2) Let the equation of the curve be 22у? = a?(x? — y?). 
The infinite directions are y —0 and x=0. 
Considering first the asymptotes іп the direction y=0, we find 


2(4,2 9/2 
tatus ГЕ = а? when z is infinite (y being finite); 


"m 
7. y= +a аге a pair of parallel asymptotes. 
, a*(x* — 2) — 
Again, x*= -———32—— = — а? when у is infinite. 


These lines, 2? + а? = 0), are imaginary, hence the curve does not go to 
infinity in the direction x —0. 


(3) In the curve (= — y) - a?(x 4- y) 20, we have 


х= – а? m = a^ when y is infinite, 


and “-у--а? T c0 when zx and y are infinite. 
" X=+ta, x—1-—0, are all asymptotes. 
ғ 2? + ax 
NoTE.— By putting the equation in the form у= у-у We can find 


as many points and gradients as we please, and so draw the curve. 
(See Art. 197.) 
The tangent at the origin is x 4 y —O. 


(4) The student can in the same way show that the asymptotes to the 
curve 2° – ху? +y? – 4=0 аге x=1 and zt9y- — 4. 


203. Parallel asymptotes. 

In some of the above cases there were a pair of parallel 
asymptotes, the finding of which was done in the same way as 
іп the case of a single asymptote, with the peculiarity that the 
parallel asymptotes were sometimes imaginary. 


240 DIFFERENTIAL CALCULUS. [CITAP. XIV.- 


The case of parallel asymptotes requires, however, further 
consideration, as may be shown by the following example. 
Let the curve be 


t? + L'Y — жу” — у? 4-2ry + 2y? — 3x + = 0, 
2.4. (z —y)(z + y)*--2y(x4- y) - 324-9 = 0. 


There 15 one asymptote in the direction z— у= 0, and a 
possibility of two asy mptotes in the direction 7+ y = 0. 

The first presents no difhculty, and 1s easily seen to be 
x—y+1=0 by the method explained above. 

To find the other two, divide by 2-7, and approximate by 
the method of Arts. 174, 175, remembering that, though 2 
and y are infinite where the asymptotes meet the curve, yet 
x+y 15 finite. 

The equation 1s 

(zy EE MD Ar — y Jj —0. 
2 — 1 2-7 

Now, in the first fraction, the numerator is of higher degree 
than the denominator, so that, in general, the fraction would 
be infinite when z and у are infinite. lt happens, however, 
that the numerator contains the finite factor x+y, hence the 
limiting value of this fraction 18 — (2+0), since the limiting 


value of a under the given conditions is - 1 (Art. 174). 


-— | . 920—1 
The limiting value of the second fraction, viz. er Is 2; 


г. the asymptotes are (x+y)? — (x 4- y) - 2= 0, 
2,4. r+y+1=0 and 2+7 2 = 0. 


N. B.—If x+y had not been a factor of the terms of highest 
degree but one in the equation, the asymptotes parallel to 
t 4- = 0 would have been at an infinite distance, and therefore 
useless. It 1s usual to say in this case that the curve has no 
linear asymptotes in that direction. The simplest case of this 
sort is the parabola y^—4az, where the highest degree term 
indicates two asymptotes in the direction у= 0, but on investi- 
gation they are found to be at an infinite distance from the 
origin. We shall recur to this again under the head of сигу 
linear asymptotes. 
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Тһе reason why the above difficulty did not arise in the 
case of any of the specimen curves of Art. 198 was because 
Nos. 4 and 5, which had repeated factors in the terms of the 
n^ degree, had no terms of the n — 1% degree. 


204. Description of the general method of finding linear 
asymptotes. 

The general method of obtaining the equations of the linear 
asymptotes may thus be described. 

Let the equation of the curve be arranged according to the 
degrees of the various terms, and let the terms of the 7" degree 
be denoted by uw, Then the equation 1s of the form 


AL, +U +0, +... FU, +00 = 0. 
Now (1) let ах + бу be a factor (unrepeated) of и 80 that 
Un = (ax + by) V, 1 
Then, dividing by 2, 1, we have 
eo} а = 0), 


п--1 n=] 


ax + by + 


The asymptote is av+by+c=0, where c is the value of 
—-! when az + by=0 (Art. 174). 


n—1 
The remaining fractions all become zero when x and y аге 
infinite. 


(2) Let (ax + by)? be a factor of w,, so that 
Un == (ах + by)? 17 _ 9+ 


Then 
(a + by)? Usi у Маз | terms which vanish )- 
у) + т"? (өзе х and y are infinite/ | 


Un—2 n—2 


Now кы Is in general infinite, and there will be no linear 
т--2 

asymptotes in the required direction unless either az + by 1s 
a factor of w, 1 or the terms represented by 4, 1 are non- 
existent, but in that case, the method of approximation gives 
an equation of the form (02 + у)? + B(az+by)+C=0, giving 
two parallel asymptotes in the required direction. 

| NOTE.—B will be zero if the u,_, terms are non-existent, 
and C will be zero if the vu,.., terms are non-existent. | 

L.D.C. Q 
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Similarly, if и, contains (ах + фу)” as a factor, there will be 
no linear asy mptotes (7.6. none at a finite distance) unless 


Tg 


и. contains the factor (ax + by), or 15 non-existent, 
and also 4,2900, » » (aztbyy^, е ,, 


апа во оп. 
If these conditions are fulfilled, there will be r parallel 
asymptotes given by an equation of the form 


(az + by)’ + B(ax + by)? + C(ax by)? +... = 0, 


where any of the coefficients B, C,... will be zero if the cor- 
responding terms are non-existent in the equation of the curve. 
Of course even in this case some, or even all (if r is even), of 
the asymptotes may be imaginary: but this is quite different 
from the failure by reason of any of the terms becoming 
infinite. 

If all the asymptotes are imaginary the curve does not go to 
infinity at all in the specified direction; whereas if a term 
becomes infinite, the curve does go to infinity, but with no 
linear asymptote, just as a parabola does іп fact. 

This gives rise to the consideration of what are called 
curvilinear asymptotes, but before proceeding to the considera- 
tion of these, we will approach the theory of linear asymptotes 
in another way which will be instructive. 


205. Intersections of a straight line and curve. Another 
method of finding asymptotes. 

A straight line cannot cut a curve of the п degree in more 
than n points ; for, if we eliminate y by solving simultaneously 
the equation of the curve and the equation Az + By+C=0, we 
shall obtain (in general) an equation of the л" degree in = 
whose roots will be the abscissae of the points of intersection 
of the line and curve. This equation has n roots, of which any 
even number may be imaginary. Consequently, if a line cuts 
the curve in less than n real points, the deficiency will be ап 
even number. [Similarly if we eliminate z, we shall obtain 
an equation in y to which similar remarks apply. | 

Hence, а curve of odd degree must eut every straight line 
in at least one point, since it cuts it in an odd number, of 
which an even number may be imaginary. Consequently a 
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curve of odd degree must extend to infinity in one direction 
at least. 

A curve of even degree may or may not extend to infinity. 
A curve which does not so extend is called a closed curve. If 
it does go to infinity it 1s called an open curve. 

Infinite roots. If Ax+By is a factor of the highest degree 
terms in the equation of the curve, the equation giving the 
points of intersection of the curve with the line Az + By - C = 0 
will be of the n — 1" degree.* We do not say in this case that 
there are only л – 1 roots, but that there are n roots, of which 
one 1s infinite. (For the only way іп which an equation of the 
п“ degree can have an infinite root is by the coefficient of its 
highest term being zero.) Hence in this case every line 
parallel to Ах + By = 0 cuts the curve in one point at infinity. 

If we choose C so that the coefficient of the next highest: 
term 1s zero, we shall have a line which cuts the curve in two 
points at infinity (or possibly more). his line will be the 
asymptote in this direction. [See also Art. 207a on p. 249 | 

By solving the equation giving the finite points of inter- 
section of the asymptote with the curve, we shall, in general, 
find n – 2 points, of which an even number may be imaginary. 

If (Ax + Ву)? 15 a factor of the highest degree terms in the 
equation of the curve, and if also Ах + Ву is a factor of the 
terms of the n – 1% degree (or if these terms are not present), 
the equation giving the points of intersection of Az + By -- C — 0 
with the curve will be of the n — 2*^ degree, and every line 
parallel to Ал--Ву-0 will meet the curve in two points at 
infinity. lf we then choose C so that a third root 1s ‘infinite, 
which 1n general 1s possible for two values of C, we shall have 
two parallel asymptotes, each of which cuts the curve in at 
least three points at affinity. 

If (Ал--Ву) is a factor of the highest degree terms, but 
Ar--By is not a factor of the terms of the 4-1" degree 
we shall have no asymptotes at a finite distance. This case 
gives rise to curvilinear asymptotes, which we shall investigate 
in the next article. 


* In some cases the equation will be of lower degree, say of degree 
п-т. Іп this case every line parallel to Ax+By=0 meets the curve 
in 7 points at infinity, and the asymptotes will meet it in r+1 points, 
or possibly more. 
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EXAMPLES. 


1. Apply the above method to find the asymptotes to the curves of 
Art. 198, and to find where the asymptotes cut their respective curves. 


2. In the curve (ax+by+c)u,-;+U,-2+terms of lower degree=0, 
show that ax+by+c=0 is an asymptote unless Ч,-1 contains ax + by 
as a factor. 


9. Show that the asymptotes of 
(a-—yt+l1)(a+y+1)(x-2y+3)=Ax+By+C 
are x-y+1=0, x+y+1=0, x-2y7y+3=0. 
4. Show that, in general, if a curve of the 3rd degree has three real 


asymptotes in different directions, the points in which the asymptotes 
cut the curve again are collinear. 


5, Find the line in which the curve 23-у2--у2-4--0 cuts its 
asymptotes. [Find the compound equation of the asymptotes, and 
solve with the equation of the curve. ] 


206. Curvilinear asymptotes. In some (not infrequent) 
cases 1t will be found that the method of finding the asymptotes 
in some particular direction gives an infinite value to the 
constant, instead of a finite one. In such cases there are no 
straight line asymptotes 1n that direction. The simplest case 1s 
that of the parabola y^— ar, which as we know goes to infinity, 
but has no asymptote. Another case is (y - 2) =a(x +y), 
which 1s also a parabola, but with a slanting axis. 

In such cases we shall usually be able to find some simple 
curve (e.g. a parabola), which will be asymptotic to the given 
curve in the required direction, that 1s, which will approach 
infinitely close to the given curve when z and y are infinite. 
Such asymptotic curve is called а curvilinear asymptote. The 
drawing of the simpler, asymptotic, curve will much facilitate 
the drawing of the required curve. 

The discovery of curvilinear asymptotes can be facilitated 
greatly by making use of the diagram of powers explained in 
Art. 178. This diagram will also serve to indicate linear 
asymptotes, and 1s of great use in many ways. 

We will illustrate by an example. 


Let the — be y*(2y + 32) = 47? + 922. 
On consulting the diagram of powers, we see that, when x and y 
are infinite, 
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"us y? may be proportional to xy? (see line AB), ?.e. y proportional 


This leads to the linear asymptote, viz. 
2y t 9x— ty" тен x-2 =8. 


у=—3 


(2) xy? may be proportional to 2? (see line BC), і 
у? proportional to x, the first approximation boing 
therefore, y*= 3x. C 
Hence the equation, with the terms arranged according 
to degree, and the terms of each degree arranged in order of importance 
for this relation between y and x, is 


y* (3x + 2y) = 92° + 4y?, 
922 + 4y* 
3x +9у ` 


2. е, 2— 


By actual division, and approximating 
in the third stage of the division by 9*t2y ) 9 +4у*( 3x- 2y + 8 


making use of the relation y^:3z-1 9х* + бху 
(which we have seen holds, for this - бху + 4y? 
direction, when x and y are infinite), we — xy - 4y? 
find y?=3x -2y +8,- neglecting terms Bye 


which vanish when x and y are infinite. 
This equation, therefore, represents a curvilinear asymptote. 
By arranging it in the form 
(y 4-1) 2 3(x 4-3) 
we see that it is à parabola with vertex at (—3, -1), and with the 
horizontal axis y+ 1 20, aud can easily draw it. 


ХотЕ.-Іп the above example, the repeated factor of the 
highest degree terms which gave the direction of the curvi- 
linear asymptote was the simple term 7/7, 

If the repeated factor were of the form (az + by)’, or, more 
generally, (az + by)”, the work would not be so simple, but by 
the artifice of putting az+by=z, and arranging the equation 
in terms of 2 and 2, or y and 2, the same method would be 
applicable. This is true whether the factor corresponds to a 
curvilinear asymptote or to parallel asymptotes, though in the 
latter case the artifice is not needed, as the method given in 
previous articles 1s simpler and more straightforward. The 
student might, however, verify its applicability by putting 
t4-y—2z in the equation of Art. 203, and working with 2 and 2 
by substituting y=z-2z in the equation. Не will find the 
division method gives z?—2--2 as the equation of the 
asymptotes. Or he may work with y and z by substituting 
= # — у, which will lead to the same result. 
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EXAMPLES. 
1. Find the points in which the curve y*2y +32) =4y?+ 92? cuts its 


linear and its curvilinear asymptote. 


2. Find at what points the gradient of the same curve is (1) zero; 
(2) infinite ; (3) equal to that of the linear asymptote. 


9. Show that the origin is à conjugate point of the same curve. 


4. Show that no other part of the above curve lies to the left of or 
below the line 3x + 2у = 4. 


9. Show that the line 3x -2y - 4— 0? cuts the curve in points given 


(+4) +4 
by the coordinates Е (2) 719 


6. Draw the curve. 


207. General hints for drawing a curve whose equation is 
given in rectangular coordinates. 


(1) Find its linear and curvilinear asymptotes, if it has any. 

(2) If it goes through the origin, find its approximate shape 
there. 

(3) Find at what points the gradient 15 zero or infinite. 
[If the curve is a closed curve, we obtain by this means 
а rectangle enclosing the curve. ] 

(4) Note whether there are any obvious lines of symmetry. 

(5) Note whether the origin is a centre of symmetry. 

(6) Find any special points on the curve: e.g. where it cuts 
the coordinate axes, and where it cuts its asymptotes. 
Find the gradients at such points. 

(7) If y can be expressed ав an explicit function of 2, or 
vice versa, or if x and y can both be expressed as 
explicit functions of a third variable, make a table of 
values of 2, 7, and gradients. 


МУ. b.—Plot each piece of information as it is obtained, and 
so gradually arrive at the knowledge of the shape of the 
curve. Some practice 18 necessary, as experience makes a little 
information go a long way. Тһе student will find that when an 
algebraic curve has linear asymptotes there are always two 
branches approaching each asymptote. Most frequently these 
two branches approach the asymptote on opposite sides and at 
opposite ends, as, for instance, in the case of a hyperbola; but 
this will not always be the case. 
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Sometimes a curve may be derived from a simpler curve by 
some simple geometrical construction : a few instances will be 
given in the following examples. 

Drawings of the curves of Arts. 198 and 206 will be found 
at the end of the book. The student should compare these 
carefully with his own attempts at drawing the same curves, 
and carefully verify his work, before proceeding to the exercises 
below. His drawings should be on a larger scale than those 
in the book. 


EXAMPLES. 
Draw the following curves : 
1. (5-а) +а?х — 0. 2. y {x - а) – ах = 0. 
3. (20 – х) = х3. (This curve із called the cissoid.] 
4. y(x- 2а) =x. 9. y? —z*(x – За). 
б. a?r-y(x—a). 7. (x4 a)y? = x*(a — x). 
8. (xz a)y? zx*(x — а). 9. xy?=a?(2 — а). 


10. xy?—-a?*(a—a). [This curve is called the witch. ] 


11. ay?-(x-ay. [Note that this is the same as ау? = 22, but with 
every point shifted to the right through the distance а.) 


12. ay?-x(r-a)(x-2a) [Show that it has a curvilinear asymptote 
ау (z-a, and that there is по part of the curve between x=a and 

13. ay 2 x (x – а)?. 

14, ay (a - x) = 22. 
Show that it has a parabolic asymptote x? +a(x +y)+a*= 

15. ay?=x(x-a)?. 16. 233-3? —3axy. 

17. a3y? = x(a? – 22). 

18. Show that in the equation of Ex. 10, we may put 

х= оа соѕ0, y-—a tan 0. 


Hence show that, if a line be drawn through the origin to cut the 
circle 2? +у?= az in P, and the line x=a in Q, the point which has the 
abscissa of P and the ordinate of ©) is on the locus. Plot the locus by 
this method. 


19. Draw the curve (х – а)2у2=22(20 - x). [This curve is called the 
conchoid. | 


20. Show that, in the conchoid (Ex. 19), if y= tan 0, 
“-а-- +@ сов Ө. 
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Hence show that if a line be drawn through the origin in any direction, 
it cuts the curve in two points P, ©), such that PQ=2a, and the middle 
point of РО is on the line x=a. 

Plot the curve by this method. 


2l. Plot the curves 
(1) а?у? = x*(a* — а?), 
(2) aty? = x*(a? — x?). 

22. If PN is the ordinate of a point P on the circle 22 + у? =а?, and if 
PM be drawn parallel to the axis of x to meet the line x=a in M, show 
that the point P, where PN is cut by OM (O being the origin) is on the 
first curve of Ех. 21, and that a similar construction starting from Р, 


(instead of P) will give à point on the second curve of Ex. 21. Plot 
the curves by this method. 


23. If the point P is on the curve y=f(x), and the points P, and P, 
are obtained by the method of last article, show that the locus of P, is 
the curve ay —xf(x), and the locus of P, is the curve a*y=2?f(z). 


24. Show that if a line drawn from any point (x, y) to the point 
(x+a, 0) cuts the line x=a in а point M, OM will pass through the 


point (2, 54) 
29. Draw the cycloid x—a(0 —sin6), у-а(1-сов0). Show that the 


tangent and normal at any point of this curve pass respectively through 
the points (a0, 2a) and (a6, 0). 


26. Draw the curve x (xz - y)?=2a?(x+y). 
27. Draw the curve z(z - y*-a(x- yy. 


28, Draw the curves x?y?=a?(x? + y?). 
Show that, if (2, y,) and (2, y;) are points of these curves respectively, 


1,1-%. 
y? ys? а? 


provided x? is not less than a’. 


29. Show that the eqnations y(a?--2?)— az?, and y(a?-- 2?) -а?, both 
represent the curve of Ex. 10, in different positions. 


90. Draw the curve 24-522у2--4у4 шай, 


3l. Draw the curve {+ "2 


i 3 
92, Draw the curve (=) + (%) =], 


b 
$ 4 
33. Draw the curve (=) + (}) =], 
34, Draw the curve (x -2)y?=(y – 1) 22. 
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2078. Linear asymptotes parallel to the axes. Ву the 
method of Art. 205 we see that, if there is an asymptote 
parallel to the axis of y, every line in the direction 2 = constant 
will meet the curve in at least one point whose ordinate 15 
infinite. Hence, if we put z—c in the equation of the curve, 
the resulting equation in y must have fewer than n finite 
roots, 1.6. the highest power of y in the equation must be of 
less than the л" degree. If we choose such value or values 
for z as will make the coefficient of this highest power of y 
vanish, we shall obtain the asymptotes themselves, since in 
such сазе there will be still fewer finite roots to the resulting 
у equation. Similarly any asymptotes parallel to the axis of 
t will be obtained by equating to zero the coefficient of the 
highest power of тіп the equation of the curve. 

lake for example the equation 

r^^ — 4a? – 9у + 3x – ду = 6. 

Іп this equation the coefficient of the highest power of y is 
1? — 9, and the coefficient of the highest power of 2 is y* — 4, 
hence the asymptotes parallel to the axes are 2+8=0 and 
jj 3- 2 = 0). 

4 The student can easily practise the use of this quick method 
of reading off such asymptotes by studying the curves given 
in the foregoing set of examples 


207b. Imaginary asymptotes. The student may have 
noticed that in many cases when on first inspection there 
appear to be шо asymptotes іп any given direction they turn 
out to be imaginary [v. Ex. (2) on p. 239]. It is usual merely 
to say in this case that the curve does not stretch to infinity 
in this direction. This a5 a fact 1s quite true, but is hardly а 
complete statement, for as the number of finite points in 
which any line in this direction cuts the curve is less than 7, 
there must be infinitely distant points 1n sufficient numbers to 
make up the full total. Hence, the correct algebraical state- 
ment is that, in the case supposed, the infinitely distant 
points are 1maginary. 


CHAPTER XV. 


POLAR COORDINATES. 


208. Inclination of tangent to radius vector, In tracing 
a curve whose equation 1s given 1n polar coordinates, all that 
is necessary is to make a table of values of 7 and 0, and to 
plot the corresponding points of the curve. The labour, 
however, will often be much diminished, and the accuracy of 
plotting increased, if we can also find the direction of the 
tangent at each of the points so found. This 1s done, not 
by finding an expression for the gradient of the tangent, but 
by finding the angle made by the tangent with the radius 
vector to the point of contact. Let ф denote this angle: we 
shall find an expression for tan 4. 


Let P, Q be two adjacent points on the curve, with the 
coordinates (7, Ө) and (7 + dr, 0 -- d0), 
p AQ respectively. 
Draw, OP, OQ and from OQ cut off 
Р ^ OR-0OP; join PR. 
Then, evidently, RQ = dr, and, ulti- 
mately, PR 2 rd0 (Art. 32) ; therefore 
710 


О tan (ООР) = T ultimately. 


Now evidently the angle OQP is, in the limit, the ange 


which the tangent at P makes with ОР, 4.6. ООР = 4, ultimately. 
Hence, 


| 0 
tan oat. 


If we denote - by 7, the formula becomes tan =r + r. 


do 


It is often convenient to have a symbol for the reciprocal 
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of т. It 15 usual to denote it by u. It 1s easy to see that 


и du 
tan Ф-- 7» where wu’ denotes 40: For 
қ 1. 7" TA 7 
qp? БЕРЕ “ur 


209. Polar equations of straight lines and circles, It is 
convenient to recognize the polar equations of straight lines 
and circles at a glance. Their chief forms are 
(1) Straight line 6=0 (called the initial line), 

7 —(, Sec Ө (perpendicular to the initial line), 
0 = а (any line through the origin), 
u= А cos 0-- D sin 6 (any line not through the 


origin). 
(2) Circle T = а, 
r= @ COS 0, 
r = @ Sin б, 


т —a cos 0 + b sin 0, 
r? — 9r (a cos 0 +b sin 0) +с= 0. 


The student should draw these for different values of the 
constants. He should also find their Cartesian equations 
by writing z—r cos 0, y =r sin 0, 22 +1 = 1, 


EXAMPLES. 


1. Show that, in any curve, the tangent is at right angles to the 
radius vector when 7 = 0). 
Find for what value of 0 the radius vector goes through the centre of 
the circle r=a cos 0 -- bsin 0, and find the diameter of the circle. 


2. Show that, in the equation r?-—?2r (a cos 0 +b sin 0) +с=0, ris а 
maximum or minimum when tan 0—b--a, and show that the centre of 
the circle is at the distance J/(a? +b?) from the origin. 

9. Show that the length of the tangent from the origin to the same 
circle is ,/c, and that the radius of the circle is ,/(a*+ b^ — c). 

4. In the curve r—a(1--cos0) show that tan ф= —coti0ó. Draw 
the curve, which is called the cardioid. 

9. Show that if the equation of a curve is of the form f(r, cos 0) = 0, 
the line 0 =0 is an axis of symmetry. 


6. If the equation is of the form f(r, sin 0) 0, the line 6-5 1з an 
axis of symmetry. 
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7. If the equation contains only even powers of r, the origin is a 
centre of symmetry. 


8. Draw the curve 72 = a?cos?0 + b?sin?6. | 
9. Draw the curve 72 = а2соѕ 90. [This is called а lemniscate.] 


10. Show that, in any curve, when the ordinate is à maximum or 
minimum, tan ф= -tan б. 
Exemplify in the case of the curves r—a(1- cos 0) and 7? = a?cos 20. 


11. Show that, when the abscissa is à maximum or minimum, 
tan ф = cot б. 
Exemplify іп the case of r=a(1+cos 6). 
12. Draw the curve r—a cos 0 cos 20. 
13. Draw the curve r —a sin?40. 


14. Show that, when the focus is the pole, the equation of a parabola 
can be put in the form r(1 — cos 0) = 2a. 
Prove that tan ф- - tan 40 at each point of the parabola. 


15. Obtain the equation of a conic in the form 


pP E me 
l—ecos0 


Prove that, at the highest point of the curve, cos 0 — e. 


16. Show that w=A+Bcos 6 represents a parabola if B?— А?, ап 
ellipse if A? > B?, and a hyperbola if В? > А?, 


17. Draw the curve 7? = a?sin 30. 
18. Draw the curve r=að [the spiral of Archimedes]. 


A Perpendicular drawn from the origin to the tangent. 
Let p denote the length of the per- | 
3 p pendicular OT drawn to the tangent 
| at P. 
|Р Then, evidently, 


p=rsin 9, 


The equation giving p may be put 
into different forms. | 


1 1 i 
Thus = cosec* d 
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This may also be written in the form 
1 
—-u?4-u'2 
pr-u^tu 


1 du 
where u denotes -, and w denotes —. as before. 
T 


40 


211. Pedal equation of a curve. If @ is eliminated from 
the polar equation of the curve by means of the above 
equation giving the value of p, an equation 1s obtained which 
gives the relation between p and r for every point on the 
curve. This equation is called the pedal equation of the 
curve. 16 is useful in connection with questions of curvature, 
and will be referred to again. 


212. Polar sub-tangent. The line drawn from the origin 
to the tangent at any point, in the direction perpendicular 
to the radius vector of the point, is called the polar sub- 
tangent of the point. If the length of the polar sub-tangent 
18 denoted by 0,16 evidently satisfies the equation 


q=r tan ф, 

which may be put into either of the forms, 
oo. l du, 
g= +7, q^ p —U. 


This last is usually the most convenient to use іп connection 
with finding the positions of asymptotes (see below). 


213. Tangents at the origin. If the curve goes through 
the origin, there must be some value or values of 0 which 
make r=0. These values of 0 will evidently give the 
direction or directions in which the curve goes through the 
origin. 


214. Asymptotes. If the curve goes to infinity, there will 
be some value or values of 6 which will make r infinite, or in 
other words, will make u=0. These values of 0 give the 
direction or directions in which the curve goes to infinity, 
i.e. the directions of the asymptotes. The actual position 
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of each asymptote is given by the length of the polar 
sub-tangent 4 (which is easier to find than p, and, when r is 
infinite, coincides with v). 

It is evident from the formulae of Art. 212 that q is 
positive when 7 is positive, 74. when r increases with Ө, 
From this it 1s easy to see that if we stand at the origin 
looking in the direction, parallel to the asymptote, for which 
r is positive, g must be drawn to the right if it 1s positive, 
and to the left if it 1s negative. 

{Notre.—It is often a good plan to transform the equation 
to rectangular coordinates, and to find the asymptotes by the 
method given in the last chapter. | 

If q is infinite (i.e. if w = 0) for any value of 0 which makes 
u= 0, there 15 no linear asymptote in that direction. 

There will be a curvilinear asymptote, but polar coordinates 
are not very convenient for finding curvilinear asymptotes, 
and it 1s not usually very important to do so, as the curve 
itself can in such cases be, as a rule, sufficiently well drawn 
by means of the table of values of т and 6. 


215. Circular asymptotes. In some polar curves, r tends 
to a finite value, or to zero, when @ 1s infinite. Іп such cases 
the curve goes round the origin an infinite number of times, 
‘gradually approaching a circle whose centre 1s at the origin 
and whose radius is the limiting value of 7. Such a circle 
is called an asymptotic circle or a circular asymptote. If the 
limiting value of 7 1s zero, the asymptotic circle reduces to 
a point circle at the origin. 


The curves 70 —a and (7 – c)0 =a are illustrations of such cases. 


EXAMPLES, 


1. Find the pedal equation of the circle r=acos@. Prove its truth 
geometrically. 


2. Find the pedal equation of the parabola 2au—1-cos0. Prove! 
its truth geometrically. 


3 Trace the curve = авес 6+ b. 

4. Trace the curve r=asec 0 +b tan 0. 
9. Trace the curve l6u=5 – З соз 0. 

6. Trace the curve 16u=3-5cos@. 
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М. Trace the curve r= ALI the value of 0 being in radians. 
8. Trace the curve rcosó—a cos 20. 
9. Trace the curve reos20 а. 
10. Trace the curve 72с0820 = a?cos 90, 


ll. Trace the curve 72?cos?0 + a?cos 20 = 0). 


ag? 
12. Trace the curve r= 4-1 


13. Trace the curve т = аек. 

Show that the angle between the tangent and radius vector 1s 
constant. [The curve is called the equiangular, or logarithmic, spiral. | 
Show that different values of a give the same spiral, only altering its 
position. 


216. To find the radius of curvature. 

Referring to the figure, p. 251, let C be the centre of cur- 
vature corresponding to P, so that CP — p. 

Now, in considering the curvature, we may replace the 
curve by the circle of curvature for an infinitely small change 
in the position of P; i.e. dr, 40, and dp will have the same 
relative values for the circle of curvature as for the curve itself 
(for dp depends on d$, and the very essence of the circle of 
curvature 1s that dọ shall be the same for it as for the curve). 

Hence, if we change (r, 0) into (r+dr, 6+d@) we may 
consider p and C as unchanged by considering them as 
belonging to the circle of curvature. 


Now OC? = СР? + ОР? — 2CP.OP cos OPC 
= p? -- 1? — 2pr sin ф 
= p? +7? — 2рр. 
Now change r into r + dr, and let p become р + йр: we shall 
have OC? = p? + (т + dr)? — 2p(p+dp) ; 


^., by subtraction, 
0 = 2rdr – 2p dp, 
NA p= = , 
р 


From this simple formula р can be easily calculated if the 
pedal equation of the curve 1s known. 
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217. ОҒ course OC and p do change as we go from point 
to point on the curve. Тһе above investigation shows that 
infinitesimal changes in 7 and p may be considered, regardless 
of the induced changes in OC and p, by the simple artifice of 
considering the circle of curvature instead of the actual 
curve itself. Hence, if we do consider the changes 1 in all the 
quantities involved іп the above equation OC? p? +r? — 2рр, 
we see that there must be two independent differential equa- 


tions, У12. 
OC.d (OC) = (p — р) р,........................ (1) 
and IF = DLL Lo ia eher e onn ‚...(2) 


The first of these 1s easily proved geometrically if we realize 
that, to the first order of small quantities, the new centre of 
curvature must Пе on CP; for then (OC) + dp = сов OCP (as 
can be seen at once from a figure), and so also 1s (p — p) + OC. 
The second of them 1s the equation giving the value of p. 


EXAMPLES. 


2a 
l—sind 


Find its pedal equation, and deduce the length of the radius of 
curvature at any point. 
Find the value of p at (1) the vertex; (2) the ends of the latus rectum. 


2, Find the radius of curvature at any point of the curve r*=ap. 


3. Find the pedal equation of the cardioid r=a(1l.+ cos 0), and deduce 
the radius of curvature at any point. 


1. Draw the parabola r=—— 


4, Find the pedal equation of the curve 72--а?сов 20, and the radius 
of curvature at any point. 


9. Find the radius of curvature at any point of the curve 7" =a"cos nð. 
Show that the cardioid and the parabola are particular cases of this 
curve. 


6. If фіз the angle between the radius vector and the tangent at the 
point (a, a) of a curve, show that the equation of the tangent is 
a _ sin (ф— Ө + a.) m" | Е 
» —  sinéó — COS (0 a) cot ф.в1п (0 a), 
and that of the normal is 
а __ cos (Ф- 0 -- a) 


= 0 — ‚віп (0 — a). 
_ 4 cos (0 — a) + tan ф. віп (0 — а) 
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MISCELLANEOUS EXAMPLES. 


dy 


1. If y is a function of x, explain the meaning of T 
2 


Find, from your definition, the values of 20 when 
Ж 
(1) у-д9ӛл4; (2) y=sin 2x. 


| 2x? + 8ж+ 1 
. |І Loser 
2. Differentiate (1) xcu 
(2) XN xt +1 4- log, (a +N x? + 1). 
5. From the definition of a differential coefficient, deduce that 
d (а=) 


FS is proportional to ағ, if a is a constant. 
x 


Give the value of LAC when 2= 8:46, and compare it with the value 
10347 — 1024 ні р 
of ool ^" accounting for the similarity of the results. [C.S.C. ] 


4. If the curve y—a* crosses the axis of y at an angle of 30°, find 
the value of a. 


9. In the curve y —e^?*sin bz, P, Q, R are points on the axis of 2, 
P and K being any two successive crossing points of the curve, and Q 
the foot of the intervening maximum or minimum ordinate. 


Find the ratio of PQ to PR. When a=], find the value of b for 
which this ratio has the value 9: 5. [C. S.C. ] 


6. Two particles P, Q revolving round a point O in circles of radii 
а, b, with linear velocities u, v respectively, start from points on the 
same radius, revolving in the same direction. 


Find an expression for the angular velocity of PQ at any time, and 
the angle between OP and OQ when the direction of the angular 
velocity of PQ begins to reverse, showing under what velocity con- 
ditions such reversion can occur. [C.S.C.] 


7. Find the greatest cylinder that can be cut from a conical block, 
the height of the cone being 12 feet, and the radius of its base being 
5 feet. 


9. A man has to go along a straight road and turn off to a point P 
600 feet from the road in a eld lying alongside the road. He can go 
twice as fast along the road as over the field. At what point must he 
leave the road to reach P as quickly as possible ? [C.S.C. ] 


9. A small screen is placed perpendicularly between two lights 
А and B whose lighting powers аге as 3:4. Тһе intensity of illumina- 
tion of the screen by either light varies inversely as the square of the 


L. D. C. К 
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distance of the screen from the light. А and B being 7 feet apart, 
find the distance from А at which the sum of its illuminations by the 
two lights is а minimum, and find also the points at which it will be 
equally illuminated by the two lights. [C.S.C.] 


Draw a graph whose ordinates are proportional to the total illumina- 
tion at different distances, x, measured from A. 


10. Draw the curve у= (622 – 22), and find the point where its 
radius of curvature is infinite. Show that all chords drawn through 


this point are bisected there. 
11. The coordinates of а point on a curve are given by the equations 
z —at4- b, 
y — at — сё, 
where £ is а variable, and а, b, c are constants. 


Show that ау is a linear function of a. 


12. Show that the tangents to the curve 22? + Зху +4y?=100, at the 
ps where it is intersected by the lines 4®+8у=0, апа Зх + 8у =0 
orm a rectangle whose sides are parallel to the axes of coordinates. 


13. Find the directions of the lines drawn from the origin to 
curve 222--8су +4у2=100 which are respectively of maximum 
minimum length. 


14, Find the differential coefficient of sin x with regard to x, when 
x is expressed in minutes. 


sight, to the nearest minute, from its sine. 
Show that a four figure table will suffice up to about 70°. 


How far will а five figure table suffice ? 
[Take 3437 minutes- 1 radian.] 


15. The expression 3(а--2)-7(а--2)2--19 is to be arranged 
powers of x, т.е. in the form 


A+ Bz 4 C2? + Dz? + Ех”, 


Differentiate this identity with respect to 2, and in the result 
z — 0, and thus find B in terms of a. 


Proceed in а similar manner to find C, D, E in terms of a. Wh 
А in terms of a? 


16. Find the equations of the tangent and normal to the curve 


-nN k= – Jh 
at the point (A, k). os HERR P 
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17. The length 8 of a wire stretched somewhat tightly between two 
points in the same horizontal line, and sagging x feet at the centre, 1s 


given by the equation 
2 2 2 
8 — AJ (a? + 4x?) t5- log, (a + Фе), 


2a being the distance between the points of support. 
e M (48 
ssuming this, find —— 


If a=100 feet, and x = 5 feet, show that paying out an inch more wire 
increases the sag at the centre by 75 inches nearly. 


Examine the limit to which the expression for s tends, when 2 is 
indefinitely small. 


18. Find the condition which must be satisfied at a point of inflexion 
on the curve y=f(x). 
Show that the curves y ada x- 1, 


and jy —2 (x? -— x*-Fx-1) 
touch and cross each other at the point for which ж 1. 


Find the length of their common radius of curvature at this point. 
Trace the curves. 


19. Find the radius of curvature of the parabola 
(x — y)*-2a(x-y)T0*—0, 
at the point where it touches the axis of x. 


Show that the tangent to this curve cuts off intercepts on the axes 
whose sum 18 constant. 


20. If f(x) can be expanded in ascending powers of 2, find the 
coefficient of x”. 


COS X 


| as far as 22, 
l+sin x 


Expand 


21. Find the radii of curvature, at the origin, of the curves 
(1) xy -—ax?*-tby*, 
(2) x- y= xÀ. 
. 22. Show that the roots of the equation 822-бл--1-0 are the 
abscissae of the points of intersection of the parabola y —4z* and the 
hyperbola yz3-£. and hence, by drawing the curves, Show that 


the equation has two positive roots and one negative root, all less than 
unity. 
Calculate the roots to 3 places of decimals. [C.8.C. ] 


| 
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93. A tree-trunk is assumed to be in the form of a solid of revolution 
whose axis is vertical, and the area of any horizontal section is k times 
the weight of the portion above that section. Prove that, if W 1s the 
weight of a unit volume of the wood, the area of the section at a 
height x above the ground is proportional to e-*Wz, 

Find, in lbs. per square foot, the pressure across any horizontal 
section of the trunk, having given that a cubic foot of the wood weighs 
56 lbs., and that the areas of the sections at the base and at a height 
of 10 feet are in the ratio 4:1. (Take 100,2 = 77.] [С.5.С. ] 


24. Find approximately the situations of the real roots of the 
equation (2? + 1)? = 16000 (2 - 10), and calculate them to 3 significant 


figures. 


25. Determine the two points on the curve 45)? – 12? +9у +452 = 1 
at which the tangent 18 perpendicular to the axis of т, and the one 
point of inflexion. Draw the curve. 


26. Find the least amount of canvas for a conical tent whose cubic 
contents shall be 120 cubic feet. 


=й «УЧУ Vu 
27. If y —sin(log x), prove that x тт qa 4 0. 


28. State Leibnitz's theorem and apply it to find the result of 
| а ay, ау _ ' 
differentiating the equation x 2 24%%2,%У-9 n times. 

29. Apply Maclaurin’s theorem to obtain the expansion of log,(1-- х) 
in positive powers of x. 

For what values of x does the expansion hold? 


2 
Prove that log ЕЕ 3 == + Е 4 


30. Given the volume of a right circular cone, prove that if т^ + пи 
is to be as small as possible, where Л is the altitude of the cone, апа”. 
is the radius of its base, then 2mh =nr. 


31. Draw a diagram to represent the function z=sin х sin y, between | 
the limits 0 to т for both x and y, by means of its contour lines for the | 
values z=0, '25› “5, “75 and 1. 


2 2 
What is the geometrical meaning of " | ( =) + (2) ү 


Show оп the diagram where this quantity has its greatest values. 
32. Find the least root, other than zero, of the equation tan 42x 


33. A function of the 3rd degree vanishes for x=1 and x= - 2, 
its values when x=2 and x= - l are 8 and - 1 respectively. Find 
function, determine its maximum and minimum values, and draw 


graph. 
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94. If u,v are such functions of rectangular coordinates x, y that 
the curves w=constant, v=constant intersect at right angles, prove 
that if x, y are expressed as functions of w, v, 


dz l du, dx l dv 
du К? ах dv Вах 


du\? Гаи \? 
2—{ —- — |. 
where К -(%) (m) 
99. The curve whose equation is y—xe^"* has been suggested as 
giving the powder pressures in the bore of a gun. 


Trace this curve, taking m=2,; and бра when y is a maximum, and 
where the curve has a point of inflexion. 


36. Find at what points and gradients the curve whose equation 
IS y —x tan D. cuts the axes of coordinates. 


Draw the curve between the limits y= + 2а. 


37, Assuming that (1) the cost of a water main varies as the square 
of d, the internal diameter ; (2) that а given quantity of water is to be 
steadily pumped through the main ; (3) that the cost of a unit of work 


is constant; (4) that the work expended in pumping varies as d. vi, 
where v is the velocity of the water; prove that, as regards annual 
expenditure, the most economical diameter of the main is that for 
which the interest of the cost of the main=the cost of the work 
expended in pumpiny. 


98, Тһе equation of a curve is 


oU). (аа. a?) 


Show that the length of the tangent intercepted between the curve 
and the axis of y is constant. 


y = а log, 


99. A solid sphere is just totally immersed in water. Assume that 
the pressure of water on any horizontal plane area varies jointly as the 
area and as the depth of the area. Find what portion of the sphere 
must be cut away by a horizontal plane in order that the pressure on 
the plane surface of the remainder may be а maximum. 


40. If the tangent at any point of a plane curve is written in the 
form x cosa 4- y sina = (а), show that the equation of the corresponding 
normal is у cos a – z sin а =f (a). 


41. If x=3y - 47°, show that 


S Фу Фу _ 
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42. If n is а positive integer, show that 
d 


n+l А | ‚ 
(2) т log x — 0. 2. 


43. If there is an equation f(p, t, v) 20 between three variables 
p, t, v, show that 


ГЕ 
dt J о constant dv/ р constant dp ( constant | 


44. If u,v are functions of z, and z is а function of x and y, show that 


(1) 4 du dv du dv 
da dy - dy ах 


d dy d dv 
БЕЛЕСКЕ) 


2 
45. If : zx )= = 0, prove that 
ху 


dx dy 
А d? - NC іші dz 
I dx dy "dx ау dy 


46. Show that at points on а plane curve where the curvature is a 
maximum or minimum, excluding points of zero curvature, 


dy ({d*y\*— dy \*)\ а?у 
"E E4I - he (2 das 


Show that the points of maximum curvature in the curve у= 2 – r? 
have abscissae x= + ‘6 approximately. 


47. In the curve z—acos?0, у =a віп?0, Show that the length of the 
tangent intercepted between the coordinate axes is constant. 


48. If x=a is an approximate value of the abscissa of a point of 
intersection of the curves у = F(x) and y=f(x), obtain a closer approxi- 
mation. 


x -xt 


49. Evaluate —— — —— 
l-x+logex 


when x=1. 


00. If u is a function of y -z, z- x, and x-y, show that 


du ИСИ du 
" dx ау! dz ni 
Ош du du\ fd а „а\үа, „д 5) 
(2) (Тақтада) 2st dy" z) te dy ^dzJ^^ 


where w*+w+1=0, 2 е. о is a cube root of unity. 
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51. lf uc iv—f(x-:y), where 2 denotes ,/( _ 1), show that 
deu du 
(1) dat qp 
( йи dv аи dv 
ах” dx ау” dy 
52. If x*y*z is constant, show that, when x=y=z, 


0. 


z (14-log 2) a" - 1. 


PAPERS FOR PRACTICE. 
I. 


1. Differentiate from first principles x”, where n is any given 
constant, and write down the differential coefficients with respect 


to x of д? — x x 
un & **cos(3x — a), log cot Е d i) 

2. A point P moves along a straight line AB, the distance AP being 
x feet at the time % seconds after a given instant. 

x= 10 + 6¢ + 8C, 

find (1) the velocity and acceleration of P when %--3; (2) the space 
described and the velocity added on during the next second. 

Compare the results in (1) and (2), explaining why one pair agree, 
and the other pair do not agree. 


д. Prove that if the differential coefficient of a function of a variable 
changes its sign as the variable changes its magnitude, the function 1s 
either a maximum or a minimum, and show how to determine which 
itis. Find the maxima and minima values of 


2x’ — 5x4 — 20x? + 13, 
and show that (tan?x cot 3x) has a maximum value when 


mE; 
28 


4. If PM be the ordinate at any point P on the curve 
y-5 G^ +e °), 


find the equation of the normal at P, and show that the projection of 
MP on the normal at P is of constant length. 


If the normal at P cuts the axis of x at G, so as to make PG —4c, 
find the position of P. 
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5, Find the maximum and minimum values of 
(x — l)zx(x-l) 
zi- xttl — 
Also if y* — xy? + x*-0, 
find maxima and minima values of x, and of y. 
6. If wis a function of x and y, show that 
n= AS dy. 


Explain the meaning of the symbols by means of a geometrical 
illustration. 


If x and y are connected by the relation 


da + 


dy _ yah 
dx xlogx 
Фу СІУМСІн-1 1,21 
prove that du^ a log x (y - 1). 
М7, Establish the formula e 
pus. 
dp’ 


where p is the radius of curvature, and p the perpendicular from the 
pole to the tangent at (ғ, 0) on the curve. 


In the curve "-ае”%994, show that the tangent makes with the 
radius vector at the point of contact а constant angle, and that the 
centre of curvature is at the point where the normal is intersected by a 
line through the pole perpendicular to the radius vector. 


П. 
1. Define a differential coefficient, and from the definition obtain 


СУ in the following cases : 
(i) y=Nx3 (ii) y=sin zx. 
Indicate by a figure the meaning of Е In case (11). 


If v cubic feet be the volume of water іп a tank, ¢ seconds after a 


discharge pipe has been opened, give the meaning of d and of = 


2. Differentiate with respect to x the following expressions : 


42-65 9 
ET (sec x tan 2x), sin-l- = + 2 tan} 32, 


e^* cos (Dx +2), x? 2 log 
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9. Show how the differential calculus is applied to obtain the 
maximum and minimum values of a given function. [Illustrate in a 
diagram the fact that some of the maximum values may be less than 
some of the minimum values. 


If y = 42x? (x — 8) +8(8хж%+ 4), 


find what values of x make y a maximum or minimum, and give the 
corresponding values of y. 


4. Find the functions of x of which the following expressions are 
the differential coefficients : 


| 2.32); (цу 5—9Xt3. 
i) (ata) (P-a); (ii) AEF 
ano +3, n x 
On) Тата” ЧУ) жүрүү 


9. Show that maxima and minima values of f(x) occur alternately : 
investigate these values when 


f(x)-2746x-2?-3tan^ (ы) 


Find the minimum triangle cut off by a line which passes through a 
fixed point A and intersects two fixed straight lines OB, OC: show 
that there is only one minimum and no true maximum. 


6. Prove the formula 


and show how the formula is modified when x and y are given in terms 
of an independent variable 0. Іп the case of the cycloid, where 


x —a(0-rsin 0), 


3j — a (1 - cos б). 
find the radius of curvature at the vertex, and at the point where 
Т 
Ө = = 
7. df x=rcos@ and y=rsin8@, 


and x and y are functions of the independent variable ¢, show that 


„Чу — dx „228 : 
dt "dt а’ 
2 
also express E and d'y 


dt?’ dt? 
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in terms of r, 0, and their differential coefficients with respect to f, 
and find the value of 


Е cos  — Е sin б. 


If x, y be the co-ordinates of a moving point at time 2, what is the 
interpretation of the results obtained above? 


III. 


1. Illustrate by diagrams the difference between a continuous and a 
discontinuous function. 


What is meant by the limiting value of f(x) when 2-0? Find the 
limits, when 2--О, of 


3x x d Vl+x2-N1-2 


4-2 дер X 
2. Find Z in the following cases : 
] 
(1) V7 5-y 
sin x – COS x 
(2) = 


sin x + cos x 
(3) y=e*.cos (42 - т), 
/ 


3. Find the minimum values of 


and the maximum value of 
sin 2 
l+tanzx 


4, State Maclaurin’s theorem, and apply it to expand tan x as far as 
terms involving 27, 


Thence deduce 
tan?r =x? + salt 17.6 х + .. 
5. If РОГ 
Фу ау 
"Re - 
prove that (а?+х ) a. Eu. - 2 —0, 


and find the first five terms in the expansion of y in ascending powers 
of x. 
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6. If 2 2-1-0, 
a b 


find the maximum value of xy, and the minimum value of 22 +7. 
What is the geometrical representation of these results ? 


Show that the area of the largest right-angled triangle of given 
perimeter 2/ is /?(3 - 2/2). 


7. Define the curvature at any point of a curve. If S be the focus 
of a parabola, P a point on the curve, prove that the radius of curva- 


ture at P is equal to 
29 
а 


4а being the latus-rectum. At what points is the curvature half that 
at the vertex? Give the positions of the corresponding centres of 
curvature. 


9. Trace the curve ay?—2°+3axz?=0 and determine the singular 
points on it. 


Show that the tangents at the points of inflexion are given by the 
equations àx — 8a + у = 0. 


IV. 


l. Define the differential coefficient of a function of a variable, and 
show that it measures the rate of change of the function. 


š А А . Т 
Given that sinx increases as x varies from 0 to 5? show from the 


principles of the differential calculus that the rate of increase diminishes. 
Verify this result geometrically. 


2. Differentiate with respect to x the following expressions: 


cost (2), aot tan—1(2x - 1), 


2 ma 
д2 810 x log /а a 
а + 2x 


9. Two curves yx?=constant, and yx=constant, 
pass through the point P (3, 4): find the angle at which they intersect 
each other at P. 


Find also the length intercepted on the axis of x between the two 
normals drawn to the curves at P. 
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4. Establish a method of obtaining the limiting value of a fraction 


J (x) 
E(x) 


for a value of x, which makes both the numerator and the denominator 
to vanish. Find the limiting values of y in the following cases : 


(1) у 


x*-—-l 


"gara Cm me 


(2) у=віп =, log(2-- 3e) when x20; 


(3) у= ( соз ү) when х= о. 


Б. If y=f(x), 


explain how 2 may be used to determine whether f(x) increases or 


decreases with x, and apply the method to the case where 
f(x) =зіп-12, 
апа sin~'z denotes an angle between 0 and ы 


Show that if sin^!x lies between 0 and 5 


(1+2) log (1 2) - (1-2) log (1 - x) -9/1- 32. sin“ x 


18 positive for all values of x between О and 1. 


6. Explain **contact of the first order" and ‘‘ contact of the second 
order." 

Find the curvature of the ellipse whose semi-axes are 3 inches and 
5 inches long, at an extremity of a latus-rectum : and find the position 
of the corresponding centre of curvature. 


Show that the circle of curvature at an extremity of either axis has 
With the curve contact of the third order. 


T. If z — f(x, y), 


where x and y are independent variables, explain the terms: (1) partial 
differential coefficients of z with respect to x and y, (2) total differential 
of z ; and give a geometrical illustration of their meaning. 


If z —log (tan x + tan y), 
show that sin 2x. d + sin 2y 2- 24 
8. Trace the curve 22у — x? + 5y=0, 


and find its points of inflexion. 
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V. 


1. Obtain from first principles the differential coefficient of cosx 
with respect to т, and illustrate the method by a diagram. 

The diameter of a sphere is increased from 6 inches to 10 inches in 
49 hours, equal masses of homogeneous matter being added in equal 
times: what is the radius after 184 hours, and at what rate in inches 
per hour is the diameter then increasing ? 


If the mass of а sphere of 2 inches diameter is 7 lbs., and the 
moment of inertia of a solid homogeneous sphere, of niass M lbs, and 


radius r inches, about a diameter is м.2%, at what rate is the 
moment of inertia increasing at this same instant ? 
2. Establish the formula for the differentiation of а quotient. 


d 2- x 
Find Б. ОНЕ... UN 
E ах /(a^- x?) 


d log (5 ni) 


dX l- xsinx 
£ erz cos (bar + с). 
Find am when y=cos 2x, and 
| a 
баз “М <р 2a)? 


9. Give the equations of the tangent and of the normal аба point on 
the curve y=f(x). 


If the curves  y?—4ax-4a?, 27ay?=4(x – За)? 
be intersected at points P, Q respectively by the line y=2a, show that 


the normal at P to the first curve intersects the tangent at Q to the 
second curve at a point on the axis of 2. 


4. Write down the expansion of /(x+h) in powers of h by Taylor's 
Theorem, and state, without proof, some form of the remainder after n 
terms. Expand sin(x+h) in ascending powers of h, and give the 
remainder after three terms. Hence show that, by taking the first 


three terms only, sin 60% 57:3 сап be found with an error less than 
4 x 1077. 


5. If f(x) is a continuous function of x between x=a and x=), and 
f(a) = (6), show that there must Бе at least one maximum or minimum 
value of f(x) between x —« and х =. 
In the curve у= (x — Z)(x – 3) 
х – 4 
find the maximum and minimum values of y. Іпдісабе these values 
and the general form of the curve in a diagram. 
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6. Explain what is meant by a partial differential coefficient. 

The area of а triangle is calculated from the measurements of two 
sides and their included angle; find approximately.the error in the 
area due to given small errors in the measurements. Find also the 


approximate error in the length of the third side if calculated from 
the given measurements. 


М, Establish the formulae 
do 
(1) tan Ó-—nr dr 


l 4, fdu\? 21 
(2) pi Cm) where %---з 


ч 


and show that the curves 
7^—a"*sinan0 and v"—b"cosn0 


cut at right angles. Sketch the curves when 1-2. 


VI. 
1. Find oy in the following cases : 
x 
B 242? pu M" Д. 
у = tan 4x, у= т = Y = хе ә Y SSN (2) 


2. Find the equation of the tangent to the curve y=f(x) at the 
point (ху). 
Kr шы” 
In the catenary y-5 ee с), 


show that the length of the perpendicular let fall from N, the foot of 
ordinate PN, upon the tangent at the point P, is of constant length. 


Also, if the normal at P meet the axis of x at G, show that PG 
varies as PN?. 


3. When is a function f(x) said to have a maximum value? Find 
the condition that f(x) should have a maximum value when x=a, when 
the first of the successive differential coefficients of /(x) which does not 
vanish when x=a 1s the nth. 


A portion of а paraboloid of revolution cut off by а plane perpen- 
dicular to the axis has a coaxial right cylinder inscribed in it. Show 
that the greatest possible volume of this cylinder is 3 the volume of 
the paraboloid. 


4. Show that the curvature of a circle is measured by the reciprocal 
of the radius. Establish one of the two formulae 
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dyl?) Ë 
dez 
p diy , 
dx? 
dr 
P=" Tp 


Find p at the points where the axis of x meets the curve 
3y* (x +c)=x? (3c — x). 

9. In the curve r=f(0) find an expression for the angle contained by 
the radius vector and the tangent at any point P on the curve. 

Trace the curve r—a sec +a tan 0 and draw an asymptote. 

If а radius vector OPP' be drawn cutting the curve in P and Р, and 
if the tangents at P and P’ meet at T, prove that PT=P’T. 
2? +1 


6. Separate the fraction ж 


integral. 


into partial fractions, and find its 


7. The co-ordinates of any point on a cycloid being given in the form 
x=a(0 -sin 0), 
y=a(l - cos 6), 
show that the radius of curvature at any point is twice the length of 
the normal between the curve and the axis of 2. 


VII. 
1. Explain what is meant by the statement that the limit of 27, 


when @ 1s indefinitely diminished, is unity ; and hence deduce that the 
area of a circle of radius r is т??, and the circumference 27rr. 

If у=8х2 +2, obtain from first principles the differential coefficient 
of y with respect to x, and show with a diagram the geometrical 
meaning of your result. For what value of y is this differential 
coefficient equal to unity ? 


2. Obtain the differential coefficients with respect to x of 


tan?3x, x?log 4r, and реле 
+ 3x 
. [2x T 
Ibi —ae* duh 
у —ae**sin ( Er т) 
find dy and 7 
j dx = da? 
and show that dy. Фу , 89.0. 


dx? аж 9 
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3. If x+y=20, find when xy is à maximum. 
Also, if y = 2хЗ% — 27а? - 132x 4 2, 


find its maxima and minima values. 


4. Assuming that f(x) admits of expansion in a series of positive 
integral powers of x, obtain the series for f (x). 


Find also the first four terms in the expansion of вес in ascending 
powers of a. 


5, Find the limiting value of а (а) 12) when жа, 


l) if p and ф (а) =0; 
(2) if (а) = o and ф(а)- 


2% – x 


Give the values of NOB FF NI 
l -x+ log x 


when x=1, 
log tan 7x 


une log tan 42 


when x=0. 


6. Define maxima and minima values of a given function of 2, and 
show how to determine them. 


The sum of the perimeters of two equal squares and a circle 1s 
100 feet. When is the sum of the areas least, and when is it greatest? 
Are these really minimum and maximum values? 


7. If z=f(x, y) be a homogeneous function of x and y, of n 
dimensions, show that а 


X A РОА. ИМ 
Ох "Oy 
Show also that if at -(2) O^ ау), 
x 


then 22", убу a. 


Give ће geometrical meaning of 


Oz 
де Z, 
when 2-2, and yz], if z?-12- а? - 8y*. 


8. Trace the curve 22-5? —3axy. Show that it has one double point 
and one rectilinear asymptote. Show also that the parabola x*=ay 


passes through this double point and the point where the ordinate of 
the curve 18 à maximum. 
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VIII. 


1. Differentiate with respect to x the following expressions : 
1 3 – 52 q Нег T 
"NIS, wnat? COS (2x), €" Sın bx, log tan (2245) 
If y be a function of x, as given by the equation 
xy+y+x=0, 


explain the geometrical meaning of the differential coefficient of y with 
respect to x, when x=4. Hence write down the equation of the 
tangent to the curve at the point whose abscissa 1s 4. 


2. Find the radius of the base of the cylinder of maximum volume, 
which can be cut out of a sphere of radius R. Find also the radius of 
the base, when the area of the curved surface of the cylinder is a 
maximum. 


3. When the value of the differential coefficient of f(x) is positive, 
what do you infer about the value of f(x)? If 
у= (x - 3 3(x - 4)5+ (x - 8), 
prove that y vanishes for one, but not more than one, real value of x. 
Show also that if x be positive, and less than unity, LY 
than e**, 1- 


4. Find the equation of the tangent at the point (X, Y) to the curve 
JG, y) = 0. 
Show that if the line /x 43-1 touches the curve 


PEOR 


n 


then (а1)% -1+ (bmy*-1—]. 


X. 
1S greater 
x 


9. Find the radius of curvature at any point on the curve 
Ax? 4- By? — 1. 
If the confocal conies 
За? 4-8y?— 94, x? – 44? —4 
have P as one of their points of intersection, find the radius of curva- 
ture of each of the curves at P, and show that the distance between 


the two centres of curvature is the square root of the sum of the 
squares of the radii of curvature. 


6. What operations are represented by the expression 
Oz 
Огду, 
where 2 is а function of x and y? 
L. D.C, S 
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Oz | OZ 
Prove that EE қыла 


Illustrate this when z=log tan (2) ; 


Having given that x, y, z are connected by the two equations 
27--У2--22--а2) хух= с, 


dx ау 
find LA A 
D dz? dz 


7. If u be a homogeneous function of degree n in two independer 
variables x, y, show that 
Qu | ыш 
" Ox Iy ? 
Qt Qi Q^ 
20% Шен етін Үн 
x agit ^ aay y oy? п (2 – 1)и 
Verify the above by direct differentiation in the case when 


ъ= (2? 4-?)?. 


ANSWERS TO EXAMPLES. 


Pages 15, 16. 
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Denoting one of the numbers by 2, the product is y=x(5- х). The 
table of values 1s 
z10,1,2,3,4,5, 6, y PER 
у |0, 4, 6, 6, 4, 0, -6, - 14, ... 
from which the graph сап be drawn, as shown. The greatest value of 
the product occurs when 2-92, t.e. when the two factors are equal. 


І 
If y маз the table of values, from which the graph сап be drawn, is 


210, 5, 1, 2, 3, 4, 5,... 
y,0, 2, 1, 5, 8, '25, 2, ... 
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Scale of n. 
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If values of n are taken аз abscissae, and values of 97 as ordinates, 
the curve is roughly as shown. The vertical scale has to be very small, 
as the ordinates grow rapidly. 


Nos. 5. and 6. 
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е 
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pane 


N.B. re sin DULL 


Each horizontal division represents 12°. Тһе student should draw 
this curve on a larger scale. 
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If x denotes any temperature in centigrade degrees, and y denotes 
the same temperature in Fahrenheit degrees, у= 32 when x=0, and 
y=212° when x=100. Тһе graph is а straight line joining these 
points; its equation 18 


Y — 32-52. 


The readings on the two scales are equal for а temperature of - 40°. 
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The required graph consists of а series of points corresponding to the 
integer values of x. 


No, 11, The graph is a straight line going through the following 
points : 

x, measured infeet|0, 1, 2, 3, 4, 5 
y, measured in foot-lbs. | 0, 10, 20, 30, 40, 50 


If the y-scale is үу of the x-scale, the line will be at 45? to the axis of x. 
It passes through O. 


etc. 


No. 12. If we measure the stretch in feet along the axis of x, and y 
in lbs. perpendicular to this axis, then when x=0, y=0, and when 2-6, 
y=10. Тһе graph is a straight line joining these points. Its equation 
1S y — 3X. | 


No. 13. Since the force increases uniformly with the amount of 
stretch, the average force throughout any given stretch x is half the 
final force, and is therefore £z. Hence the work done= 222, being the 
product of the average force into the stretch. This is the area of the 
triangle contained between the graph of the force, the axis of 2, and 
the final ordinate corresponding to the value of x considered. Тһе area 
will be so many foot-lbs., the base representing feet, and the height 
representing lbs. 

If the work done in causing any stretch x is represented by an 
ordinate, 1ts graph will be a parabola, and presents no difficulty. Its 


equation 18 y= 522, 
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No. 14, Since bd is constant, where b is the breadth and d the depth, 
and the strength is proportional to 0427, it follows, on eliminating d, 
that the strength is inversely proportional to b. Therefore the graph 


of 5 will show the changes in strength. This curve is shown in the 


answer to No. 2. The theorem does not hold for very thin beams unless 
they can be prevented from lateral buckling. 


No. 15. The half-perimeter=b+d=10, and the strength is propor- 
tional to bd?, which=b(10- b). The graph is therefore y =x(10 – xY 
where x represents the breadth measured in inches. 


ЖЫ 99 ЕҤ ЕЕЕ THE 
0 0 (90 HHHH HAAN HH H 
TET TT OTT TOLL LCL 

2 | 128 7-1-9 вак КАЕ 
4 | 144 . а 'EHBEEEREE 
d oo LLL РЕ EERE 

6 | 96 s OHHH 
8 | 32 hd за 
10 () з.НЕҒАНННН ++ 
& 60 [HT TJ TTTTITITTTS HERE 

ЕЕЕ ы 

---H4HHHHOHHHHHHENHHHH- 

30 HHHH А 
-ІГІТІТІТІТІТІТІТІТЕІГІГ 
Е 

"ТТТ Г 
H аапийвнанининиинв LIN 


Scale of — in inches 


No. 16. у=х(144-— 22). 


“| Y 

О О eoo. ишинин КЕРЕ 
9 | 280 oe SEERA и 

4 |512 Scere Py 
6 | 648 900 г "ERE 
8 |610 

i "x 400 THTHGG 


ERE, ИНЕ -k 
ТЕГЕ ЕЕЕ E 
f+ Eee 
200 ане ЕЕЕ _ -- 
дірілі ишш —LIIILIJ 
Hitti EBEN + 
dAyillillillillilplig ЕЕРЕЕ 
LI LLL. tt Et 


“Т ЕЕ 


О 2 4 в 8 Де, 12 


No. 17. From the diagram we вее that the ordinate is à maximum 
when 2 is about equal to 7. А more accurate answer can be obtained 
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by equating the gradient to 0, as evidently the curve has zero gradient 
at the required point. By next chapter, ог by Art. 18, we find the 
gradient is given by the values of 144 — 327, and this is equal to 0 when 
272 —48, %.е. when x is just less than 7. The change in length of ordinate 
is so slight about here, however, that there will be no appreciable error 
in taking x equal to 7 for the maximum value of y, 7.6. the strength is 
greatest when the breadth is about 7 inches and the depth=,/95 or 
nearly 10 inches. 


No. 18. From the diagram of No. 15, we see that y is a maximum | 
when 2 is a little greater than 3:2 inches, which would make the depth 
a little less than 6:8 inches. So you might guess b— 34, 4-68, т.е. the 
depth double the breadth. If by help of next chapter, or Art. 18, we 
equate the gradient to 0, we Shall find that this guess 1s correct. 


Page 18. 
1. "S 2. "ЕВ 3. 7 (= у/9). 4. oe 
9. -H= - y[a). 6. 322 ( =у+т зе). 7. ESI 
Pages 22-24. 


1, 322 – 40x +100; zero gradient when x=34 and 10. 
2. 144 - 3x? ; zero gradient when x= +,/48. 


3 loyx 1 3 
3. QUx 2 mx 7. М2. 
10. 4x(x-1)(x-9). “| -11011/|2/]| 3 


11. -x +x- at. 12, -—. 


13. The graph is a parabola whose highest point is at (1%, 139-44). 


14. Velocity —0 when t=1,%. The velocity graph is a straight line 
whose intercepts on the axes are 1, 50. 
4x 4x 
" _ 2 di. 9) _ 
15. (1) —2(6x — 5) (3x? - 52+ 6)?; (2) ІСЕГУМІСІНІ; 
22-8 | AEN 5(y\% 
9) azzera O l gen © к ЗЕ 


16. з. | 17. Gradient in each case=2Ap +В. 
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| Page ЗО. 
— 2a Зх – а -а 

1. | ==; 2 T Am cm 3 Gd MET i. 

(x а): 2) 2 A/(z — а) a (x +a)? (x-a)? 

6x(1 —x)(1+2x7)?. a? 

(4) 10x +92823 +1825; (5) раза (6) "ET; 

3 _. 1 4 2 -2.3 2.3.4 - 2.8.4.5 
' (atx) (а +2) (a +2) TEETH (а + x) 
5. 588 :88. 6. 0. 
Т. GE GNU a 8. (z-3)(x- 1? (192? — 53x + 43). 
9, ee 10. f(z). g'(x). 
9 (2? 4- 5) (z? -- 5) 


= = 2 _ ————M—— 
11. 24(z-1)(37-1)J(32-2z--5). 12. TEC 


Pages 44, 45. 


1, 0. 9. —2sin 2x. 
" А _ сов 3% 
д. Ззес232 + 4 совес?4х. 4. X ons" 
0. secx (sec x+ tan a). 6. cos 2x=cos’x — sin?x. 
Т. зіп 32 =4 сов? sin x —sinx=3 sin x — 4 sin®x, 
8. (4sec4x — 12 8ec3x + 4 sec?x) tan x. 9. 15sec®x. 
4x е m] — | 
10. J - day 11. Sin 77. 19. 2x tan 20. 
1 | 2 
16 e dy TX 
, y=Owhen x=), 2, 4,...; and at these points ln t alternately. 
=, when tan >= - na The curve is symmetrical on either 
side of the axis of y; 7.6. the axis of y is a line of symmetry. 
Е Е dy _ тп TE 
-.17. ут when x=0 (applying Art. 32). 179 when tan = = p` 
у=0 when x=2, 4, 6, ...; and at these points oY _ Fo. 


The curve cuts the axis of y at right ре (the proof of this is 


not easy till after we know how to expand sin = and cos— in powers 
of z), and this axis is a line of symmetry. 2 
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18. (1) Similar to No. 16, but on half-scale. 
(2) The ordinates are double, and the abscissae are half, of those 
which give the corresponding points in No. 17. 
19. у- 2° when x=0, 2, 4, 6, .... с: ДИГ РЕ О cot = Mia 
x da 2 
ау 
y=0 when x=1, 3, 5, ... ; and at these points —” T T 


The left-hand portion is an inverted copy of the right-hand 
portion, so that the origin is а centre of symmetry. 


20. y— кіш when 2-0, 2, 4, 6, .... Фу 0 when cot Ty 


2 dax 
y=0 when x=1, 3, 5, ... ; and at these points OM s TL 


The gradient at the origin is. The origin is a centre of symmetry. 
Pages 49, 50. 


6) 
1. bid d ak 9 112224 Э аА 


3 15 '" 9" '94 
2 4 2 
4. Сүзе aS TRITT 


l 1 
Б. cos?r-c] X+ аА — Zastal ай. 
6,7. Calculate the ordinates and gradients for x=1, ,/2, 2, ,/6, 3. 
The corresponding values of sin x are "841, 988, 909, 535. 141; 
and those of cos x аге “540, “156, - “416, - 770. - 7990. 
It will be found that the respective вегіев graphs approximate to 
the above more closely as more terms are taken, but that each correction 


1s rather too great. 


Pages 62, 63. 


1+2 х + З 
1. cot a. 2. ltz 3. (a +1)?" 4, 22у. 
2(1 – 22) 
9. 1 +1052. 6. seca. 7. Т> 8. y cos z.log.a. 
9. y(xcosr-sinz). 10. pue. 11. y(x-!- 22). 
x 
12. ysin x(cot?z – log sin x). 13, 2 tauz. 
n=] | 1 2 —e7* 
М. x*(l+nlogz). 15, т 16. 9 
1 1 | 1 1 
22. (1) -2-7-3 -... м (2) (а gat.) 


23. log. 2 = 0°693147.... 
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Pages 74, 75. 


9. Population in 2 уеагв- 108. 9109, 
Rate of growth per 1000 per annum 2 6:93( + ). 
1,148,700 ; 1,414,200 ; 1,741,100. 


4, 50,000 lbs. weight. 


9. a,=10; a,— 1:443, or about 22 or $$ ; 
a, = 1`0064, or about 157. 


6. (1) 3:16... ; (2) 17778... 


4. k='366.... [Students of dynamics will know that this is the 
coefficient of friction between the cable and post. ] 


8, 148 feet. 


14. A little less than 36 per cent. (assuming there is no selective 
absorption). 


15, 90:44 per cent. 16. 1% seconds (nearly). 

17. About 22 minutes. 

18. 5 minutes 28 seconds (nearly); 474 seconds (nearly) Curve of 
fall 18 y —-(:9)5 if x is measured in seconds; the subtangent is 474 


seconds. The curve of rise is 1 —(:9)5. It is an image of the curve of 
fall with respect to the line y=. Both curves cross this line when 
х = 33 seconds (nearly). 


Page 83. 
1. 2sinh 2 соз x. 2. 2 cosh x cos x. 
3. tanh 2. 4, 2sech 2. 


Miscellaneous Examples. Page 83. 
2x - y -24 2 


1. =24у+6а 2. i-a 
9. 11 – (log Ы «(log 22) . cos(e*log x) 
- 11 - (log x? 

4. —e-^"(a cos 3x +8 sin 3x). 9. Әх (sin 2x + x cos 2). 
е 2972р? + а? +r’), 2p*qr* 2p*q'r 

^O (peg! nv? Prep)’ (peg eny 
7. 0. 8. -a tan 9 вес0--,/(сов 20). 
9. (1- x)*(14-2)7?. 10. cot 46. 

11 7 24x? — 4202 +6422; 84а? – 32x2 – 56:2 _ 9 
| (42 — 72)? ar- 39 79 


1 
1 


© D ge ро 


1:325. ә 
The circular measure of 49° 17’ 364”. Б, 1°37129. 
88% 10" 21-7". g 

The roots are 0775736 апа 924264. 
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Page 94. 


‚ 7000287650. 


0. The roots are 10:6569 and - 0:6569. 
1. The roots are 0°7386 and - 4:7386. 


p^ m РК Ee г 


16. 


Page 109. 


Height- foot ; volume 27 cubic feet. 


h=r. д. h=2r. 
(1) 2-9,2; (2) h?=8r". 5. h=}; v2? $0, 


уз. са), x = Fa! ; volume =—; of volume of sphere. 


4 


, Width = twice depth. 8, 15 feet 64 inches ; 46° 44’ 94”, 


Max., 12 (when x=0); min., —20 (when x=4). 
* – 2 – 1 l 2 


unn ueemum | clnmnducrxscx. Qo cm-——————————MÀ——m Еши 


y | -16| -38 | 38 16 


max. | min. | max. | min. 
2,/(ab). 12. (3, 1) (0, 0), (-8, - i). 
Max., 4 (when x=Q); min., 0 (when x=2). 


Max., 0 (when x= —1) ; min., —8°4 (when “-1). 
Point of inflexion at (2, 0). 


Max., 18:36 (when z—2); min., 0 (when x=2). 
Point of inflexion at ( - 1, 0). 


None. The curve is a hyperbola with asymptotes х= у and x=1. 


The conjugate hyperbola has а maximum ordinate at (0, —1), and a 
minimum ordinate at (2, 3). 


p= 


17. 


l. 


Е2----- 2: “4 


0 


Мах. value=54; min. = - 71. 


Page 123. 
If a, b are the lengths of the horizontal and vertical units of scale; 
sec?Ó, where tan $ = E s 


Hence, (1) p- 4:37 ; (2) р= 1:46 —2:8a. 


2. (1) p-4/2; (2) p=1'4b=2°8a. 3. 5. 
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4. E 5. p- 3a; when y= 50? 
6. p=} =y sec Ф, since кес =e. "7. 3 8. BJ 
9, (1) m ; (2) CM 10. -2 202, at each point. 
12. (a?sin?0 +b2cos?6)3 + ab. 13. (a?tan?0 + b’sec?6)? + ab. 
Page 125. 
den 2. -16 1-11 К 


Pages 132, 133. 
Ж aa na x 


— . Е v 
1. (1) D'y=24; D^y—1555-199*60 24^ P 9) 
1680 720 24. al уа -4 
(2) D'y = те” "aub: > D v -giz* (5 г) log x + 0-*(0). 
1680 l 
(3) Diy= — D^y- 24 (x --a) 
16 
44) — -is 9 -L. T4y— 
(4) Dty= ; D-iy= ggs? 
o CD аһа 5 
е (x — ajet (а — yeti 
.1.3.5 ... (9n - 3) "Ai^ Qna itn 
n о M e Пар .——— —— — aaaaaaaħŮį 
3. (1) D'y=(-1) ES ~ 9.5... (9n 4-1) 
wotopeldB5.Qu-l) -mB o 50,020 дш} _ 
(2) D'y=(-1) x E t3 D y= зу (2n — 1) 


6. If the graph of |n is plotted by drawing a curve through the 


points corresponding to positive integer values of n, the ordinates corre- 
Bponding to fractional values of n may be taken as the corresponding 


values of |n. 
The second part of the question is solved by using the formula 
n-n|n - 1. 


Thus ga7i8-08-28-3- он 


yn-T КЕ” yer ] 
7. (1) In-r' ГЕТЕ (2) 1, |9 9, In loge+o(< J}. 
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Page 136. 


1]. 5"e* sin (За а 1). 


3. (- 1)"(a2 +02)? 6—9 sin { bx —rtan-!— ;) 


€ ?*(a sin bz +b cos bx) 


_1 
opem а? + b? 


n 


PEP) $8) sin { bx + tan-!-— JE 


4. Deducible from (3), by writing cos bx —sin 22247 
D-lty — e-?* (b sin bx — a cos bx) + (a? + 5^). 


Page 143. 
(-1)7?|n-2 A 2( — 1) "7I -3 3 


qyn-1 qn-4 


2. 
by direct differentiation. 
3. 2р- log x -3D-*logz-—etc. 0м 2-1-:- 1). 


Proved either by Leibnitz, or 


4. -27e-9 (933 572101); - я са 2+2. 


9. (32x? – 160) cos 2x + 160x sin 2x ; (22 — 3) cos 2x — 3x sin 2x}. 


={ 
7. (1—-22)y445— (2n - 1)xy4 41— (п? - m?)g,. 
9. (1-22)y, 45 - (2n +1) у, — (n* +а?)у,. 


Page 145. 


—3x Tx 
== 7, , 
" ri | (2) ávtus-q! 


1 29x +21 


Page 146. 
(— TES -1 


1) 1-2 


1. (1) 


(2) The s same as (1) with the sign of a changed. 


—3 2 4 


І 
2. 5 log (2x - 3) ; 92-3; z log (2 - 5x); 5(2 5a)" 


д. The two last. 
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Page 154. . 
1 21.2. e 
УХ "r3! 
2. y_,=3 log (x - 2) - log (2+1). 


y-,=log (x-2)421og (x+3). 


1 
3. y-i7zl] +2 log (2+2) – log (2+1). 


4. y-i-log (x - 3) - 5 log æ - 2 log (z-3). 

9. у= (с - Б) 100 (x - a) + (a — c) log (x - b) - (b — a) log (x — c). 
l 

б. ¥-1=5 108 (2x -3)- 537 430 3 

7. y= 329 50? + 182 {951 log (x — 4) – 97 log (x 4- 3)]. 


g = Ph log 273-55 ( 7 12 
| 9-17195 95%52 95 


r-3 x42) 
9 EIN х-1 1l — 
| 97373 ?zi9 9(x-I1) 
10, v= 1 А 7 44 442 + 69 
e J—3(x-2p 27 (x — 2) 243 (x — 2) 2) Т 343 (a2 +243)" 


89 
1l. у-1- ~ 6(a—2)? 18 (x — 2) are E12- 2) 


а (2+1) – s log (2+ 2). 


y -1—21og (2x +3) +3 tan^!x – log (x* 4- 1). 


97 

2224 3-9. 
/-7Ox43 arl! 
(This integral can be verified by differentiation.) 


12. 


Page 161. 
lí x-3 or-1 
ы dE IT EE. tub 
7, A x 2 Е х – /2 
" 2,/2\х%+х,/3+1 ах?°--х,/9+1) 
3 zl r-9./3 ^ r-249 
" 293 (a? -xJ34-1 xz? xJ34-1j 
І(1 x+ 1 | 2х – 8 

4. eme geen} 9. ай- of 5+ sl 
б t7, 9-2 2. 
2-1 (4+1? x-1 
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7 8-4 2, (+i " 243 

' 9(z- 1? 3(x-1) 9(а9+ж+1) 3(а +1) 
2-1 4G t 1) or-2 1 

22-1 (x?-1) (2-19 x-1 


2-35. 
' 2244x448 (27--4х--8)9 (22-4 58)” 


Раре 164, 
(- 1)" |n 


1. —— ——;—sin2*'0 sin(n  1)0, where x —a cot б. 
a” 


(-1)"|n 


2. ағы 


ұлын: 


b? +2 


sinnt!@ cos (n + 1)0. 
sin"*!0sin(n--1)0, where x - a=b cot 0. 


(-1)"|n . , | 
4, ТЕ 51016 cos(n + 1)0 -- a sin(n t 1)0). 


(-І)і|т . "T f 
5. — афр = Sin 013 cos(n+1)6-sin(n+1)6}, where x+2=2 cot б. 


1) 1) 
6. ess што [sin (n +1)9 - (n+1)sin 8 cosqu +2)0} 


~ 1» 1 
4. ee sin*?0 sin (2+ 2) 0. 


3 l Xx ] ж 
n4, — L n n4-1 _[у"+1 - 
айды (D "S S 11) +40 (22+ 1)? 
3 д2 a 
a -1 —— = -1 — C e 
Page 167. 


h M р 
5. (1) logea t 5 tans — 


(2) Put a=1, and В=х, іп (1). 


6, logsinx+h cot x- ih?cosec?r + 3A?cosec?x cot x- .... 
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Pages 185-187. 


О lol 
1. 526 тар 2. 50" + 150 + 15 z+.. 


3. The coefficients of the even powers of x аге all zero. Also a,— l. 
The equations giving the other terms аге 
а; | An 1 1 
(t5 =Q; 87% БЕРУІ (5 2% БИП , etc., 


whence аҙ- 1, а---32, a,=5*.3?, etc. 


50 
4. 0—sin g 508 зіп к... D 0—tan 0 — S tan? +ltan59-.... 
ERN ЖаШы: 


6. The function satisfies the differential equation у, = а?у + хуу + 2Y», 
whence, finally, 
2,2 (412 ; 2 
dels e a TEE. m TARDE ДІ 
[2 [3 4 


the general relation being а, у= (а + n?)a,. 


7. bat aba? + (8426 - уа 


8. І-ғал- (ай - b?) x? + (o ~ Зађ?) x? + 


Both (7) and (8) could have been obtained by equating the real 
and the imaginary parts in the identity e*(cos bx + ? sin bx) = eat itis, 


The general terms of (7) and (8), respectively, may be written 


rx. ra b 
(rx) sinna., and ua) сов па, where 72-а24- 02 and tan a. 


а une өле т 


1 _1 f (2x)? (2) \ 
9. 5 (1 – cos 2) =54 [ ^j 
9 = 

10. 5(siu 3 sin х)=®- Sorat + Sat 


1, 1 
ll -z2*- Tepe 


14. (Express the chords in terms of the radius and the sines of half the 
angles which they subtend at the centre of the circle, and apply (13).) 


15. 9 = (256 sin 0- 40 sin 20 4- sin 40). 


16. 9-6 LE — 21. See answer to No. 3 (above). 
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09 y= (1-Z5*5358 a^ __ ы. 
|. V-"wW-723*2356 2.3.5.6.8.9 ) 
A, cx 9 
EU. "кте 
+а (s 34 34.67 isT519*--) 


x? дї хб 
‚ y-Adl-gtgrp-grargrt os) 


20. у-А41- m HERE ro bars FS (nsx)? .) 


18774 "B 


= А cosnx + В ғр лл. 
Page 194. 
] 16 7 Е 
9. o 4. 19' 5. Б” 6. logea log,b. 
7. (1) 100,2 - log,a ; (2)log,x. 8. 547, 9, - 5х 


10. 0. [Evaluate under the root.] 11. 2. 12. - 
13. 2 142. 15 242. 16. ісыпа. 17. 2008%-біп2 


D ' xsecx -tanx 


Pages 197, 198. 


1. rato —1, diference — 0. 2. о. ‚ 0. 
1 1 

4, о. 5. 27. 6. 5 

7. (1) e, 1; (2) e741, 1; (3) 1, 1; (4)1, I. l. 

9, (De: (2) е7. 10. 1. п. 5. 12. 9. 
Раре 201. 

1. a. 2. b-a. 3. 55 

Sc — 3 l la 

4, 82112: 5. (1)с+2; (9) 5° 6. 24 3c). 

Page 204. 


l. y?is comparable with xê. 
о?у and xy? are comparable with 2°. 


2, 25 and х%у? are comparable with 225. 
z*y is comparable with 214, 
zy? is comparable with 2°. 
L.D.C. T2. 
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Page 205, 
1. (1) x4, 23у, 22 c ау, xy c xy, a? + xy? yh, xy y), жуу, y. 
(2) y^, ху, x*y*, а?у ty xt + xy’, LY, x? +y’, TY, 22, Y, 2 
(3) Y, жу», 27, шу, at + УЗ, ту» X Y, о, y^, TY, 22, y T 
(4) xt, а?у, с LY? а?у, a, лу xy’, ху, ory, Y’, уу y. 

2. Assuming that a pair of terms are to be of equal importance, the 
diagram will show that the only possible pairs are (1) when x and y are 
great; either x? and x?y?, or vd and xy? ; (2) when x and у are small ; 
either 23 and a? , or х?у and zy? 


3. 23 and 7? are of greatest — : then, in order, xy and 27, 
4, 2у – 8. 5. 3л-29у--8. 


Pages 207, 208. 
х +2ху – 2у2 = 4Ax*42xyd y* 
(+y? 7 — (шау) ` 
ulog,a; чх--а. 3. pu/x; qu[y ; ulog,x; ulog,y. 
4. 2 -3y- ба; -3x+4y+6a; - 5x4 6y-2a. 


PO 


Pages 212, 213. 


1. (i) (2, -1); (ii) (1, 1); (iii) ( - 2, 3). 
2. A parabola passing through the origin, whose axis is the line 
d 24 


5x – 10у – 4=0, and whose vertex is at (-% -оқ) 


3. The lines аге x-2y+a=0, 2x-3y+a=0, x-y=0. They all 
meet at (а, a). The locus consists of the lines x—3gy-r2a-0, and 
x- у = 0. | 

4. The loci are the parabolas x?=ay, and у2-ал. The first cuts 

1 
the curve in (0, 0) and (2*a, 4% д), and the second cuts it in (0, 0) and 


(43a, 2ta). 


Page 217. 
1. (1) “Х-уУ-а2; »Y-yX-0. 
(2) yY =2a(X +x); 2a(Y-y)+y(X - х) 20. 
(3) AxX + By Y =a? ; By(X -x)=Ax(Y—-y). 
(4) YX +x Y =?2а?; zX- y Y -x*- y*. 
2, (9x - A) X -(9y + B Y c (Ax - By +2C)=0. 
3. Polar of (a, a) is 22--/2-а2. Тһе curve lies outside this circle, 
touching it at (a, 0) and (0, a). 
4. (y?--a?)  -- (2xy - day) k=2ay? - 2a?x. 
Polar of (0, 0) is у2= ах. It cuts the curve at (0, 0) and (a, +a). 
The tangents drawn from the origin are x=0 and x= ty. 
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Page 221. 
1. 8y-6z. В "ud 4, би: 9и. 
аи d?f d*f df d'y _ 
6. da = Gait 2 Gedy tM A 7. de 4/* 
8. 24 rm 21 itn T In this example, x,=h, and y,=k. 
df df df (ау ау (df 
в (9% dy dxdy (2) dy” ut 3] jas Є 2): 


Pages 229, 230. 
1. Minimum at(2, —1); viz. —4. 


2. Critical point at (1, 1), but the function is neither a maximum 
nor а minımum there. (We shall call such a point a double роті.) 


3. Minimum at (2, 2); viz. -8. Double point at (0, 0). 
4. Maximum at (3, 2); viz. 108. Double point at (0, 0). 
9; 


. Maximum at (0, 0); viz. zero. 
Minimum at (4/3, —4/3), and at (– 4/3, J/3); viz. - 18. 
Minimum at (1, l) and ( - 1, —]); viz. -2. 


8. The series of ellipses are concentric, and all have the same axes, 
and evidently for а very small ellipse of the series the directions in 
which u increases most rapidly and least rapidly from its minimum 
value at the centre (2, — 1) are the directions of the minor and ки 


ахіз — and are given by the max. MA min. values of T; Rd 
Since T is zero. These occur when tan 20 = ——. 4-0 which in this case 
is equal to —2. 

9. u is constant in value (=6) in the assigned directions, starting 


from the point (1, 1) where Е апа = are both zero. That is, the locus 


1,—6 consists of two straight lines crossing at (1, 1) and lying in the 
assigned directions. The lines аге x-3y+2=0 and x-y=0. (КогаП 
other values of u, the locus is a hyperbola having these lines as 
asym ptotes. | 

2 3 5) 13 


10. Maximum at ЕН Е viz. > 


Minimum at (-2, - 3); viz. -5 


af 


к am be zero for all values of A and Ғғ; т.е. Am 
and 5 must both vanish. (2) (2 , — +k 5) Же, у) must not be able 


to change sign, whatever the Mte between Л and Л. 


19. (1) Ag, 
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13. Let the successive terms in each expansion be denoted by 
WU, 94, Uog .... Then 
(1) ua =4h? + 12hk + 1047. 
(2) u,—h* — Ahk + 3k. 
(3) u,—3(A?x + k?y) – 6hk. 


и» = h? + k. 
(4) и,= – 2htky + hK (6 – Ax — Зу) - ЗА. 
Ug = = АА? AE Л3/3З, 


(5) u,=6(h2x? + k?y?) — 4h? + Ahk — 412, 
Us = 4 (hea + Ky). 
wu, — ht ++ Ke. 
14, (1) 422+ 12xy -10y? - 4 when h=2, k= - 1. 
(2) x? 4ху + 3? c6 when h=1, k- 1. 


15. When u= -8 the equation of the locus can be written E the 
form (z*y-42)(x?—- xy +y? -2x -2y +4) =0. [See also Ex. 6, p. 217.) 


Page 235. 
1. (1) 3x-2y-0. (3) y=0. 
(4) x+y=0; e (5) x+y=0. 
2, Such а point is called a cusp, and so is 3 (8) 
pe below. 
,V) N / (2) / (3) y (4) x 
Page 244. 


1. (2) The curve cuts the sloping asymptotes in the points (5, +12). 
It does not cut the vertical asymptote. 
(3) Cuts the asymptote at (4, 2). 
(4) In no finite point. 
(5) In no finite point. 


4. If the compound equation of the asymptotes is u=0, the equation 
of the curve must be of the form u= Ах + By + C. Therefore the points 
of intersection lie on the line Ax + By--Cz0. (See Examples 3 and 5.) 


Page 246. 


1. Cuts linear asymptote at (4, 2); curvilinear at (0, 2). 
2. Zero gradient at (8ғ1,4,/2, -444,/2), i.e. at (0:46, 1°66), and 
(15:54, —9:66). Infinite pee at (12:6, – 11:3). 
The tangent at (0, 2) is parallel to the asymptote. 
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4, The equation can be written y?(3x + 9 — 4) = 922, so that 3x +2y – 4 
cannot be negative, unless x and y are both zero. 


6. The curve has two branches, on one of which are the points 
(—1, 5), (0, 2), (4, 2), and (10, 5), and on the other branch are the 
points (13, - 18), (131, - 10), (20, —10). These data, together with 
the asymptotes, and the points given іп Ex. 2 will be sufficient to give 
a very good idea of the curve, which is shown below. The student 
should draw it to а larger scale, from his own calculations. 


Page 251. 


1. tan-!b/a ; ,/(а2--02). 

4. Points on the curve can easily be found by drawing the circle 
r-—acos6, and adding the length а to each radius vector. ‘The curve 
has а cusp at the origin. 

Page 254. 
1. r2=ap. 2. p’=ar. 


Page 256. 
p!—-ar. р-Фрғ-а-9ғ?а 3, (1) а; (2) 4а,/9. 


ia (the curve is a circle). 
2ap*=r3, p=4ap-+3r=%,/(2ar). 4, 13—a?p. p=a*t+3r. 


rh^tl-g"5. р=а"--(п+1)т"-1. 
For the cardioid, n=4; for the parabola, n= ~ 4. 


л о ро гга 
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ANSWERS TO THE MISCELLANEOUS EXAMPLES. 


Pages 257-268. 


6(1 – 222) . 
2, (1) (2x2 —3a+1)’ (2) 2,J(x* 4- 1). 


3. The values аге 6641 and 6690, approx. 4, 1778. 
5. = tan“; b = tan 72° —3:078. 


T 
(au + bv) — (av + bu) cos POQ 

a? +b? —2abcos POQ | 
[One way of obtaining this is to differentiate the gradient, tan ф, 
of PQ, taking (a cosa, asina) as the coordinates of P, where аа = ut, 
and similarly for Q. After some straightforward reduction, the value 


of dé[dt, given above, is found.] For reversal, it must be possible for 
dó/dt to become zero, which requires 


av + bu» au t bv, i.e. (а – 0) (v - u)>0, 


т.е. the linear velocity in the smaller circle must be greater than the 
other. 


7. 140 (/t), nearly. (4007 +9). 


8. He must leave the road 346 ft, (2004/3), before reaching N, 
where PN is the perpendicular from P to the road. 


6. Angular velocity — 


9, 71x33 + (35 143) 231 feet; 144/8 – 2] = 8} feet. 


10. p is infinite at (2, 5). If the origin is transferred there, 


y = т (12x - 23), which is unaltered if ( – x, — y) is substituted for (т, у). 


dy а e. 
1l. dx ü PL b). 
12. The given lines are Е = 0, and TTO corresponding to max. 
and min. values of y and x respectively. 
13. Transform to polar coordinates: tan2?@= —1:5; r is max. when 


0— -28° 9'; min. when @=61° 5I’. 


14. cosx+3437; cos69? 54' = :3437, and cos88?2'2:03432; ,а5 
figure table would suffice up to over 88°. 


15. А-3а4%4-7а2-19; B=12a?-2la?; C=18a?-2la; D=1]2a-7; 


16, m(x-h) Jk—-(y-k) Jh 0; and (x - AJ Jh+m(y – А) /k=0. 


ANSWERS (рр. 257-260). 297 
2 2 
17. MSHA) A jog, EMO +)  _90-09975 - 19-9666 = 1331 


when а--100, x=5. The reciprocal of this is 7°513. 
The limit for в is 2a, when x=0. 


18. TH -0. The difference of ordinates, (у, — ¥,)=(x - 1)’, showing 
that y, 25, апа Е are the same for both curves, and that Y3- 3, 


changes sign as x increases through the critical point. -The radius of 
curvature — 17 / 17 -- 8. 

19. p=2a. 

The curve can be written +,/x+,/y=,/a, therefore we may put 

z—at^, y-—a(l-t), 

whence the tangent is ty+(l-t)x=at(l-t) and the sum of its 
intercepts —a. 

20. y=secx—tanx, whence y44 yy,=0, whence by repeated differ- 
entiations, the successive coefficients can be obtained. The expansion 15 
LE 2x? 4 бай _ lox", 


“EB BL TY 


[See also separate expansions of sec x and tan 2. ] 


] - 


21. (1) p= м, ; (2) there are two branches, each having p=2,/2. 


22. The roots are 0:174, 0766, and - 0:940. 
23. 400 Ibs. per sq. foot. 


24. x«?+1=400,/(x-10). The ~~ roots must exceed 10 and be less 
than 52. They are 10°07 and 50°42 


25. Perpendicular to axis at (-1 >) and (2 b >). Point of inflexion 
at (0, 1). 


26. 102 sq. ft. 

28. о7у, а + (2 +1) уь +1 + (12 + 1) уһ = 0. 

ol. If the normal distance between two adjacent contours is ге- 
presented by dm, | а= = \/ | (=) + ( 2)1 ; .. the expression gives 
the gradient of the line of steepest slope at any point of the surface. 
Its greatest values are where the planes ; -5 and х= = cut the surface, 


2 
and its least where it is cut by the plane == y. 


924. 2= = | 
99. z(x-1)(x42) Max. when x= -2; min. when x=0. 
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34, Hint. Differentiate x —/f(u, v), у-ф(в, v) partially with regard 


tox. Multiply by = = respectively, and make use of the orthogonal 
condition. dx dy 


35, yis max. at (2, 5671) ; pt. of inflexion at (1, е7?). 


36. The curve cuts y=0 at right angles where x=2a+7, and y=0 is 
an axis of symmetry. The axis of y is cut at the gradient —- 2-7, 
where y=a. xis negative between y=a, and y=2a, the latter being 
an asymptote. 


31. Hint. Interest+cost of pumping = Ad? + Ва. v?, where А, В are 
constants. Also quantity of water is constant, i.e. d?. v - C. 


38. Length=a. [Gradient 2 Ма? — 2-2,1 
99. Thickness of slice cut off =4 radius. 
40. Hint. Obtained by taking the tangents at a, and а+ ба, and 


solving simultaneously. 
41. [One method is to put x=sin 80, y=sin 0.) 


2-2 F(a)-f(a) 
48, B= a 1712) - Flay 


90. (2) Hint. Expand the right hand operator, and make use of the 


fact that (5-2 ы. p which follows from (1) 
dx dy dz , | 


02. Hint. ТаКе logarithms before performing the partial differ- 
entiations. 
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